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Abstract

In this paper we consider the existence and the compactness of Riemannian metrics of pre-
scribed mean curvature and zero boundary mean curvature on a three dimensional manifold
with umbilic boundary (M, go). We prove that for three dimensional manifolds with um-
bilic boundaries, which are not conformally equivalent to the three dimensional standard
half sphere, any positive function can be realized as the scalar curvature of a Riemannian
metric g conformal to go with respect to which the boundary has zero mean curvature.
Moreover, all such metrics stay bounded with respect to the C'>*“-topology and in the non-
degerate case Morse inequalities hold.
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1 Introduction

Let (M™, g) be n-dimensional Riemannian manifold with boundary, n > 3, and let § =
ud/ (n=2) g, be a conformal metric to g, where u is a smooth positive function. Then the
scalar curvatures Ry, Rz and the mean curvatures hg, hg, with respect to g and g respec-
tively, are related by the following equations:
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n— n42 .
{4n—_%Agv + Rgv = Rgv»=2, in M; (1.1)

2_0% 4 hgv = hgui-z, on OM,

n—2 v
see e.g. [6]. In the above equation, v denotes the outward unit normal to 0 M, with respect
to the metric g.
In view of the above equations the following natural question arises:
Given two functions K : M — R and H : OM — R, does there exist a metric § con-
formally equivalent to g such that R; = K and h; = H? The answer to this equation is
equivalent to finding a smooth positive solution u of the following equation

n+2 °
—cabgutRyu = Kuv? in M

P n Ig g9 n
(Pr.,n) { 2 0uypoy = Hui™ on OM

We observe that the above problem is a natural generalization of the well known Scalar
Curvature Problems on Closed manifolds: to find a positive smooth solution to the
following equation:

SC) — ¢ Agu+ Ryu = Ku"t2/(=2) 4/ < 0in M
( g g )

and to which a lot of articles have been devoted (see [2], [5], [4], [8], [9], [7], [10], [12],
[15], [14], [24], [23], [26], [271, [28], [29], [36], [43], [48], [49], [60], [62] and the refer-
ences therein ).

When K and H are constants, the problem is called The Yamabe Problem on Man-
ifolds with boundary. It has also been studied through the works [20], [33], [35], [34],
[37], [38], [41], [42] and the references therein. This Problem was first studied by P. Cher-
rier [30] in 1984, who proved regularity of weak H' solutions. For further works on this
equation and related ones please see [3] [17], [18], [31], [33], [35], [41], [42], [44], [47]
and the references therein).

To go further into the description of our problem and its main features, we need to set
some notations and definitions.

We denote by

2 Ou

Ly=—c, Au+ Ry u, Bg:n72£+hgu,

the conformal operator and its conformal counterpart on the boundary. Let H be the sec-
ond Fundamental Form of OM in (M, g) with respect to the inner normal. We denote its
traceless part of the second Fundamenatal Form by U:

U(X,Y) = H(X,Y) = hyg(X,Y).

Definition 1.1 A point ¢ € OM is called umblic if U = 0 at q. OM is called umbilic if
every point of M is an umbilic point.

Observe thatif u > 0 and g := we g, then
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Therefore umbilicity is conformally invariant notion.
Now we consider the following eigenvalue problem on (MM, g):

—Lgp = )\goinJ\OJ
(P) { Bysp = 0ondM.

Let A1 (M) denote the first eigenvalue.

Definition 1.2 We say that a Manifold M is of positive(negative, zero) typeif A1 (M) >
0(< 0,=0).

This notion is conformally invariant, and as it is also the case for the prescribed scalar
curvature on closed manifold, the difficult case for our problem (PK7 ) is when the mani-
fold is of positive type.

The main analytic difficulties of our problem are due to the presence of critical expo-
nent on the right hand side of our equation. Indeed due to the fact that the embeddings
HY(M) — L (M) and H*(M) — L= (OM) are not compact, the Euler-Lagrange
functional associated to our problem fails to satisfy the Palais Samale condition. That is
that there exist noncompact sequences along which the functional is bounded and its gra-
dient goes to zero. Therefore it is not possible to apply the standard variational methods
to prove existence of solution, although the functional in the positive case has a mountain
pass structure. From another part, in the familly of problems (P r) we single out two
extreme cases. Namely the one where we prescribe the scalar curvature under minimal
boundary conditions, which amounts to solving the following equations:

(Pr) —cpAgu+ Ryu = Kunzs in M
K 294 4 hou 0on oM.

The second one is when we prescribe the mean curvature of scalar flat metric, which cor-
responds to solving the following equation:

—cnAgu+ Rgu = 0in M

(Pr) { 29U 4 hou Hu#2 on OM.

Although these are particular cases, they summarize somehow all the analytic difficulties of
the familly of problems (P g ), in the sense that all intermediate cases are interpolations
between these two extreme ones. From another part these two problemes have different
analytic features as far as the lack of compactness and existence results are concerned.
While we can prove corresponding statements of all the existence results for the prescribed
scalar curvature problem on closed manifolds for the problem Py, this is no longer true
in general for the problem Py and the problems Py p which behave like Py . Indeed in
this case we have new solutions created by the boundary effect which have no equivalent
on a closed manifold from one part and from another part the boundary effect makes the
blow up picture more complicated because of the existence under generic conditions on K
of bubbles having concentration points on the interior of the manifolds as well as on the
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boundary. Such a situation which makes the blow up analysis much harder cannot occur
for the problem Py .

In this paper, we will be dealing with the problem ( Pk ) on three dimensional Rieman-
nian manifold where we have a fairly satisfactory answer.

2 Prescribed scalar curvature on 3-Manifolds
under minimal boundary conditions

On a 3-dimensional Riemannian Manifold, consider a more general problem than Py,
namely for 1 < g < 5, we consider the family of problems
Lyu=Ku?, u>0, in J\OJ,
Bou— (P K7q)
qu =0, on OM.

Let Mg , denote the set of solutions of Pk 4 in C?(M). Our first result is an a priori
energy estimate, namely we prove the following theorem:

Theorem 2.1 Let (M, g) be a three dimensional smooth compact Riemannian man-
ifold with umbilic boundary and assume that K is a positive function. Then for all
gg >0

||u||H1(M) <(C Vuce U M}gq,
1+e,<q<5

where C' depends only on M, g, €o, ||K||c2(ar) and the positive lower bound of K.

Our next theorem states that for any positive C? function K, all such metrics stay
bounded with respect to the C*“-norm for some o < 1 and the total Leray-Schauder
degree of all the solutions of (P 4) is —1.

Theorem 2.2 Let (M, g) be 3-dimensional smooth compact Riemannian manifold
with umbilic boundary and positive type which is not conformally equivalent to the
standard three dimensional half sphere. Then, for any 1 < q <5 and positive func-
tion K € C%%(M), there exists some constant C, depending only on M, g, ||K||c2.«,
the positive lower bound of K and q — 1, such that

1

6 S u S C  and HU||C2,Q(M) S C

for all solutions u of (Pk q). Moreover the total degree of all solutions of (Pk q) is
—1. Consequently, equation (Pk ) has at least one solution.

We remark that the hypothesis (M, g) is not conformally equivalent to the standard
three dimensional half sphere is necessary since (Px) may have no solution in this case
due to the Kazdan-Warner type obstruction see e.g [19].
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To prove Theorem 2.2, we argue as follows: First of all we observe that without loss
of generality, we may assume that h, = 0. Indeed, let ¢; be a positive eigenfunction
associated to the first eigenvalue A; of the problem

Lyp = XAy, in ]\;[7
Bgp =0, on OM.

Setting § = pig and i = <p1_1u, where w is a solution of (P 3), one can easily check that
Rz > 0, hy = 0, and @ satisfies

— =0, on OM.

