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Abstract

In this paper we use an algebraic topological argument due to Bahri and Coron to
show how the topology of the domain influences the existence of positive solutions
of the following problem involving the bilaplacian operator with the critical Sobolev
exponent

A%y = yn—1 in Q
u>0 in Q

u=Au=0 on 0N

where () is a bounded domain of R™ (n > 5) with a smooth boundary 9f2.
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1 Introduction

We are looking for the solution of the following problem

n+4 .
A2y = yn—1 in

(P) uw>0 in Q
u=Au=0 on 0N

where Q is a bounded domain of R™ (n > 5) with a smooth boundary 0.

The interest in this equation grew up from its ressemblance to some geometric equations
involving Paneitz operator and widely studied in these last years (see for instance [11],
6], [9], [10], [13], [17]). In contrast with the subcritical case, the variational problem
corresponding to (P) presents a lack of compactness which can be easily seen in the fact
that the Euler functional associated to (P) does not satisfy Palais-Smale condition (P.S.).
This means that there exist non compact sequences along which the functional is bounded
and its gradient goes to zero. This is due to the non compactness of the embedding
H2(Q) N H(Q) — L (Q).

A first result concerning (P) was obtained by Van der Vorst [24], who proved that (P) has
no solution when €2 is starshaped. Such non existence results were proved by Pohozaev [18],
for Yamabe type problems on a domain of R™. Pushing further the ressemblance of the
two problems, the Yamabe type from one part and the Paneitz type from the other part,
we are led to investigate the influence of the topology of the domain €2 on the existence of
the solution. We obtain a similar result as the one obtained by Bahri-Coron [4] for Yamabe
type problems. Namely, if k is a positive integer and we denote by Hy (€2, Z2) the homology

of dimension k of Q with Zs-coeflicients, we have the following result

Theorem 1.1 If Hi(Q,Z3) # 0 for some positive integer k, then the problem (P) has a
solution.

The solution obtained in Theorem 1.1 can be characterized to be a solution of higher
energy and higher index. Precisely, we have the following characterization by Chen [12] of

the solution obtained by the Bahri-Coron topological scheme.

Theorem 1.2 The solution u obtained in Theorem 1.1 satisfies, for some positive integer

Do
4
(i) py 'S < J(u) < (po+1)715;

(ii) ind (J,u) < (po+ 1)k + po, ind(J,u) + dimker 8*J(u) > pok + po;



On a nonlinear fourth order elliptic equation involving the critical Sobolev exponent 3

4

(iii) w induces some difference of topology at the level pj~* S where S~ is the best constant

of the Sobolev embedding H*(R™) — L%(R”).

The proof of Theorem 1.1 goes along the topological arguments introduced by Bahri-Coron
[4]. That is, arguing by contradiction, we assume throughout the paper that the problem
(P) has no solution. Then we introduce a family of continuous maps of pairs which induces
nontrivial homomorphisms in the relative homology under the assumption that (P) has
no solution. Expanding carefully the Euler functional associated to (P), near its potential
critical points at infinity, we prove through a study of the interaction between the solutions
of the problem “at infinity” that, when some parameters of the above family become very
large, the homomorphisms induced become trivial, leading then to a contradiction.

It is worthwile to point out that our solution is obtained exploiting the topology of the
domain, however the expansion of the functional involves the Green’s functions for the
bilaplacian operator under Navier conditions which suggests that the geometry of the
domain would play some role in a necessary and sufficient condition to obtain a solution
of (P). Such feature is shared by the corresponding Yamabe type problem see [5].

The plan of the paper is the following. In section 2 we present some technical tools, while
in section 3 we study the expansion of the Euler functional associated to (P), near its
potential critical points at infinity. Section 4 is devoted to the proof of Theorem 1.1.

Finally in Section 5 we collect some useful lemmas.

