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In this paper we study some fourth order elliptic equation involving the critical Sobolev
exponent, related to the prescription of a fourth order conformal invariant on the stan-
dard sphere. We use a topological method to prove the existence of at least a solution
when the function to be prescribed is close to a constant and a finite dimensional map
associated to it has non-zero degree.

Keywords: Paneitz operator; positive solution; critical exponent; topological degree.

1. Introduction

1.1. Statement of the problem

In 1983, Paneitz [38] discovered a particularly interesting fourth order operator on

4-manifolds, given by

P 4
g ϕ = ∆2

gϕ− divg

(
2

3
Scalgg − 2 Ricg

)
dϕ ,

where Scalg denotes the scalar curvature of (M4, g) and Ricg denotes the Ricci cur-

vature of (M4, g). This operator enjoys many interesting properties (in particular, it

is conformally invariant), and can be seen as a natural extension of the well known
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second order conformal operator ∆g on 2-manifolds. This operator gives rise to a

fourth order conformal invariant (|Ricg| denoting the norm of Ricg with respect to

the metric)

Qg =
1

12
(∆gScalg + Scal2g − 3|Ricg|2) ;

namely, under the conformal change g′ = e2wg, Qg′ and Qg are related by

P 4
gw + 2Qg′e

4w = 2Qg .

There is also a natural fourth order Paneitz operator on manifolds of dimension

greater than 4, introduced by Branson [10] and defined as follows. Given a smooth

compact Riemannian n-manifold (M, g), n ≥ 5, let Png be defined by

Png u = ∆2
gu− divg(anScalgg + bnRicg)du+

n− 4

2
Qngu ,

where

an =
(n− 2)2 + 4

2(n− 1)(n− 2)
, bn = − 4

n− 2
,

Qng =
1

2(n− 1)
∆gScalg +

n3 − 4n2 + 16n− 16

8(n− 1)2(n− 2)2
Scal2g −

2

(n− 2)2
|Ricg|2 .

If g̃ = ϕ
4

n−4 g is a conformal metric to g, then for all u ∈ C∞(M) we have

Png (uϕ) = ϕ
n+4
n−4Png̃ (u) .

In particular

Png (ϕ) =
n− 4

2
Qng̃ϕ

n+4
n−4 . (1.1)

Many interesting results on the Paneitz operator and related topics have been

recently obtained by several authors. Among them, let us mention Branson [9],

Branson–Chang–Yang [11], Chang–Yang [20], Chang–Gursky–Yang [15], Chang–

Qing–Yang [16] and [17], Gursky [27]. See also the surveys Chang [13] and Chang–

Yang [18] for more results on basic properties of the Paneitz operator.

In view of relation (1.1), a natural problem to propose is to prescribe the con-

formal invariant Q. Equation (1.1), where ϕ has to be considered as unknown, has

a variational structure, and hence solutions occur as critical points of the associ-

ated Euler functional. A natural space to look in for solutions is the Sobolev space

H2
2 (M) (see Sec. 2). Due to the non-compactness of the injection of H2

2 (M) into

L
2n
n−4 (M), the Euler functional does not satisfy the Palais–Smale condition, which

leads to the failure of the standard critical point theory.

In this paper we consider the problem of prescribing Q on the standard sphere

(Sn, h), n ≥ 5, where the expression of Pnh is given by

Pnh u = ∆2
hu+ cn∆hu+ dnu , (1.2)
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with

cn =
1

2
(n2 − 2n− 4), dn =

n− 4

16
n(n2 − 4) . (1.3)

More precisely, given a smooth positive function f on Sn, can one find a metric g

conformal to h for which the Qg-curvature is given by f? Setting g = u
4

n−4h, this

amounts to solving the following equation

(E)

∆2
hu+ cn∆hu+ dnu =

n− 4

2
fu

n+4
n−4 ,

u > 0 on Sn .