For the sake of simplicity, we work with g denoting it by g. Since M is umbilic with
respect to g and hy; = 0, it follows that the second fundamental form vanishes at each
point of the boundary, that is the boundary is a totally geodesic submanifold. Hence we
can take conformal normal coordinates around any point of the boundary [34]. More-
over, due to elliptic estimates and Harnack Inequality, we need only to prove the L°° bound.

Suppose the contrary. Then there exists a sequence ¢; — ¢ €]1, 5] with

u; € Mg g, and maxwu; — +oo.
e M

As usual, a sequence of rescaled wu; converges to some function satisfying some limit equa-
tion on the whole space R™ or the half space R”}. From some Liouville type theorems
for the limit equation [39], [22] or [50], we deduce that ¢ must be 5. It follows from a
careful blow up analysis a la Schoen [59] and Y. Y. Li [48], [41] that, after passing to a
subsequence, {u;}; has N (1 < N < o0) isolated simple blow-up points denoted by
y@® oy

Let yy) — ® denotes a sequence of local maxima . It turns ou that

wilyMus b mCEE (M, ™).

i——+400 loc

Since the manifold is of positive type, it follows that:
N
h(y) = > b;Gly,y"),
j=1

where b; > 0 and G(., y9)) is the Green’s function of —L,4 with respect to Neumann
boundary conditions.

Let z = (z!,2% 23) be some geodesic normal coordinate system centered at yfl).
From the Positive Mass Theorem, and the assumption that the manifold is not conformally
equivalent to the standard half sphere, we derive that there exists a positive constant A such
that

h(z) = C|OU|_1 + A; +O(|z|™%) for |z| close to 0
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and A; > A > 0. Using the Pohozaev identity argument we derive a contradiction and
prove the theorem.

From the compactness result of Theorem 2.2 we deduce that for Problem (Pr) Morse
inequalities hold in the nondegenerate case. Namely we have the following corollary:

Corollary 2.1 Under the assumptions of Theorem 2.2 and assuming further that all
the solutions of (Pk) are nondegenrate, we have that:
There are only finitely many solutions to (Px) and

A
(D<) (=DMEN,, A=0.1,.,
pn=0

where N, is the number of solutions with Morse index jt.

The proof uses the corresponding results for ¢ < 5, which does satisfy the Palais Smale
condition and then Theorem 2.2 to prove that all the critical points of the subcritical ap-
proximation converge. The remainder of the paper is organized as follows. In section 3
we recall the main notions of blow-up analysis. In section 4 we prove sharp pointwise
estimates to a sequence of solutions near isolated boundary simple blow-up points, then in
section 5 we prove that an isolated blow-up is in fact an isolated simple blow up, ruling
out the possibility of bubbles on top of bubbles. In section 5 we rule out the possibility
of bubble accumulations and establish the compactness results claimed in section 2. In
the Appendix, we provide for the convenience of the reader some standard descriptions of
singular behaviour of positive solutions to some linear boundary value elliptic equations in
punctured half balls and collect some useful results.

Acknowledgements. I would like to thank Professors: Abbas Bahri, Antonio Am-
brosetti, Fréderic Hélein, Yanyan Li, Olivier Rey and Reiner Schitzle for their encourage-
ments and constant support over the years.

3 Blow up analysis: definitions and preliminary
results

In this section we recall the definition of isolated and isolated simple blow up due to R.
Schoen, [58] and [59]; we also collect some useful tools and known results.

We may assume, without loss of generality, that h, = 0. Indeed, let 1 be a positive
eigenfunction associated to the first eigenvalue \; of the problem

Lgp = XM, in ]\DL
Bgp =0, on OM.

Setting § = pig and & = gal_lu, where u is a solution of (Pg 5), one can easily check, that
hg = 0 and @ satisfies

—Agi+ Rya = K@, inM,
8_u =0, on OM,
ov
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where %5 is the scalar curvature with respect to the new metric g.

For the sake of simplicity, we work with g , denoting it by g. Let us first recall the
definitions of isolated and isolated simple blow up which were first introduced by R. Schoen
[59] and used extensively by Y. Y. Li [48], [49] and Han and Li [41].

Definition 3.1 Let ()M, g) be a smooth compact n-dimensional Riemannian manifold with
boundary and let 7 > 0,¢ > 0,z € M, K € C°(B;(Z)) be some positive function where
B;(Z) denotes the geodesic ball in (M, g) of radius 7 centered at . Suppose that, for some
sequences ¢; = 5 — 7;, 7; — 0, K; — K in C?(B(7)), {u; }ien solves

Lou; = Kjul', w; >0, in Br(Z),
Qi on M N By (z) (32)
= 11 ).

ov ’
We say that Z is an isolated blow-up point of {u;}; if there exists a sequence of local
maxima x; of u; such that z; — Z and, for some C; > 0,

lim w;(z;) = 400 and w;(x) < Cld(z,zi)fﬁ, V€ Br(x;), Vi.

11— 00

In order to describe the behaviour of blowing-up solutions near an isolated blow-up point,
we define , following R. Schoen, spherical averages of u; centered at z; as follows

1
wir)= f 4 = — .
MNOB,(z) Volg(M N OB (7)) Jymnos, (z)
Now we define the notion of isolated simple blow-up point.

Definition 3.2 Let z; — Z be an isolated blow-up point of {u;}; as in Definition 3.1.
We say that x; — T is an isolated simple blow-up point of {u;}; if, for some positive

constants 7 € (0,7) and Cy > 1, the function w;(r) := rﬁuﬁ(r) satisfies, for large ¢,
wi(r) <0 for r satisfying Cou, % (z;) < r < 7.
For the analysis of interior blow up points, namely z; — x € M, we mainly refer to
[51] and [48], where the following proposition is proved.

Proposition 3.1 Assume 2 C M to be an open set of a three dimensional manifold
and that {K;}; is uniformly bounded in C*(Q). Assume that p; <5, and {u;}; are
solutions of
Lou; = K;ul", u; > 0 in Q.

Then, if T € Q is a blow up point for u;, it is then an isolated simple blow up
point. Moreover there exists a function b : B,/5(T) — R satisfying Lgb = 0 on
B, /2(T)such that, passing to a subsequence, in some geodesic normal coordinate,
for some positive constant a > 0,

wi(z;) u; () = a G(T, x) + b(x), m C?OC(BQ/Q \ {Z}), (3.3)

where G(Z,.) is the Green’s function of Ly on B,/3(T) under Dirichlet boundary
conditions having a pole at T and B, C ) is some geodesic ball where p is given in
Definition 3.2.
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The above proposition describes in an accurate way the behavior of interior blow up
points. Regarding boundary blow ups, we argue as follows:

For any Z € OM, using the assumption that the boundray is umbilic, we may choose
a conformal normal coordinate system centered at Z, and we can assume without loss of
generality that

z=0, g;(0)=24d;, B+(O) = {r = (2" 2% 2% : |2|] < land 2® > 0} C M,
{(2/,0) = (2",2%,0) : |2'| <1} COM, T%;(0)=0,

where I"C is the Christofell’s symbols. For later use, we denote

R3 ={(2',2%) eRZ x R: 2° > 0}, B} (z)={z = (2/,2°)

€ ‘3_ |lx —Z| < r},
Bf =B (0), T'i(Bf(z))=0B(z)NoRY, Fg( +(Z)) = 0B

+(Z) NR3.

Let K; — K in C%((B3)) be a sequence of positive functions, g; be a sequence of numbers
satisfying 2 < ¢; < 5 and {v;}; C C%(B5) be a sequence of solutions to

Lyv; = Koo', v; >0, in Bf,

5 0, on T'y(By).