2 Notation and Preliminaries
Let © be a bounded domain of R™ (n > 5) with a smooth boundary 9. Let
E:= H} Q)N H*(Q)

equipped with the norm
|ull£ = [[Au|| £2(q)-
Let
Y={ueFE: |ulp=1} and Xy :={ueX:u>0}

Instead of working with the functional

1 —4 n
Jo(u) = 5 /Q(Au)2dx - n2n /g)(u*')%d:v
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whose critical points are solutions of (P), it’s more convenient here to work with the

functional

J(u) = </Q(Au)2dx> n

- : (1)
/ un—4dx
Q

One can easily verify that if u is a critical point of J on ¥, then J (u)%u is a solution

of (P). Let us introduce the gradient flow of the functional J which will be used in the
classical deformation argument.
on(t
Mo — Jltw)  (w) € 0, +oolxE
ot (2)
n(0,u) =u

By the maximum principle, the above flow preserves the positive cone, namely we have
Lemma 2.1 X is invariant with respect to n(t,-), i.e., if u € X4 then n(t,u) € X;.

The functional J is known to not satisfy the Palais-Smale condition (PS for short) on .
However, as in Struwe [20] (see also [21]) sequences of Palais-Smale failing the PS condition

can be described. To this end, we introduce the solutions of the problem

n+4 .
A2y =yn-4 in R"

v>0 in R"

which, according to Chang-Shou Lin [15] are radially symmetric about some point a € R"
and are given by the following family of (n 4 1) parameters

n—4

by 2
Sar(@) = cp [ ——
Aw)=c (1—1—)\2\:13—@2)

where ¢, is a normalization factor depending only on n and is such that fRn (Aém )\)2da: =1.
For any a € 2, A > 0, Let PJ, ) be the unique solution of

n+4

A%P§,\ =81 in Q

P(Sa,/\:AP(;a,)\:O on of)

and set @g ) 1= g\ — Pdg .
Given a positive integer p and € > 0, we denote by
u € ¥4 such that (a1, -+ ,ap) € W and I (A1, -, Ay) € (R%)P such that

V(p,e) = P, Po,
U TS Poay

‘ < e, with \;dist (a;,0Q) > % and ;5 < €
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where
1

) s
i—; + )\—i +)\1)\j]al —aj|2

Eij =

dist being the euclidean distance in R". If w is a function in V(p,e), one can find an

optimal representation, arguing as in Proposition 7 of [4] , namely we have:

Lemma 2.2 For every p > 1, there exists € > 0 such that for any uw € V(p,e) the mini-

mization problem

inf
a,bi,

p
U= § :aiPébi,Hi
=1

has a unique solution, up to a permutation on the set of indices {1,--- ,p}, where a; > 0,
b €Q, p; >0 foranyi=1,---,p.

4
Setting b, := (p)»—1.5, we have the following characterization of Palais-Smale sequences.

Proposition 2.3 Under the assumption that (P) has no solution, let (ux) C Xy be a
sequence satisfying J(ug) — ¢, a positive number and 0J(ug) — 0. There exist an integer
p > 1 and a sequence (gx)r such that u, € V(p,e). Conversely, let p € Nt let (ex) be
a positive sequence with limg_ e = 0 and let (ux) C V(p,e) then 0J(ux) — 0 and
J(ur) — bp.

Remark 2.4 As observed by Bahri-Coron in [4], this kind of conclusion were already ob-
tained in other situations. For instance Sacks-Uhlenbeck [19], Meeks-Yau [16] for Harmonic

maps, Wente [25], Brezis-Coron [8] for H-systems.

Setting
W, = {u € ¥4, such that J(u) < bp41}

we state the following deformation lemma, whose proof is similar to Lemma 17 in Bahri-
Brezis [3].

Lemma 2.5 Given p € N* and ¢ > 0. Under the asumption that (P) has no solution,
the pair (Wy, Wp—_1) retracts by deformation onto the pair (Wp—1 U Ap, Wp_1) where A, C
V(p,e).
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3 Expansion of the functional near its potential critical point
at infinity

We fix K a compact subset in Q. Let us recall that O(z) will denote functions such that
O(z) < Clz| for some postive constant C. This section being devoted to an expansion of

J in V(p,e), a first estimate is given in the following lemma.