We recall that, by the regularity results of Djadli–Hebey–Ledoux [21] (see also Van

der Vorst [40]), a weak solution of (E) is indeed a smooth solution.

Let us observe that, in the case of the sphere (in view of the uniqueness result

of Lin [35]), a solution of (E) cannot be achieved (unless f is a constant) as a

minimum for the extremal problem

inf


∫
Sn(∆hu)

2 + cn
∫
Sn |∇u|2 + dn

∫
Rnu

2(∫
Snf |u|2

#
) 2

2#

∣∣∣∣∣∣u ∈ H2
2 (Sn)u 6≡ 0

 .

Moreover, due to the invariance of equation (E) under the group of conformal

transformations of (Sn, h), Kazdan–Warner type obstructions occur. Precisely, the

following theorem holds.

Theorem 1.1 ([21]). Let (Sn, h) be the standard n-dimensional unit sphere, n ≥ 5,

and f a smooth function on Sn. If u is a smooth solution of the equation

Pnh u =
n− 4

2
f |u| 8

n−4u ,

then for any eigenfunction ξ of ∆h associated to the first non zero eigenvalue λ1 =

n, it is ∫
Sn
〈∇f,∇ξ〉|u|2#

dvh = 0 ,

where 2# = 2n
n−4 . In particular, for any eigenfunction ξ of ∆h associated to the first

non zero eigenvalue and for any ε ∈ R, equation (E) with f = 1 + εξ admits no

positive solution.

In fact, this theorem is proved in Djadli–Hebey–Ledoux [21] for positive solution,

but, with the same arguments, one can prove that it remains true for changing sign

solutions.

The problem of finding conditions on f such that (E) possesses a solution can

be seen as the generalization to the Paneitz operator of the so-called “Nirenberg

problem”; namely: which functions K ∈ C∞(Sn) are the scalar curvature of a metric

conformal to the standard one? Theorem 1.1 is the analogue of the classical obstruc-

tion for the Nirenberg problem (see Kazdan–Warner [31]). The Nirenberg problem

has been studied by several authors; among others, we mention Ambrosetti–Garcia
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Azorezo–Peral [2], Ambrosetti–Malchiodi [3], Aubin [4], Bahri–Coron [6], Chang–

Yang [19], Chang–Gursky–Yang [14], Hebey [28], Li [33], Lin [34], Schoen–Zhang

[39].

1.2. Statement of the results

It is well known (see for instance Berger–Gauduchon–Mazet [8]), that denoting

H = {ξ ∈ C∞(Sn)ξ 6= 0|∆hξ = nξ} ,

it is dimH = n+1, and ξ ∈ H if and only if ξ is the restriction to Sn of a linear form

on Rn+1. It follows that, denoting by (xi)i∈{1,...,n+1} the canonical coordinates of

Rn+1 and by ξi the restriction to Sn of the ith canonical projection associated to

these coordinates, (ξi)i∈{1,...,n+1} is a basis of H. In the sequel of the paper we set

ξ = (ξ1, . . . , ξn+1) ∈ Hn+1 .

Let us now introduce some notation (following those introduced by Chang–Yang

[19]). First we will denote ∫
− =

1

Volh(Sn)

∫
.

For P ∈ Sn and t ∈ [1;+∞), we denote by p = t−1
t
P ∈ B, B being the unit ball of

Rn+1. Using stereographic coordinates with projection through the point P , we set

ϕP,t(y) = ty .

This set of conformal transformations is diffeomorphic to the unit ball B ⊂ Rn+1

with the identity transformation identified with the origin and ϕP,t ↔ t−1
t
P = p ∈

B. In the sequel of the paper, we will consider the map G : B → Rn+1 given by

G(P, t) =

∫
−
Sn

(f ◦ ϕP,t)ξdvh ,

where ξ is defined above (note that, here and in the sequel of the paper, we identify

(P, t) ∈ Sn × [1;+∞) and p = t−1
t
P ∈ B).