Before closing this section we state the following lemma which guarantees a Harnack
Inequality of the sequence of blowing up solutions near an isolated boundary blow up point.
Its proof is contained in [41].

Lemma 3.1 Let v; satisfy (Pi) and y; — § € T1(B3) be an isolated blow-up of {v;};.
Then for any 0 < r < T, we have

max v; < Cs min Vs,

B, (y)\B},(v:) B3, (y)\B; ,(y:)

where C3 is some positive constant independent of i and r.

4 Study of isolated simple blow ups

This section is devoted to the study of isolated simple blow ups of equation 3.4. As we
have already observed the situation of interior blow up has been treated in [51]; hence we
are reduced to considering the case in which the blow up point T € OM.

Proposition 4.1 Assume {K;}; C C’l(Bi;') and satisfies the condition

1
— <K; <A, and ||VK
Ay

c(BF) <Ay (4.5)
for some A1, Ay > 0. For every i, let v; be a positive solution of 3.4, and let
z;, =T € Fl(B;) be an isolated blow up point for {v;};. Then, given R; — +00
and e; — 07, after passing to a subsequence of {v; }; (still denoted by {v;};) we have
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pi—1 .
ri = Rywi(z;)" 7 — 0 asi— +oo,
1 Pi-

1
loi (i)~ vi(eapa, (vilw) =7 )) = (L kil - 1)) Hloaay, ) < & (4.6)
loi (i)~ vi(eapa, (vilw) =72 )) = (Lt Fal - 1) ooy, ) < 0o

and
R;

logv;(x;)
where x = (z*, 2%, 23) denotes some geodesic normal coordinates given by the expo-
nential map expy, with 8%3 be the unit inner normal of M at z = 0.

—0 asi— oo, (4.7

Proof. Let x be geodesic normal coodinate sytem in a neighborhood of z; given by exp il.
We write v; () for v;(exp,, (). Let g; = (gi)ap(x) de®de? = gop(u) ™% (yi)z) de®da?
denote the scaled metric. Consider the functions

wi(x) = vi(z:) " v (vi(xi)_m;l a:) , forze B;.Til( )
'U,i Yi
defined on the set
quzwil( )= {z ER®: |zl <v¥ M(y;) and 2% > —Ti}
'Ui Yi

where T; = y3v% ! (y;). It follows immediately that w;(0) = 1 for all i and that 0 is a
local maximum point for w;. Moreover, from the assumption of isolated blow up we have

p;—1

wi(x) < Clz|” 77, re B,
v

(yi),
where 7 is given in Definition 3.1. The function wj is a solution of the problem
~Agwi(x) + § 07 () R, (0] (i)a)
i1 . —T;
=K; (vi(xi)qTx) w;(z)%, in B f;’;l

Qw; _ =T;
%(w) =0on 8ngrl

(yi);
(yi).
Regarding the behavior of T}, two cases may occur, namely:

T, — 400, or T, —TeR.

In the latter one, we can use (4.5) and the elliptic regularity results (see e.g [1]) to prove
that the functions w; converge up to subsequence, and then one can conclude, as in [41],
Proposition 1.4. Hence it is sufficient to rule out the first case. In order to do this, define
the functions ,

&i(w) = (2) 57 vy + o ).

Since we are supposing, by contradiction, that 7; — +o0, it is clear that ¢; is defined on
the half space R} := {z € R™ : x,, > —1}, and that 0 is an interior blow up point for the
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functions ¢;, so from Proposition 3.1 it follows that O is an isolated simple blow up point.
Using Lemma 3.1 and the inequality

pi—1
2
)

i) < Cla|”
the convergence in (3.3) can be extended to the whole R} \ {0}. Namely one has

€i(0)&i(x) — h(x)  in CL.(RY\ {0}),

where h(z) is a non-negative harmonic function in R} \ {0} singular at 0 and satisfying

381;]1 =0, on ORY. (4.8)

By equation (4.8) and by the Schwartz’s Reflection Principle, the function h possesses an
harmonic extension to the set R \ {0, 0}, where 0 is the symmetric point of 0 with respect
to the plane OR}. By uniqueness of harmonic extensions, this must coincide with the
symmetric prolongation of A through OR?. Hence the positivity of h implies that h(z) =
alz|>=™ + A+ o(|z|) for z close to 0 , where a, A > 0. Reasoning as in Proposition 3.1 of
[48], one can reach a contradiction. O

The following technical Lemma describes the behavior of blowing up subcritcal solu-
tions and will be used in the third section to rule out accumulation of bubbles.

Lemma 4.1 Suppose that {v;}; satisfies (3.4) and {z;}; C ['y(By) is a sequence of
local mazimum points of {v;}; in By such that

{vi(z;)} is bounded,

and, for some positive constant C',

1

wTy;(z) <C5, Vae€Byf. (4.9)

| — x4

Then

limsup max wv; < oo. (4.10)
i—00 BT/4(II.)

Proof.  Suppose that, under the assumptions of the Lemma, (4.10) fails; namely that,

+

along a subsequence, for some ; € B] /4

(z;) we have

0i(Z;) = I+nax vi =2 +00.
By, 4(@i) )

It follows from (4.9) that |Z; — x;| — 0. Let us now consider
&i(2) = oy (@ )vi(Fi +v; " (8)2)
defined on the set
1 .-
BT = {z eER™: |z < gvfl “(#;) and 2" > —Tl}

Lol (@)
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where T; = #70% ' (%;). Using equation (3.4), it is easy to see that &; satisfies

—A& = Ki(&; + v, (2)2) €5, & >0, z € Bl 7;1,1

(@)
9% —0, ze€0dB " N{z=(,2z") eR": " = -T;}, (4.11)

ozn 1 ‘17*1(

and
@(Z)Sf,(()):L VZEB: ;1,1( )
It follows from (4.9) that
2|a T (2) < C, Vze Bl
gvi €T
Since {¢;}; is locally bounded, applying LP-estimates, Schauder estimates and Lemma 3.1,
we have that, up to a subsequence, there exists some positive function £ such that

111210 1€ — f”cZ(RngBT?,) =0, VR>1,

where R" ;. = {z = (2,2") € R" : 2" > —T;}and, for T = lim; .o T; € [0, +oc], §
satisfies
~AE = K(zo)éns, €>0, inR"p,
el r (4.12)
a2 =0, on OR",,

where xg := lim z;.
It follows that, for all R > 1

. min v; = vi(fci)imTi_n & — oo
RN Pt
Since {v;(z;)}; is bounded, we have that, forany R > 1, z; & B};T;,l(~ )(:Ei) for large i,
vt (&
namely

R <ol 7HE)|E — xil.

3

Hence we have that .
a1 vl(xl) > RaiT

which contradicts (4.9). O

Next, we establish the counterpart of Proposition 3.1 for boundary blow up points .
Now we state our main estimate on isolated simple blow-up points.

Proposition 4.2 Suppose {K;}; C Cl(B_fr), satisfying condition (4.5) for some
A1, Ay > 0. Suppose that for every i, v; satisfies (3.4) and that y; — 0 is an
isolated simple blow up. Then for some positive constant C' depending only on C1,
T, ||KZ-||CQ(F1(B;)), and inf cp gty K;(y), we have

Ul(y) S Cviil(yi)d(yvyi)ilv fO?” d(y7yz) S (413)

NN )
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where Cy and 7 are given in Definitions 3.1 and 3.2. Furthermore, after passing to
some subsequence, for some positive constant b,

vi(yi)vi — bG(Ly)+E in Cﬁ)c(B;(g) \{z})

1——+00

where p = min(dg,7/2) and E € C’Z(B;(g)) satisfy

1 .
;AgE + 3 R,E =0, n B;,
E
E :0, on Fl(B;)

Proposition 4.2 will be established through a series of lemmas.