Lemma 3.1 For every p € N* and every € > 0, there exists A, = A\(p, €) such that for any
(a1, ,ap) satisfying o; > 0,% 0 | o =1, for any (a1,--- ,a,) € KP, for any X > Xp,
we have:

J(i o Péaw\) < (p + 5)ﬁ5.
i=1

PrROOF. By adapting the lemma B2 of [4] in our situation, we get

1
, 1

P / <; 4 da 2 ) da P = i
J(Zzl o Pém,)x) < — 2n [/Q <zzl ﬂz 5(11‘,)\) d$]

Oéi(sa,i,/\

2n
where [3; := 7 . Now, from the convexity of x — |z|»-1 we have that

j=1 ®j0a; 2

" Gidan) T <3 G

So, by integrating and using the definition of S we obtain that

2n 2n

/(Zﬁz ““) = /Qgﬁm;;;dx

n—4 n—4
< psiT /R\Q;ﬁl(smdx
< pS;4 —G—O(}\l—n).



On a nonlinear fourth order elliptic equation involving the critical Sobolev exponent 7

nt4
Now using Lemma 5.1, the inequality in Lemma 5.2 (i) and the convexity of z — |z|»—

we also get

1
2n 2

p _2n_
f )| anig(s s o)
: .

/ (3 o 5,11.7,\)"2n4d1: (1+06)
@ tim

p
J(z; ; Pé%,\) <

Then, for A > A,, it follows that

1

p
J<; @ Péo) < praS(1+ O(55

)) < (p+e)mis.

In the sequel, we will prove that € can be taken equal to zero in the above lemma

provided that p is large.

Lemma 3.2 For any integer p € [2,+00], there exist €1 > 0, Ay € (0,00) such that for

any (a1, ,ap) € KP, X € (Mg, 0)?, (a1, ,ap) € (0,00)P, with Y ¥ _, oy = 1, if there
4

exists ig € {1,--- ,p} such that o, < €1, then J(Zle 1% P5ai,>\) < pr-i8S.

PROOF. Assume that oy, # 1 and set &; := ﬁ, then by easy computations, one can
see that =
e p 2 p—1 2
N :_/ (D" i Adu) do=(1- ap)a/ (D" @ Adun) do+O(ay)
QY= 2 V=2
and
p 2n_ on p 2n. 2n_
D= / (D" @idan)" o= (1~ ap)ﬂ/ (D" @)™ o+ 0(aj).
Q=1 Q=1

Therefore

J (Ep: 0 Poyp) < J (pi & Péa,r) (1+0(057)).
=1 i=1

For any € > 0, the exists €1 > 0 such that if o, < €1, then

p p—1
J(; @ Pé%x) < J(Z & P(S%,\)(l +e).

=1
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Now from Lemma 3.1 we have that

p
J(Z OéiP(Sai,)\> < (p—1+5)ﬁ5+5 < pags,
i=1

Let us recall that in the last lemma, we used the assumption that at least one «; is
small enough. Following [4], in order to get an estimate of J (2?21 a; Pog,, ,\) similar to
the one in Lemma 3.2, when all the «; are bounded from below, we will need an expansion
of J ( b | a; P, A) involving the Green’s function and its regular part for the bilaplacian
operator under Navier boundary conditions (see Appendix).

We have the following proposition.