Definition 1.1. Let f ∈ C∞(Sn). We say that f is uniformly non degenerated of

order α if there exists t1 > 1 and C > 0 such that for all t ≥ t1 and for all P ∈ Sn

|G(P, t)| ≥ C

tα
when α < n ;

|G(P, t)| ≥ C

tn
log t when α = n .

Our main theorem is the following

Theorem 1.2. There exists ε(n) > 0, depending only on the dimension of Sn, such

that (E) admits a solution for all functions f ∈ C∞(Sn) satisfying the following

assumptions:
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(H1) ‖f − n(n2−4)
8 ‖∞ ≤ ε(n);

(H2) f is uniformly non degenerated of order at most n if n is even, and of order

at most n− 1 if n is odd;

(H3) deg(G, {p|t < t0}, 0) 6= 0 for some t0 large enough.

Using Theorem 1.2, one can prove the following corollary.

Corollary 1.1. Assume f ∈ C∞(Sn), n ≥ 5, is a Morse function satisfying the

condition (H1) of Theorem 1.2 and the following assumptions

|∇f(P )| = 0 =⇒ ∆hf(P ) 6= 0 ,

and ∑
P∈Sn|∇f(P )=0 and ∆hf(P )>0

(−1)m(P,f) 6= −1 ,

where m(P, f) is the Morse index of f at P. Then (E) admits a solution.

As observed in Chang–Gursky–Yang [14], the condition on the index in

Corollary 1.1 is stronger than the condition (H3) of Theorem 1.2. Recently, Felli

[26] proved an existence result for (E) related to Corollary 1.1 using a method

introduced by Ambrosetti and Badiale [1].

1.3. Comments

Theorem 1.2 is an extension to the Paneitz operator of the results of Chang–Yang

[19]. Apart from the difficulties mentioned above, differently from the case of the

scalar curvature, there are other specific problems. The first is that obtaining posi-

tive solutions is not immediate; in the case of the scalar curvature equation, one can

obtain positivity just by using the fact that |∇|u| | = |∇u| a.e. This is not anymore

true for the fourth order equation because of the term
∫
Sn(∆hu)

2 (and the fact

that |u| not necessarily belongs to H2
2 (Sn)). We also encounter the same difficulty

in obtaining a priori estimates (see Sec. 5) since we cannot apply the Moser iter-

ation scheme. Our main tool to handle such difficulties is an a priori estimate for

fourth order operator (see Proposition 3.1) which goes back to a device introduced

by Van der Vorst [40] (see also Lee–Parker [32] and Djadli–Hebey–Ledoux [21]) to

prove regularity of solutions. Starting from Proposition 3.1, we propose a way to

handle positivity and a priori estimates for the above fourth order operator (see

Remark 5.2). Another main ingredient in the proof of Theorem 1.2 is a fourth order

Sobolev–Aubin type inequality, stated in Theorem 4.1, which could be interesting

also in itself.

In the second part of the paper (Djadli–Malchiodi–Ould Ahmedou [24]), we give

some existence results without the “close to a constant condition” in dimension 5

and 6. Part of these results are obtained via a continuity argument whose starting

point is Theorem 1.2 (and generalize to the Paneitz operator previous results of
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Chang–Gursky–Yang [14], Bahri–Coron [6], Li [33] and Benayed–Chen–Chtioui–

Hammami [7] for the Nirenberg problem). Our work in the second part of this paper

is based on a fine blow-up analysis for a family of equations approximating (E). This

analysis extend to this framework the notion of isolated and isolated simple blow-

up points introduced by R. Schoen (and used extensively by Y. Y. Li [33]). This

blow-up analysis requires some Harnack type inequalities for fourth order operators

obtained from the interpretation of higher order equations as systems (from which

we extract some useful informations on the sign of the laplacian of the solutions).

See Djadli–Malchiodi–Ould Ahmedou [24] for details.