Lemma 4.2 Let v; satisfy (3.4) and y; — 5 € T'1(By) be an isolated simple blow-up.
Assume R; — +00 and 0 < g; < e~ T are sequences for which (4.6) and (4.7) hold.
Then for any given 0 < 6 < 1/100, there exists p1 € (0,7) which is independent of
i (but depending on 0), such that

v (y;) < 04711-_)\”’ (yi)d(y,y:) T2, Vo, <d(y,y:) < p1, (4.14)
Vgvi(yi) < Cav; ™ (yi)d(y, yi) ™2, Vi < d(y,y:) < p1, (4.15)
Vavi(ys) < Cav; N (ys)d(y, yi) 5T, Vi < d(y,yi) < p, (4.16)

1—a;
where r; = Ryv; 7

independent of i.

(i), Mi = (1 =6)(q; — 1) — 1, and Cy is some positive constant
Proof. We assume, for simplicity, that g is the flat metric. The general case can be derived
essentially in the same way. Let r; = Rivi1 “%i(y,;). It follows from Proposition 4.1 that

vi(y) < evi(yi)R;*, ford(y,y:) =i (4.17)

We then derive from Lemma 3.1, (4.17), and the definition of isolated simple blow-up that,
for r; < d(y,y;) < 7, we have

VI y) < eR7TWd(y, ) (4.18)
Set T; = yfvfiil(yi). From the proof of Proposition 4.1 we know that , without loss of

generality, we may take lim; 7; = 0. It is not restrictive to take y; = (0,0, y3). Thus we
have d(0,y?) = o(r;). So

B0\ B4, 0 < {3r < dvw < 3|

Now following [41], we construct comparision functions and apply the maximum priciple
as it is stated in Theorem 1.1 in the Appendix. To this aim, set

ei(y) = M; (lyI=° —ely” ) + Av; M (i) (Jyl ™) —vily)
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with M; and A to be chosen later, and let £; := A + K vfﬁl and ®; be the boundary

operator defined by
v

A direct computation yields
Api(y) = Mily| ~°[=6(1 = 8) + O(e)] + [yl =~V Av; Y () [=6(1 = 6) + O(e)].

So one can choose ¢ = O(d) such that £;¢; < 0.
Another straightforward computation, taking into account (4.18), shows that for § > 0
there exists p1(d) > 0 such that

®,0, >0 on FI(B;_I)

Taking
Q=D,; = B;rl \B;Z(O)
¥ =T1(D;), ' =T9(D;),
V=Kuvl h=0,
1/}:’01" U = Qi — Uy,

and choosing A = O(6) such that ¢; > 0 on T's(D;) and M; = maxp. g+ ) Vi, We deduce
P1
from Theorem 1.1 of the Appendix that
vi(z) < @i(x). (4.19)

By the Harnack inequality and the assumption that the blow-up is isolated simple, we derive
that
M; < cv; N (y;). (4.20)

The estimate (4.14) of the lemma follows from (4.19) and (4.20).
To derive (4.15) from (4.14), we argue as follows. For r; < |g| < p1/2, we consider

) 1
wi(z) = (51" 00 (wvi([gl2),  for 5 <2 €2, 2% > 0.

2

It follows from (3.4) that w; satisfies

e Ai(l—qs ;.
—Aw; = Ki(|9]2)|9] /\'Lvi (1-q )(yi)wf , in {% <|z|l<2: 22> 0},
ow; 1
E:O, OH{§<|Z|<223:0}

In view of (4.14), we have w;(z) < cforany § < |z| < 2, 2% > 0. We then derive
from (4.21) and gradient elliptic estimates that

|Vw; (2)] <e, z € To(B)

(4.21)

which implies that

[Voi(@)] < elgl > 07 (a)-
This establishes (4.15). Estimate (4.16) can be derived in a similar way. We omit the
details. Lemma 4.2 is thus established. a
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Lemma4.3 Let K € C2(B_fr) and u € CQ(B_f) satisfy, for ¢ >0,

1
—Agu+ 3 Ryu=Ku?, uw>0, in B,
ou
520, on Ty(B]).
Then we have, for any r such that 0 <r <1,
1 3 1
—_— (z- Vo K)ui™ dx + (— - —) Kuf™ dx
_L (z-VR )u2dx—3/ Ryudr — — Ry u?ds
16 B:r g 16 Bj’ g 16 Fz(Bj) g
T
g+1

/ Kudt! ds — / B(r,z,u, Vu) dv + A(g, u)
Fl(B;") Fz(Bj—)

where

B(r,z,u,Vu) =

Lou L (0
261/u 2r ov

!
) —§T|VT’U,|2, (4.22)

Vru denotes the component of Vu which is tangent to T's(B;),

A(g,u) :/B+ (gck(‘?ku)(gij —0;5)0iudr — /B+ (mlalu)(gij — Ff'j-ﬁku) dx

r

1 ij _ sij 1 ij
-‘-2/3j u(g” —5j)81;judz—Q/B:rugjffj(?kudx

cou o Ou 1 y o Ou
_ i ij _ i L= ij _ §ii , 4.9
/ PR RO R / 8T S, (423)

and Ffj denotes the Christoffel symbol.

Regarding the term A(g,u;), where w; is a solution of (3.4), we have the following
estimate, the proof of which is a direct consequence of Lemma 4.1 and Lemma 4.2.

Lemma 4.4 Let {u;}; satisfy (3.4), y; — y € ['1(B]") be an isolated simple blow-up
point. Assume R; — 400 and 0 < g; < e % are sequences for which (4.6) and
(4.7) hold. Then, for 0 < r < p1, we have

[A(g, us)| < Csruy®™ (y;)

where Cs5 is some constant independent of i and r.

Using Proposition 4.1, Proposition 4.2, Lemma 4.3, Lemma 4.4, and standard elliptic
estimates, we derive the following estimate about the rate of blow-up of the solutions of
(3.4).
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Lemma 4.5 Let u; satisfy (3.4) and y; — § € T'1(B]") be an isolated simple blow-up
point. Assume R; — +oo and 0 < g; < e~ are sequences for which (4.6) and
(4.7) hold. Then

i =0 (u; () -

Consequently u; (y;) — 1 as i — oo.

Lemma 4.6 Let u; satisfy (3.4) and y; — § € T'1(By") be an isolated simple blow-up
point. Then, for 0 <r < /2, we have

lim sup max ui(yi)ui(y) < C(r).
i—+oo y€eT2(B (v:))

Proof. Due to Lemma 3.1, it is enough to establish the lemma for r > 0 sufficiently small.
Without loss of generality we may take 7 = 1. If we pick any y, € ['2(B;") and set

&ily) = u;  (y)ua(y),

then &; satisfies

1 _ ) . _
_Aggi + gRgé-i — Kiu(ih 1(%) 21177 m Bi/Q(y%
i _
B = Oa on FI(B;_/Q(y))

+

It follows from Lemma 3.1 that for any compact set K C B /2

constant ¢(/K) such that

() \ {y}, there exists some

oK) ' <& <e(K), onkK.

We also know from (4.14) that w;(y,.) — 0 as ¢ — +oo. Then by elliptic theories, we
have, after passing to a subsequence, that £, — £ in CIQOC(B;F/Q(;Q) \ {7}), where ¢ satisfies

1 . _
—Ag&+ 3 Ry =0, in Bf/Q(y),
¢ _
£ =0, on l"l(Bfr/2)\{y}.