Proposition 3.3 There exists a positive constant C(p) such that

. C(p)
J(Z aiPéah)\) — U(a,a,N)| < N2 gn—2’
=1
where d = d(a) := min;»; |a; — ajl,
‘I’(a,a,)\) = —2_n 1 — W ZH(CLZ',(M) W — 12_n (3)
||cf[n=4 i=1 [|e|[=
n+d
+2 ol oy G(ai, a;)
ol o )

i#]

with G and H the Green function and its reqular part for the bilaplacian operator under

Navier boundary conditions (see Appendiz),

1 p on n—4 Zi_i
= (3 a2)’ = (S ar ) o meach
af == S I lexl| == & J €1 = n—4
i=1 i=1 (n—4)84

and cy is given by
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n

» ( /Q (Au)zdx> o

PrOOF. We set u := Z a; Pég, » and we recall that J(u) =

2n_
=1 un74d$
Q

Let us first begin with the expansion of the numerator. So,

N = /(Au)Qdaﬁ: /A2uudx
) Q

p 9 n+4 n+4

_ n—4 X . n—4

= E lo% (5%)\ Pég, »dx + E et 5%)\ Py, xd.
i=1 Q itj Q

Using the estimate in Lemma 5.3 (ii), we get

ntd 4 CoCn

5gy Pl adx = S°5 —
Q 7

On the other hand, given i # j,

nt4d nt4 nt4
/ (5;;;\1 P(Saj,)\ der = / (5;“_;\1 P(Saj’)\ dr — / (5;;;\1 P(Saj7,\ dx
Q R

nid 1
_ / 5y x Poaadi + 0(55)
Rn

— - 5%)\ 5%,\ dr — - 5%)\ Paj A\ dr + O(V)
n+t4

We set a;j := a; — a; and let us now estimate I := fR" 5;;;\‘ da; ) dz. By easy computatio
we have

5 A n+4 A n—4

<n 2 2

I = ¢ dx
" Jee <1+)\2l$az‘|2> (1+)\2|ﬂfaj|2)
2n_ 1
= cp " ntd — dy.
2

[ -
R (1 + |y|2) 2 (1 + \y — )\CLUP)

We have also

2
— 2)y - a4
1 a2 = (1 4 22jag?) {14 d
+ ly aij|* = (1 + Nlag|") {1+ 1+ A2[a;; 2
hence, for Ad(a) large and |y| < 1A|a;;| we obtain
_n—4 _n—4 (n—4)\y - aij
1 — dai|? 7 — (1 A2la..|? 2 14~ I T
( + |y az]’) ( + ]a”]) + 1 + \Jag|?

lyl?
"o <1 + Nlagl? ) ]

9

ns,

(8)
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Let

n+4 n—4

A 1 2 1 2

) == (1 n w) <1 - Aa@-jl2> ‘
ntd
2

1 1
[ awdy - - { / (1) @ 0
[yl< a1 /4 (1 + A20a;;2) T isl=niasla \1 + [yl

Then

1 ly|®
(1 4+ X2|ai]?) lyl<Xlaisl/4 (1 + |y|?) 2

From the following identities

lyl? 1
——dy = O 57—
" (0 + 1) ()

1 1 1
/ —Md?J:/ —MderO(m)
[yl <Alai;|/4 (1 + ]yP) 2 R (1 + ‘y[2) 2 @i
1 1 1
- ol )
(1 + Nay2)"T A" ag A2agg |2

we finally obtain

C2 1
AW dy = somroms + O o) (11)
/|y|<Aaij/4 A4 =4 T
with ¢y given in (4).

Now, in order to estimate f‘y|>/\|ai7_|/4 A(y) dy we introduce the sets

Alag; Alag;
Blz—{yeR”:\y—/\azj\S%} and Bg:—{yER":\yyg%}.
Then
C 00 Tn—l 1
Aly)dy < — — / —dr = O . (12)
/R"\(BluBz) AT " DNas | (14 12)"F (Anm"j |n)
On the other hand,
C Maij] ,rn—l 1
Aydygi/ ———dr = O( ——— ). (13)
B () At g4 (1 n r2)T4 ()\”|aij|">
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11
Finally, from (11), (12) and (