The paper is organized as follows: in Sec. 2 we recall some useful facts, in Sec. 3

we derive some a priori estimates for some fourth order equations and in Sec. 4 we

prove the Sobolev–Aubin type inequality (see Theorem 4.1); in Sec. 5 we perform

a finite dimensional reduction of the problem, based on Theorem 4.1. In particular

we give an uniform estimate on a family of solutions up of this reduced problem,

depending on a (n + 1)-dimensional parameter p. In Sec. 6 we show that the map

p → up is well defined and continuous. In Sec. 7 we prove that the maps G and

p→ up are related by some degree formula; in the last section we prove Theorem 1.2

and Corollary 1.1.

2. Preliminaries on Paneitz Operator and Background Material

A natural space when studying the Paneitz operator Pnh is the Sobolev spaceH2
2 (Sn)

defined as the completion of C∞(Sn) with respect to the norm

‖u‖2 = ‖∇2u‖22 + ‖∇u‖22 + ‖u‖22 ,

where ‖ · ‖p stands for the Lp-norm with respect to the Riemannian measure dv(h).

As is well known and easy to see, for all u ∈ C∞(Sn)

(∆hu)
2 ≤ n|∇2u|2 .

Conversely, using the Bochner–Lichnerowicz–Weitzenbock formula, there holds∫
Sn
|∇2u|2dv(h) ≤

∫
Sn
|∆hu|2dv(h) + k

∫
Sn
|∇u|2dv(h) ,

where k is such that Ricg ≥ −kg. Hence ‖ · ‖H2
2

defined by

‖u‖2H2
2

=

∫
Sn

(Phu)udv(h)

is a norm on H2
2 (Sn) which is equivalent to the classical one ‖ · ‖.

By the Sobolev embedding theorem, for n ≥ 5, one gets an embedding ofH2
2 (Sn)

in L2#

(Sn) where 2# = 2n
n−4 . This embedding is critical and continuous; so there

exists A ∈ R such that

‖u‖22# ≤ A
∫
Sn

(Phu)udv(h) .
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Setting

K0 = π2n(n− 4)(n2 − 4)Γ
(n

2

) 4
n

Γ(n)−
4
n , (2.1)

we have the following theorem (see Djadli–Hebey–Ledoux [21]) regarding the best

constant for the embedding H2
2 (Sn) ↪→ L2#

(Sn).

Theorem 2.1. Let (Sn, h) be the standard unit sphere of Rn+1, n ≥ 5, and Ph be

the Paneitz operator Ph = ∆2
h + cn∆h + dn. Then

inf
u∈C∞(Sn)\{0}

∫
Sn(Phu)u(∫
Sn |u|2

#
) 2

2#

=
1

K0
ω
− 4
n

n ,

where ωn denotes the volume of the standard unit n-sphere.

We also recall the following result of Djadli–Hebey–Ledoux [22].

Theorem 2.2. Let (M, g) be a smooth compact n-dimensional Riemannian

manifold, n ≥ 2. Then for any positive real number α, the spectrum of the op-

erator ∆2
g + α∆g is exactly {λ2 + αλ, λ ∈ Sp(∆g)}, with the additional property

that u is an eigenfunction of ∆2
g + α∆g associated to µ = λ2 + αλ if and only if u

is an eigenfunction of ∆g associated to λ.

3. An a priori Estimate for a Fourth Order Operator

In this section, following a previous argument by Van der Vorst [40] (see also Djadli–

Hebey–Ledoux [21]), we prove an a priori estimate for solutions of some fourth order

equation. The result plays the same role as the Moser iteration scheme, which is

used to gain integrability in second order equations.

Proposition 3.1. Let (Sn, h) be the standard n-sphere, let α > n
4 , p ∈ [1; 2# − 1]

and let q ∈ Lα(Sn), w ∈ L∞(Sn). Assume that u ∈ H2
2 (Sn) is a weak solution of

the equation (
∆h +

cn

2

)2

u = q|u|p−1u+ w .