From the assumption that y; — ¥ is an isolated simple blow-up point of {u;};, we know
that the function r'/2£(r) is nonincreasing in the interval (0,7) and so we deduce that ¢
is singular at 4. So it follows from Corollary 1.1 in the Appendix that for » small enough
there exists some positive constant m > 0 independent of ¢ such that for ¢ large we have

_/+Ag£i:_/ Vg&--l/:—/ VQ£V+0(1)>m
B; T2 (BY) Ty (BY)

which implies that
7/ Ag&i > m. (4.24)
B}



28 M.O. Ahmedou

On the other hand, since R, > 0,

_ ;1 _ .
A= [ )l - GRG) <0l ) [ K
B}

B B
Using Lemma 4.1 and Lemma 4.2, we derive that
Kul' < cu:l(yz)
Bt
Hence our lemma follows from (4.24), (4.25), and (4.26).

Now we are able to give the proof of Proposition 4.2.

(4.25)

(4.26)

Proof of Proposition 4.2. We first establish (4.13) arguing by contradiction. Sup-
pose the contrary. Then, possibly passing to a subsequence still denoted as v;, there

exists a sequence {y; }; such that d(g;,y;) < 7/2 and

v (Fi)vi(y)d(Gi, yi) — +oo.

1——+00

Set 7; = d(¥;,y;). From Lemma 4.1 it is clear that 7; > r; = Rivilfqi (yi). Set

1
Gi(x) = 7 oy + ) in By T, T =ty

Clearly v; satisfies

1~ ~
—Ag,v; + 3 R, % = Ki(2)5;%(2), v; >0, in By,

0v; 7
=5, = 0 on 0B, Tin{a® = -1},
where
(gi)aﬁ = Gap (7:113) dxadlﬁa
Rgi (33) = 7:12R£h (yz + fiﬁﬁ),
and

Ki(x) = Ki(y; + 7).
Lemma 4.6 yields that
max  0;(0)v;(z) < ¢
wEFz(Br/z)

for some positive constant ¢, and so

vi (G )vi(ya)d(yi, yi) < c.
This contradicts (4.27). Therefore (4.13) is established. Now take

w;i () = v (y;)vi ().

(4.27)
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From (3.4) it is clear that w; satisfies

1 —as S
—Agw; + 3 Ryw; = Ki(z)v} % (yi)w®, in By,
8wi

5, = ° on I'y(BY).

Estimate (4.13) implies that w;(z) < cd(x,y;)"'. Since y; — ¥, w; is locally
bounded in any compact set not containing ¢. Then, up to a subsequence, w; — w
in C2.(B5(y) \ {y}) for some w > 0, satisfying

loc
—Agw + ! R,w =0, in Bf(y),
] p
v o, on T (BY) \ {3
From Proposition 1.2 of the Appendix, we have that
w=bG(y)+ FE, in B;\{o},
where b > 0, F is a regular function satisfying
~A E + ! R,E =0, in BY,
] p

O

+
E—O, on Fl(Bﬁ ),

and G € C?(B; \ {y}) satisfies

—L,G(-,y) =0, in Bf,
0G, _
5 =0, on I'y(B}) \ {#},

and limy, .5 d(y,7)G(y,§) is a constant. Moreover, w is singular at . Indeed from
the definition of isolated simple blow-up we know that the function r'/2w(r) is
nonincreasing in the interval (0,7), which implies that w is singular at the origin
and hence b > 0. The proof of Proposition 4.2 is thereby complete. O

Lemma 4.7 Suppose that the hypotheses of Proposition 4.2 hold true. Then we have
the following estimates:

/ |z — 2;]® vy ()P :O<vi(xi)7"2%2), 0<s<mny
(Br; (i) +

/ | — i i ()P ZO(Ui(ﬁi)7%> ;o 0<s<my
(B1(zi))+\(Br; (zi))+

/ \x'—xﬂsvi(x’)piTH :O<vi(xi)7%), 0<s<n-1;
81B77($1)
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/ o~ all (@) = o (wla) ), 0<s<n-1
01B1(x;)\01Br, ()
/ l2" — 2}f vy ()P = O (vi(xi)_Q% log vz(xl)) , s=n-—1
01B1(x;)
Proof. The proof is a simple consequence of Proposition 4.1 and Proposition 4.2. a

Using Proposition 4.2, one can strengthen the results of Lemmas 4.2 and 4.4 by just
using (4.13) instead of (4.14), thus obtaining the following corollary.

Corollary 4.1 Let {v;}; satisfy (3.4), y; — y € T1(By) be an isolated simple blow-
up point. Assume R; — 400 and 0 < g; < e~ are sequences for which (4.6) and
(4.7) hold. Then there exists p1 € (0,7) such that

IVgvi(y)| < Cavy M (yi)d(y, i) 2, for all vy < d(y,yi) < p1, (4.28)

and
IV20i(y)| < Cyoy ' (ys)d(y,y:) ™2, for all r; < d(y,y:) < pu, (4.29)

where r; = Rivilfqi (yi) and Cy is some positive constant independent of i. Moreover
|A(g, vi)| < Csro; 2 (ui),
for some positive constant Cs independent of i.
Let us obtain an upper bound estimate for V , ; (v;).

Lemma 4.8 Let v; satisfy (3.4) and y; — y € I'1(By) be an isolated simple blow-up
point. Then
VrKi(yi) = O(v; *(v:),

where V denotes the tangential part of the gradient.

Proof. Letx = (x', 22, 2%) be some geodesic normal coordinates given by the exponen-
tial map exp,, with 8%3 being the unit inner normal to I'(B : 11). Choose a test function

n € C°°(By) which satisfies
n(@) =1, z€Bf,; (@) =0, z€Bf\B,

Ov;
[‘)acj 4

ov;, 1 . Ov;
(—Av))n — = 7/ Kiviin —.
/<Bl>+ dzj 8 Jipy), Oz;

Integrating by parts, we deduce

Oy, 1 . 0K; 0
e ==y [, (e g,
Bl+ al’j q; —+ ]. (Bl)+ 8xj 8:cj

Multiplying equation 3.4 by n j = 1,2, we obtain
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and also

dv; 1 0 ov;
/ (—Av;) oo = — = / Voi|* = +/ Vo, 22 vy,
(B1)+ du; 2 JBy), Ox;  Jipy, 0z

From the above equations, Proposition 4.2, and the fact that V7 has support in

(Biy2)+ \ (Biya)+,

we obtain

1 _ 0K; _
1, g =0
qi + (B1)+ L

Using the uniform bounds on the second derivatives of K; and taking into account Lemma
4.5, we deduce

1 0K; ) _
HAE) /(B) VB = O(us()2). (4.30)
J 1)+

O

Corollary 4.2 Under the same assumptions of Lemma 4.8, one has that
/ 2 - VKl do = O] ()
Iy (BY)
Proof. We have that

/ x - Vm/Kivf“H do = / Vo Ki(y) - (2" — yi)vf"'ﬂ do
T'1(B) T'1(B)

+0 (/ |2 |2t da> .
Iy (BF)

Since, using Proposition 4.2 and Lemma 4.1, fFI(B+)(x’ — yl-)vfi“ do = 0(0;2(%))’
from the previous lemma, Corollary 4.1, and (4.6), we reach the conclusion. O

Proposition 4.3 Let v; satisfy (3.4), y; — § be an isolated simple blow-up point and,
for some p > 0,
vilyi)vi  —— h, in Cio(By (9) \ {g})-

i——+400

Assume, for some B > 0, that in some geodesic normal coordinate system x =
1.2 .3
(x 7'1: 7'2: )7

h(z) = |% +A+o0(1), as|z|—0.