13), we get

/ Aw)dy + [ Awydy + [ Aw)d (14)
R”\(BluBg) B1 B

(&) 1
= o + O )
)\n74|aij|n74 + )\n72|aij|n72
From (8) and (14), we obtain

n+4
C2
n—4 _
95%)\ dajrdz =

+ ()
)\nf4|aij|nf4 )\n72|aij|n72

So, from (7), (15) and Lemma 5.3 (ii) we obtain that

n+4
n+4

n—4
— Ca2Cn Cn 1
57 Po, sdr = — H(as,a; 0(7> 16
o oA A EE An—4 [\ai—aj|”_4 (o aj)] " An=2q;m =2 (16)
n+4
G

1
Putting toghether (5), (6) and (16) we finally get that

n+4

—4
n—4 n—4 CQC;LL
N = |of*S3

p
- Y (e )

CQCn =

1
At ;:az% (@iv05) + O( 553
K2
from which it follows that
n+4
—4
N = |a[tigi{1 - _ Gl

g a2H (a;, a;) Zazaj
\n— 4\a|2S

= i#]
* O(W)}m

2n

P i
Now, let us write the expansion of D := / un21l4 dx = / ( E o P6ai,>\> dx
& 2 \i=1

for Ad(a) — oo. To this end, we set

[ := mindist (a;, 0)

(as,aj) (17)

and B;j:={yeQ|y—q| <d} with d :=min(d(a)/2,])
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We have

P 2n_
/m B) <Zazpéa“> o /n\uflsi;ai (Pl )™ do

P 2
= / Zai (bas ) — Pan) " * da.
Q\UiJ 1Bi j—q

IN

Recalling that [[¢g ) |lec,0 < O( n1,4) (see Lemma 5.1), we obtain
A2

p . % p % i
/Q\(uf_lBi) (; al Péai7A) " “w ;/ﬂ\(u?_l&) i 4T+ O(An) (18)

IN

rnfl
< .
< W) /@d, T O(A”)

= ()

2n .
In order to estimate fB, un—1 dx, we write
7

P
Zaj P(Sa].’)\ = o 5%,)\ + ZO&j P(;aj’)\ — O Pa; )
j J#i

Using Lemma 5.2 (i), we get for ¢ > 2

(zp:ajPéaj,Ay = (ciba;2)? + a0 da, (Za] Péajn — aicp%)\> +
j=1

J#i

q
<Z a] P(Saj,)\ — O Qoai)\)

i#i

n (ai 5ai7>\)q mf( Oa; (Z aj Pog; » — «; (Pai7)\>2>

JFi
Now, for ¢ : 4, we have on B; that
q 1
(Z @ Péaja)\ -y (70‘11‘7>\) = O()\nd/?n)
J#i

8
> 2 Tg
(ozi (5%)\)(1 (Z aj Pdg; xn — «; @ai,)\> =0 )\”5’2"

J#
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Putting toghether these estimates we get

on_ 2n 2n n+4 n+4
/ un—4a d-:U — ain—ll (5: 4 d + —40f2n_4 (S;L 4 (Z aj P(sa )\ — Qy (pai,)\> dx
Bi B'L - ]752

1 n84d
+ O g 5 5% x

Recall that
- d/n 8
/ 5 ;d ( X )

So, analogously to the computations done in (6), (16) and Lemma 5.3 we obtain

ntd ntd
n 2n e 2 n—4 '7174
/ wiidy = a S T + oot n_(zl Z%‘G(az‘,aj) (19)
B; n—4 A L
i jF#i
n_+i 2n_
2n cochtat Tt 1
- )\n74l H(a;,a;) + O<7)\n—2dm—2)'
Finally, from (18) and (19) we get
) ntd  ntd
2n o2n cocntalr !
S arE N KU Y e )
i=1 i
ntd  2n_
o2n cocntal ! 1
- L H(aa) | + O
n+4
2 - +4
Ll L st e DUHLY cl A