Then there exist a postive constant δ∞ depending only on n and α, and a positive

constant C depending only on n, α and ‖q‖α such that if q|u|p−1 ∈ L
n
4 (Sn) and

‖q|u|p−1‖n
4
≤ δ∞ then {

u ∈ L∞(Sn) ;

‖u‖∞ ≤ C(‖w‖∞ + ‖w‖p∞) .

Proof. Let Lh = ∆h + cn
2 . For all r > 1 and for all g ∈ Lr(Sn), there exists an

unique function ϕ ∈ Hr
4 (Sn) such that L2

hϕ = g. Moreover for all ϕ ∈ Hr
4 (Sn)

‖L2
hϕ‖r ≤ ‖∆2ϕ‖r + cn‖∆ϕ‖r +

c2n
4
‖ϕ‖r ≤ C‖ϕ‖Hr4 .
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This means that L2
h : Hr

4 (Sn)→ Lr(Sn) is continuous. Then according to the open

mapping theorem there exists C > 0 depending only on n and r such that for all

g ∈ Lr(Sn)

‖L−2
h g‖Hr4 ≤ C‖g‖r .

Since {
Hr

4 (Sn) ↪→ L
nr
n−4r (Sn) if n > 4r ;

Hr
4 (Sn) ↪→ L∞(Sn) if n < 4r ,

it follows that for all g ∈ Lr(Sn){
‖L−2

h g‖ nr
n−4r

≤ C(n, r)‖g‖r if n > 4r ;

‖L−2
h g‖∞ ≤ C(n, r)‖g‖r if n < 4r .

(3.1)

Now, let s > 1 and let v ∈ Ls(Sn). It is clear that q|u|p−1v ∈ Lŝ(Sn) with ŝ = ns
n+4s .

Let uq,v be the solution of

L2
huq,v = q|u|p−1v .

Then, since ŝ < n
4 , using the first estimate in (3.1) with r = ŝ and the Hölder

inequality, it turns out that

‖uq,v‖s ≤ C(n, s)‖q|u|p−1‖n
4
‖v‖s .

Hence the operator Hq : v → uq,v acts continuously from Ls(Sn) to Ls(Sn) and its

norm is less or equal than C(n, s)‖q|u|p−1‖n
4
. In particular if C(n, s)‖q|u|p−1‖n

4
<

1
2 , the operator I −Hq is invertible and the norm of its inverse is less than 2. The

equation satisfied by u can be written as

(I −Hq)u = L−2
h (w) .

Hence for s fixed and if ‖q|u|p−1‖n
4
< 1

2C(n, s)−1, we deduce

‖u‖s ≤ 2C′(n, s)‖w‖s ≤ 2C′′(n, s)‖w‖∞ .

Now we use the equation satisfied by u to deduce the estimate of the Proposition.

First we take s >
n
4 pα

α−n4
(this choice implies that αs

s+αp > n
4 ). Then for this s we

have (note that p ≤ 2#− 1 allows us to take a s independent of p) according to the

previous estimate

‖u‖s ≤ C(n, s)‖w‖∞ .

It is

‖q|u|p‖ αs
s+αp

≤ ‖q‖α‖u‖ps ≤ C̃(n, α)‖q‖α‖w‖p∞ ,

with αs
s+αp >

n
4 . It follows from the second estimate of (3.1) with r = αs

s+αp that

‖u‖∞ ≤ C′(n, s, ‖q‖α)(‖w‖∞ + ‖w‖p∞) .
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To conclude the proof of the proposition it remains to remark that, since we just

have to choose s >
n
4 pα

α−n4
and since p < 2#− 1, in fact we find a constant in the last

estimate depending only on ‖q‖α, α and n.

Remark 3.1. If α = +∞ then δ∞ depends only on n. As a matter of fact, in this

case we choose s > pn4 and then we get

‖q|u|p‖ s
p
≤ C(n, ‖q‖∞)‖u‖ps ≤ C(n, ‖q‖∞)‖w‖p∞ .