Then A < 0.
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Proof. For r > 0 small, the Pohozaev type identity of Lemma 4.3 yields

1 . 2 1
/ (x/ . Vm/Ki)q)glJrl ds + ( — _) / Kivlqﬁrl ds
¢ +1Jr (B a+1 2/ Jr B

1 2 1 2 r 2
16 B:r(w VR,)v; dx S/B:r Ry v; dx 16 FQ(B:)Rgvi ds

.
g +1

/ K,;vf“Ll = / B(r,x,v;, Vv;) ds + A(g, v;) (4.31)
or1(BY) T2 (B;)

where B and A(g,v;) are defined in (4.22) and (4.23) respectively. Multiply (4.31) by
v2(y;) and let i — oo. Using Corollary 4.1, Lemma 4.1, and Corollary 4.2, one has that

lim B(r,x,h,Vh) = lim limsupvf Yi / B(r,x,v;, Vu;) > 0.
r=0" Jry (B ( ) r—=0% oo () L2 (B) ( )
(4.32)
On the other hand, a direct calculation yields
lim B(r,z,h,Vh) = —cA (4.33)
r—0+ a2 (B;H)
for some ¢ > 0. The conclusion follows from (4.32) and (4.33). O

Now we ready prove that an isolated blow-up point is in fact an isolated simple blow-up
point.

Proposition 4.4 Let v; satisfy (3.4) and y; — § be an isolated blow-up point. Then
y must be an isolated simple blow-up point.

Proof. From Lemma 4.1, it follows that
w;'(r) <0 for every Cgvil_‘“ (y;) <7 <. (4.34)
Suppose that the blow-up is not simple. Then there exist some sequences
7 — 0%, & — 4 oo such that ¢v, % (y;) < 74
and, after passing to a subsequence,
w,(7;) > 0. (4.35)

From (4.34) and (4.35) it is clear that 7; > r; and w; has at least one critical point in the
interval [r;, 7;]. Let u; be the smallest critical point of @; in this interval. We have that

7 > pp > r; and  lim p; = 0.

11— 00

Let g; = (9i)ap dx®dzP = Gap (i) dz*dz? be the scaled metric and

1

(@) = 1" vi(yi + paw).
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Then &; satisfies

1 ~ o _T

5A91§7 + g R_lhg? = Ki(x) 317 n Bl/’i}i’

gi =T;
ay = O, on GBI/M N {373 = —Ti},
lim; o0 &(0) = o0 and 0 is a local maximum point of ;,
rqi%lfi(r) has negative derivative in  ¢&;(0)17% < r < 1,

1

P (“7"1&:(7’)) =0,

r=1

(4.36)
where T, = p; 2, a;(x) = piai(y; + pix), and K;(x) = K;(y; + pv;z). Arguing as
in the proof of Lemma 4.1, we can easily prove that 7; — 0. Since 0 is an isolated simple
blow-up point, by Proposition 4.2 and Lemma 3.1, we have that, for some 3 > 0,

GO)&  — h=Blzl"' + B inCi(RE\{0}) (4.37)

with E satisfying

—AE =0, in Ri,

oF

E = 0, on 8Ri
By the Maximum Principle we have that E > 0. Reflecting E to be defined on all R® and
thus using the Liouville Theorem, we deduce that E is a constant. Using the last equality
in (4.36) and (4.37), we deduce that E = b. Therefore, h(z) = b(Go(z,y) + 1) and this
fact contradicts Proposition 4.3. O

5 Ruling out bubble accumulations

In this section we use the blow up analysis performed in the previous sections and following
the original arguments of R. Schoen [58] and Z.C. Han and Y.Y. Li see[41], to rule out the
possible accumulations of bubbles , and this implies that only isolated blow-up points may
occur to blowing-up sequences of solutions of the approximated problem. As we have
already recalled in Section 3, accumulation of interior blow ups is ruled out through the
work of Y.Y. Li [48] and Y.Y. Li and M. Zhu [51]. So we have only to deal with boundary
blow ups.

Proposition 5.1 Let (M,g) be a smooth, compact, three dimensional Riemannian
manifold with umbilic boundary. For any R > 1, 0 < ¢ < 1, there exist positive
constants oo, co, and ¢y depending only on M, g, ||K||c2onr), infycans K(y), R,
and €, such that for all u in

U M,

5—00<q<5

with maxys u > cg, there exists S = {p1,...,pn} C OM with N > 1 such that
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(i) each p; is a local mazimum point of w in M and

By, (pi) N By, (p;) =0,  fori# j,

where 7; = Ru'~9(p;) and By, (p;) denotes the geodesic ball in (M, g) of radius
7; and centered at p;;

(i)

1 1/2
—1 1—
u™ (pi)ulexpy, (yu~*(pi)) — (MW) <e€
C2(B3%(0))
where
B%(0) ={y € T,,M : |y| <2R, u'~%(p;)y € exp, ' (Bs(p:))},
and h > 0;

(iii) dot (pj,pi)u(p;) > co, for j > i, while d(p, S)q%lu(p) < ¢, Vpe M, where
d(-,-) denotes the distance function in metric g.

For the proof of Proposition 5.1 we need the following Lemma.

Lemma 5.1 Let (M, g) be a smooth, compact, 3-dimensional Riemannian manifold.
Given R < 1 and € < 1, there exist positive constants dg = 6o(M, g, R,e) and
Co = Co(M, g, R, ) such that, for any compact C' C M and any u € Us_s, <, <5 Mg
with max, yne da=t (p, CYu(p) < Cy, we have that there exists po € M \ C' which
18 a local maximum point of u in M such that pg € OM and

<e€
C2(B3%(0)

u™" (po)u(exp,, (yu'~%(po)) — (;)%

(14 sla’|?

where B%{(O) is as in Proposition 5.1, k is a positive constant with depends only
on K, d(p,C) denotes the distance of p to C, with d(p,C) =1 if C = (.

Proof. Suppose the contrary. Then there exist compacta C; C M, 5 — } < g¢q; <5, and
solutions u; € My, such that

max dq'i%l(p, Ci)ui(p) > 1.
peEM\C;

It follows from the Hopf Lemma that u; > 0in M. Let p; € M \ C be such that

ds=1(p;, Ci)ui(p;) = max _dai—T(p, Cy)us(p).
peEM\C;

Let x be a geodesic normal coordinate system in a neighbourhood of p; given by exp;il.

gi—1
[

We write u; () for u;(expy, (x)) and denote \; = ui"~ " (p;). We rescale x by y = \;x
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1
and define ¥;(y) = A; “ "wu;(\;y). Since interior blow ups are ruled out we have that
d(p;,OM) — 0. Fix some small positive constant 6 > 0 independent of ¢ such that
OM N Bs(p;) # (. We may assume without loss of generality, by taking ¢ smaller, that
expgi1 (0M)N Bs(0) has only one connected component, and may arrange to let the closest

point on exp;((')M) N Bs(0) to O be at (0,...,0,—¢;) and
exp, 1 (OM) N B5(0) = dR’y N By’ (0)

is a graph over (z!, ..., 2" ~1) with horizontal tangent plane at (0, ..., —t;) and uniformly

bounded second derivatives. In exp]gi1 (Bs(p;)) we write g(x) = gap(x) dzdxb. Define

9 (y) = gan(N; 'y) dy“dy’.

Then v; satisfies

— Ly ¥; = Kb, %, ;> 0,

Byt = 0.
Note that A;d(p;, C;) — oo and, for |y| < %)\id(ﬁi, C;) withz = )\Z-_ly € exp;il(Bg(ﬁi)),
we have

d(z,C;) > =d(p;, Cy),

and therefore
1. @t 1 . ST
Sd(pi, Ci) ui(z) < d(w,Ci)5Tui(x) < d(pi, Ci) %= ui(pi)
which implies that, for all |y| < X\;d(p;, C;) with A; 'y € expgil(B(; ($i)),
1
0i(y) < 2%-T.
Standard elliptic theory, see [40], imply that there exists a subsequence, still denoted by v,

such that, for T' = lim; \;d(p;, OM) € [0, +00], ¥; converges to a limit 9 in C*norm on
any compact set of {y = (y,...,y") € R": y* > —T'}, where © > 0 satisfies

—Ab = K@) 2, in {y" > —T},
@b =0, onfy"=-T}, ifT < +oo.