2 4 1
B n CZCn ZO‘ 4 H(ai, a;) +O<7_2>.
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Then (17) and (20) give

n+4

n—4

2n_ p
al \ 1 n cac
J(u) = (ﬁ) S<1— ] Za?H(ai,a@ Zazaj (a;,a;)
i=1

n—4 An—4| |25 % =

1
+ o (An—?dn—Q)} X

n+4

2 n—4 n+4
X 1 - n4 C2cn2n Za" ‘a;G(ai, aj)
e )‘n74”a”n 457 jF#i

n+

2n cacr b 4 1
s o a0 | + 0ot y)
n—4 - 4HO[|‘"2”4SL4 Z v ’ An—2g/m—2

Then, by easy computation we obtain

J(u) = Wa,\) + O (ﬁ)

with ¥(a, a, \) given in (3). m

4 Proof of Theorem 1.1

For the proof of the Theorem 1.1, we introduce the following notations:
For any p > 1 and A > 0, let

p p
B, = B,(K) = {Zaiéai i >0, ai=1,0a€ K} and By = By(K) =10
=1 =1

where K is a compact subset in 2. Let also f,()\) denote the map from B,(K) to X4
defined by
p
P | Pdg,
)\)( a6 7() — 1= 17\
; o 12251 Pdac il

Clearly we have B,_1 C B, and W),_1 C W),,. Moreover f,(\) enjoys the following proper-

ties:
Proposition 4.1 The function fy(\) has the following properties:
(i) For any integer p > 1, there exists a real number A\, > 0 such that

fp(N) : Bp(K) — W), for any A > Ay



On a nonlinear fourth order elliptic equation involving the critical Sobolev exponent

(i1) There ezists an integer pg > 1, such that for any integer p > po , and for any A > Ay,
the map of pairs fp(A) : (Bp, Bp—1) — (Wp, Wy_1) satisfies (fp)«(A) = 0 where

(fp(A)s © Hi(Bp, Bp—1) — Hu(Wp, Wp_1)
and H, is the xth homology group with Zo coefficients.

PRrROOF. (i) is a direct consequence of Lemma 3.2.

(ii) is a consequence of Proposition 3.3. Indeed, there exist c3 and ¢4 such that:
H(y,y) < cgforallye K

G(y1,y2) > cq for all yp, yo € K?2.

Hence from Proposition 3.3, one easily deduces the following:
There exist two positive real numbers 7 and 77 such that, for any positive integer number
p, there exists a constant C(p) such that, for any A € [1,00[ and any a € K? with d(a) # 0,

4 2 _ C(p)
< n—4 - — R e A—
glpa}f‘ll(a,a, A) <p S + )\n74(V )| + Od(a)™ 2
where A, == {(a1, -+ ,ap), a; >0, Y7, a; = 1}. On the other hand, let us point out

4
that there exist some dy positive and A3 > 1 such that ¥(a,a,\) < p»-1S5, indeed

lim  G(yi,y2) = +oo.
ly1—y2|—0

Suppose that d(a) > dy. Now, to prove Proposition 4.1, it is enough to choose py such
that
v —pon < 0.

Let us point out that H(2) # 0 implies that there exists a k-dimensional compact
connected C*° manifold V' without boundary and a continuous map h : V — € such that
if wy, denotes the class of orientation of V', then h,(wy) # 0 and there exists a compact C*>
manifold K such that h(V) € K C € (see Thom [22]).

Let
F,={(a1,--- ,ap) € VP such that 3i # j with a; = a;}.

Let 0}, be the symmetric group of order p, which acts on F},, and let T}, be a 0,,- equivariant
tubular neighborhood of Fj, in V? (The existence of a such neighborhood is derived in the
book of G. Bredon [7], see also Appendix C in [4]).

15
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From another part, considering the topological pair (B,(V), B,—1(V)) we observe that
(Bp(V) \ Bp—1(V)) can be described as (V)')* X4, (Ap \ 0A,_1) where

(VP)* ={(a1,--- ,ap) € (OV)? such that a; # a;,Vi # j}

We notice that (VI)* X, (A \ 0Ap_1) is a noncompact manifold of dimension kp +p — 1.