Now arguing as we did in the proof of Proposition 4.1, we derive that that 7' < 400, and,
from the Liouville-type theorem of Caffarelli, Gidas and Spruck, [22], we have that

1 3
@(x/PTn) = < 2 / ! 2> I
14 k(T2 + 2" — =)
where 5 := K&

= =51 Setting now § = (¢, —=T), it follows from the explicit form of ¥; that
there exist y; — ¢ which are local maximum points of 9; such that v;(y;) — max 0.
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Define p; = exp,, (A7 1y,) then p; € M \ C; is a local maximum point of u;, and if
we repeat the scaling with p; replacing p;, we still obtain a new limit v. Due to our choice,
v(0) = 1 is a local maximum. So 7" = 0 and

<é€
C2(B3/(0))

u;  (pi)ui(exp,, (yu; % (p;) — <ﬁ>%

which leads to a contradiction. O

Proof of Proposition 5.1. First we apply Lemma 5.1, by taking C = () and d(p, C) = 1,
to obtain p; € dM which is a maximum point of « and (i) of Lemma 5.1 holds. If

d7T (p, C <G
e di (p, C1)u(p) < Co,

where C; = By, (p1), we stop. Otherwise we apply again Lemma 5.1 to obtain p, € OM.
It is clear that we have By, (p1) N Br,(p2) = () by taking ¢ small from the beginning. We
continue the process. Since there exists a(n) > 0 such that [, (o) ugiH > a(n), our

process will stop after a finite number of steps. Thus we obtain S = {p1,...,pn} C IM
as in (ii) and
da=71 (pa S)U(p) S CO?

for any p € M \ S. Clearly, we have that item (iii) holds. a

Though Proposition 5.1 states that w is very well approximated in strong norms by
standard bubbles in disjoint balls By, (p1), ..., Bry (pn), it is far from the compactness
result we wish to prove. Interactions between all these bubbles have to be analyzed to rule
out the possibility of blowing-ups.

The next Proposition rules out possible accumulations of these bubbles, and this implies
that only isolated blow-up points may occur to a blowing-up sequence of solutions.

Proposition 5.2 Let (M, g) be a smooth compact three dimensional Riemannian man-
ifold with umbilic boundary. For suitably large R and small € > 0, there exist §;
and d depending only on M, g, ||lallc2m), 1K |lc2om), infycans K(y), R, and ¢,
such that for all u in

U Mg

5—61<q<5
with maxys u > ¢g, we have
where ¢y, p1,-..,PN are giwen by Proposition 5.1.

Proof. By contradiction, suppose that the conclusion does not hold. Then there exist
sequences 5 — % < g; <5,u; € Mg, such that min{d(p; q,pip), 1 <a,b < N} — 0as
i — 400, where p; 1,...,p; n are the points given by Proposition 5.1. Notice that when
we apply Proposition 5.1 to determine these points, we fix some large constant R, and then
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some small constant € > 0 (which may depend on R), and in all the arguments 7 will be
large (which may depend on R and ¢). Let

d; = d(Pi,hPm) = min d(pi,aapi,b)
a#b

and
po= lim p,y = lim p;2 € OM.
1— 400

i——+o00
Since M has an umbilic boundary, one choose y to be a geodesic normal coodinate
sytem in a neighborhood of py given by exp,!. We denote g; = (g;)ap(x) dz*dz’ =
Gop(u; "9 (y;)x) dz™dzP, the scaled metric.
We can assume without loss of generality that y; , := ez:p;ol (ps o) are local maxima of
v;(y) := u;(expp, (y)). Soitis easy to see that

Vi (Yia) — +00, (5.38)

1
d(m, U{xm}> quvi(x) <e, VzeBf, (5.39)
' 0<o;:=lyi1 — Y2 — 0, (5.40)
ai‘”%lvi(yhy) > ::2 fora=1,2, (5.41)

where c1, co > 0 are some constants independent of 4, ¢, R. Without loss of generality, we
assume that y; 1 = (0, ...,y ). Consider

1

wi(y) = o/ vilowy)

and set, for y; o € By, 2,0 = 22“Y%L and T; = Ly7",. Clearly, w; satisfies

Agwily) + o7 Ry (07 "y)
=K; a:i"’_ly> wi(z)%, in {Iyl <o yt> —T} (5.42)
Suc =0, on {lyl< L.y =T}
It follows that
|2ia —2zipl 21, VYa#b, wyi1=0, |yl =1 (5.43)
After passing to a subsequence, we have
zZ= zller zio, |Z|=1
It follows easily from (5.38), (5.39), (5.40), (5.41) that
wi(0) > cf  wilzi2) > cp,
each z; , is a local maximum point of w;, (5.44)
ming |y — 2iq Lh%lwz(y) < ¢y, (5.45)
Wl<ot. v >-T (5.46)
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where ¢, > 0 is independent of ¢.
At this point we need the following Lemma which is a direct consequence of Lemma
4.1

Lemma 5.2 If along some subsequence both {z; 4} and w;(z; ;) remain bounded,
then along the same subsequence

lim sup max — w; < 09,
i—+00 B1/4l(yi,a,i)

where Bl_/:gi (zia;) =4y [y —zia| <1/4, y" > -T;}.

Due to Proposition 4.4 and Lemma 5.2, all the points y; ,, are either regular points of
w; or isolated simple blow-up points. We deduce, using Proposition 4.2, Lemma 5.2 and
(5.42), (5.43) that
w;(0) — 400, w;(yi2) — +o0.

It follows that {0}, {y; 2 — ¥} are both isolated simple blow-up points. Let @; = w;(0)w;.
It follows from Proposition 4.2 that there exists Sy such that {0,5} C S; C S,

min{lz —y|: z,y €S, £y} > 1,
and B

wi(O)w; — h inCp(R" 7\ S)

where h satisfies

{Ah =0, inR",;\S,

aay’?l =0, ondR"},\ gl.

Making an even extension of h across the hyperplane {y™ = —T'}, we obtain h satisfying
Ah = 0 on R\ S;. Using Bécher’s Theorem, the fact that {0,7} C S, and the Ma-
ximum Principle, we obtain some nonnegative function b(y) and some positive constants
a1, as > 0 such that

bly) 20, yeR"\{S1\{0.7}},
Ab(y) =0, yeR"\{S\{0,7}},
5. =0, ondRL\{S\{0,4}},

and h(y) = a1|z[>" + ag|lz — §|2" + b, y € R™\ Sy. Therefore there exists A > 0 such
that
h(y) = arly*™" + A+ O(lyl)

for y close to zero. Using Pohozaev identity, see Lemma 4.3 and Corollary 1.1in the Ap-
pendix, we obtain a contradiction as in Proposition 4.4. The proof of our Proposition is
thereby complete. O

The previous two propositions imply that any blow-up point is in fact an isolated blow-
up point. Thanks to Proposition 4.4, any blow-up point is in fact an isolated simple blow-
up point.
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Proof of Theorem 2.1. Arguing by contradiction, suppose that there exist some se-
quences ¢; — q €]1,5], u; € Mk, 4, such that ||u;|| g1 (pr) — 400 as i — oo, which, in
view of standard elliptic estimates, implies that max; u; — +00.

From Gidas-Spruck Liouville type theorem [39] (see also [50]), we know that ¢ = 5.
By Proposition 5.2, we have that for some small € > 0, large R > 0, and some N > 1 there
exist yil), e ,ygN) € OM such that (i-iii) of Proposition 5.1 hold. {yi(l)}i, e {yi(N)}Z—
are isolated blow-up points and hence, by Proposition 4.4, isolated simple blow-up points.
Since the manifold is compact there could be only finitely many such points. We notice
first that Proposition 4.2 tells us that outside arbitrarly small neigborhoods of such points
the H'- norm is bounded, now from (4.6) in the statement of Proposition 4.1 and 4.15 in
the statement of Corollay 4.1 we deduce that such an H'- norm in those small neighbor-
hoods is bounded as well, actually it is arbitrarly close to the H'- norm of one bubble.
In the neighborhood of each bubble this computation is already included in Lemma 4.7.
Therefore we have that {||u;|| 1 (ar)}s is bounded, thus finding a contradiction. Theorem
2.1 is thereby established. O

6 Compactness of the solutions

Before proving Theorem 2.2, we state the following result about the compactness of solu-
tions of (Px ) when g stays strictly below the critical exponent. The proof of this theorem
is, up to minor modifications, similiar to Theorem 1.1 of [41].

Theorem 6.1 Let (M, g) be a smooth, compact, three dimensional Riemannian man-
ifold with umbilic boundary. Then for any 61 > 0 there exists a constant C' > 0
depending only on M, g, 61, || K| c2(an), and the positive lower bound of K on OM
such that for all u € U, 5, <,<5_5, Mi,q we have

1
c <u(x) <C, VeeM; |ulcxan <C.

Now we prove Theorem 2.2.

Proof of Theorem 2.2. Due to elliptic estimates and Lemma 3.1, we have to prove just the
L bound, i.e. u < C. Suppose the contrary. Then there exist a sequence ¢; — ¢ €1, 5]
with

u; € Mg gq,, and maxu; — +00,

where ¢ is some positive constant independent of :. From Theorem 6.1, we have that ¢
must be 5. It follows from Proposition 4.4 and Proposition 5.2 that, after passing to a
subsequence, {u;}; has N (1 < N < o0) isolated simple blow-up points denoted by

y Dy Let y(e) denotes the local maximum points as in Definition 3.1. It follows

%

from Proposition 4.2 that

N
wily Jui — h(y) =D biGlyy?) + E(y) in CR (M Y, .y,
j=1
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where b; > 0 and E € C?(M) satisfies

—L,E =0, inM,

E 6.47
a— =0, on OM. ( )
ov

Since the manifold is of positive type, we have that £ = 0. Therefore,

N
uz(yt(l))ul — h(y) = Z bjGa(yv y(])) in C'lzoc (M \ {y(1)7 e ay(N)})
j=1

11— 400
Let = (z',22,23) be some geodesic normal coordinate system centered at yfl). From
Lemma 1.2 of the Appendix, the Positive Mass Theorem, and the assumption that the
manifold is not conformally equivalent to the standard ball, we derive that there exists a
positive constant A such that

h(z) = h(expy@ (z)) = clz|™* + A; + O(|z|~*) for || close to 0

and A; > A > 0. This contradicts the result of Proposition 4.3. The compactness part of
Theorem 2.2 is proved. Since we have compactness, we can proceed as in section 6 of [41],
see also section 4 of [37] to prove that the total degree of the solutions is —1. Theorem 2.2
is established. O

7 Appendix

In this Appendix, we recall some well known results and provide some description of
singular behaviour of positive solutions to some boundary value elliptic equations in punc-
tured half balls. It is extracted from our paper in collaboration with V, Felli, see [38] for
the proofs of the main results cited here.

For n > 3 let B;" denote the set {z = (2/,2") € R" = R xR : |z| <
rand 2z > 0} and set I'y(B;7) := dB;F N ORY, I'y(B;}) := 0B;F N R’. Through-
out this section, let ¢ = g;; dz'dz? denote some smooth Riemannian metric in Bf‘ and
a € CHT1(BY)).

First of all, we recall the following Maximum Principle; for the proof see [41].

Theorem 1.1 Let Q be a bounded domain in R™ and let 0 =TUYX, V € L>(Q), and
h € L>(X) such that there exists some ¢ € C*(Q) N CY(Q), ¢ > 0 in Q satisfying

Agp + Vi <0, inQ,
a—w > ha, on .
ov

If v e C%(Q) N CH Q) satisfies

Agu+ Vv <0, inf,

0
872 > hv, on X,
v >0, on T,
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then v > 0 in Q.

Now we state the following Maximum Principle which holds for the operator 7" defined

by

Lyu=0, in M ,

Tu=wv if and only if o
Y au_ v, onJdM.

ov
Proposition 1.1 ([37] [35]) Let (M, g) be a Riemannian manifold with boundary of
positive type. Then for any u € C*(M) N CY(M) satisfying

Lyu>0, in M,
8_u <0, ondM,
ov

we have u < 0 in M.

Lemma 1.1 ([37]) Suppose that u € C%(B} \ {0}) is a solution of

_Lgu = O7 on Bi‘rj
ou
%0, ot (0],

and u(z) = o (|z[*™) as x| — 0. Then u € C27O‘(Bl+/2) for any 0 < a < 1.
Lemma 1.2 ([37]) There exists some constant §g > 0 depending only on n,

HginC?(Bff) and HKHLOO(Bf') such that for all 0 < § < &g there exists some function
G satisfying

-L,G =0, n B;,
% -0, on T4 (BF) \ {0}, (12)

limy o 2| 7'G(z) =1
such that, for some A constant and some o € (0,1), Vzx € Bgr
G(z) = [z[~" + A+ O(|z|*).
Making again reflection across 'y (B;"), we derive from Lemma 9.3 in [51], the fol-
lowing:
Lemma 1.3 If u € C%(By \ {0}) satisfies

—Lgu=0, in Bf,

ou
5 :O7 on F1(B;r)\{0}f

then

a=limsup max u(z)z|"? < +oo.
r—0+ IGFQ(B;r)
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Proposition 1.2 ([37]) Suppose that u € C?(B} \ {0}) satisfies

—Lgu=0, in Bf,

ou
5, =0 on L(By)\ {0}

Then there exists some constant b > 0 such that
u(z) =bG(z) + E(x) in BT/Q \ {0},
where G is defined in Lemma 1.2, and E € C*(By) satisfies

—L,E=0, in Bj/Q,
ok
E = 0, on Fl(B;_/Q)

Finally we prove the following corollary.
Corollary 1.1 Let u be a solution of (1.3) which is singular at 0. Then
ou oG n—2

I M e =b- 1i 9= o = —
ri}g* 2 (B;h) ov o rir(r)lJr (B ov 7 2

b|§n_1|,

(1.3)

where S*™1 denotes the standard n-dimensional sphere and b > 0 is given by Propo-

sition 1.2.
Proof. From the previous proposition, we know that

u(z) =bG(x) + E(z), in BT/Q(O) \ {0}, b=>0.
Since u is singular at 0, b must be strictly positive. From (1.4), we have

oF 1
0:—/ AyEdV — ot = [ RE.
Bf ra(Bf) WV 8 /bt

Hence, since F is regular, we obtain

ok 1
oL, 1 .
/FQ(B:r) ov do 3 /B,:r Ry(z)E(x) do —, 0

lim % do = lim b/ % do.
r

r—0t Jp, (B} OV r—0+  Jpry By OV

and so

From Lemma 1.2 we know that G is of the form
G(x) = |z[~ + R(x)

where R is regular. Since

a . 1o,
e tdo = —= |s"
/F Bl =g
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and

OR
/ —do — 0,
a(B) ov r—+0+

we conclude that

1
lim A
r—0+ Fz(Bj—) 81/ 2

thus getting the conclusion. a
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