For 0 <6 <1, let M, := Vp Xo, Ath where V}) = VP\ T, and

Azfl = {(061,'-- ,ap) € Ap_1 such that % €l—-0,1+80]Vi, j}.
j

M,, is a manifold which can be seen as a subset of B,(V), and the topological pair
(Bp(V'), M€) retracts by deformation onto (B,(V'), Bp—1(V)), we thus have

H(Bp(V), Bp-1(V)) = He(By(V), M)
Thus by excision we have
H.(Bp(V), Bp—1(V)) = H.(M,0M,)

Since any manifold is orientable modulo its boundary with Zso coefficients, we have a
nonzero orientation class in Hypip—1(Bp(V), Bp—1(V')) which we denote by wy,.

In contrast with Proposition 4.1, we have the following Proposition:

Proposition 4.2 Under the assumption that (P) has no solution, we have,

for every p € N* (f;)(A))*(wp) £ 0.

where () : By(V) =5 By(h(v)) 2% w,.

PROOF. An abstract topological argument displayed in [4] , pp 260-265 , see also [3],
which extends virtually to our framework shows that: If (f{(A\)« #Z 0 then (f,(\))« #
0for every p > 2. Since Jg4. , for ¢ > 0 small enough satisfies Jgr. C V(1,0) , where
0 — 0if e — 0, one can define using Lemma 2.2 a continuous map s : Jg+. — K which
associates to u = @Pd; 5 +v € Jgic a point @ € K. Here (o, 7, ) is the unique solution

(see Lemma 2.2) of the minimization problem:
min{|lu — aPdg x|, >0, >0,a € K}.

Let r : Wi — Jgy. denote the retraction by deformation of W; onto Jg..; the existence of

a such retraction by deformation follows from the assumption that (P) has no solution from
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one part and from Lemma 2.5 from another part. Let us observe that soro f{(\) = idy
hence (f{(N))«(w1) # 0, where wy is the orientation class of V. Therefore the proof of
Proposition 4.2 is reduced to the abstract topological argument of Bahri-Coron [4]. m

Proof of Theorem 1.1 completed: Proposition 4.2 is in contradiction with Proposition
4.1. Therefore (P) has a solution and Theorem 1.1 is thereby established.
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5 Appendix

Let G be the Green’s function for the bilaplacian, that is, given x € €,
A2G(z,) = endy in Q
G(z,-) =AG(z,-)=0 on 09

where ¢, is the normalization constant in the definition of d, . If we set

Cn
H(z,y) = ——— — G(x,y
(@) = =g ~ Ola)
then
A’H(z,") =0 in Q
c
H(z, )= —— on 0f2
(@) |z — gyl

The following lemma gives the estimate of ¢, y in terms of the function H(a,-).

Lemma 5.1 Let @4 ) := 04\ — P g, then

1 1
ary) = )\,LEH(G,ZJ) + O()\—%> on .

2

ProOF. From the definition of P ¢, ) we have

A2gpa,)\ =0 in
Par = 5a,/\ on 02
AQOQ’A = A(Sa,)\ on 9.
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1
——1 H(a,y), then by the maximum principle we obtain that
2

Now if we set g, 1 (y) ==

1

l©ar = Garlloon < CllAden — Agarlloso0 = O(}\—ﬂ) for some positive constant C.

[

Moreover, we have the estimate ||¢g ) |loo,0 < O( — ) and this achieves the proof of the
Az

lemma. m

Lemma 5.2 [2, lemma 7] Let ¢ > 2 be given.

(i) There exists v > 1 such that for any (a1, - ,ap) € (]0, +00[)”, we have
- ! - g 1
(So) =S e 2T
=1 =1 1#£]

(ii) There exist M > 0 such that for any a, b in R, we have

(a +8)" — a? — qa b < M(|b[? + [a|* > min(|a]?, b))

Lemma 5.3 We have the following formula

2n_ n—4 1
(i) / 6Mde = ST+ O(+)
Q © A"

n_—‘—jll
. nid coch” 1
(i1) Qéa)\“ oprdr = %H(a,b) + O()\n—Q) for any a, b €
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