Remark 3.2. From the arguments in the proof of Proposition 3.1, it follows that

we can obtain, for ‖q|u|p−1‖n
4
≤ δ∞, the estimate

‖u‖∞ ≤ C(n, s, α)(‖w‖s + ‖w‖ps) ,

for all s >
n
4 pα

α−n4
(and if α = +∞ for all s > pn4 and C = C(n, s)).

4. A Fourth Order Sobolev Aubin Inequality

Following an original idea by Aubin [4], the Sobolev inequality in Theorem 2.1 can

be improved when we restrict u to belong to the symmetric class S2# (see notation

below). For this new framework, such an improvement is given by Theorem 4.1, to

which this section is devoted. In the last steps of the proof (see Lemmas 4.6 and

4.7) are needed some L∞ estimates proved using Proposition 3.1. The aim of this

section is to prove the following theorem.

Theorem 4.1. For q ∈ (1; 2#] let Sq = {u ∈ H2
2 (Sn)|

∫
Sn |u|qξ = 0 for all ξ ∈ H}.

Then ∃ an < 1 and ∃ q0 < 2# so that for all q0 ≤ q ≤ 2#

inf
{u∈Sq,u6=0}

an
(∫
Sn(∆hu)

2 + cn
∫
Sn |∇u|2

)
+ dn

∫
Snu

2(∫
Sn |u|q

) 2
q

≥ K−1
0 ω

− 4
n

n .

Before giving the proof of Theorem 4.1, we introduce some further notation.

Notation 4.1. For a < 1 and u ∈ H2
2 (Sn) set

Ea[u] = a

(∫
−
Sn

(∆hu)
2 + cn

∫
−
Sn
|∇u|2

)
+ dn

∫
−
Sn
u2 ;

Ja,q[u] =
Ea[u](∫
Sn |u|q

) 2
q

∀u ∈ H2
2 (Sn)\{0} ;

Ma,q = inf
{u∈Sq, u6≡0}

Ja,q[u] = inf
u∈S0

q

Ea[u] ;

where

S0
q =

{
u ∈ Sq such that

∫
−
Sn
|u|q = 1

}
.
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We split the proof of Theorem 4.1 in several lemmas.

Lemma 4.1. Ma,q ≤ K−1
0 ω

− 4
n

n for all 0 ≤ a < 1 and for all 2 < q ≤ 2#. Moreover,

for all 2 < q ≤ 2#, we have

lim
a→1
Ma,q = K−1

0 ω
− 4
n

n . (4.1)

Proof. We haveMa,q ≤ Ja,q[1] = dn and dn = K−1
0 ω

− 4
n

n by (1.3) and (2.1). Hence

the first part of the lemma is proved. Now, according to Hölder’s inequality and to

Theorem 2.1, for all 2 < q ≤ 2#

M1,q ≥ K−1
0 ω

− 4
n

n . (4.2)

Since a → Ma,q is increasing, lima→1Ma,q exists. Assume by contradiction that

lima→1Ma,q < K−1
0 ω

− 4
n

n . Setting λ = lima→1Ma,q, we have

∃ a0 < 1 such that ∀ a ∈ (a0; 1) ∃ua ∈ S0
q satisfying Ea[ua] ≤ λ+

l

4
< K−1

0 ω
− 4
n

n ,

where l = K−1
0 ω

− 4
n

n − λ. Hence, ∀ a ∈ (a0; 1), there exists ua ∈ S0
q such that

E1[ua] ≤ λ+
l

4
+ (1− a)

(∫
−
Sn

(∆hua)
2 + cn

∫
−
Sn
|∇ua|2

)
.

Since the quantities
∫
Sn(∆hua)

2 + cn
∫
Sn |∇ua|2 are uniformly bounded, for a close

to 1,

E1[ua] ≤ λ+
l

2
< K−1

0 ω
− 4
n

n ,

contradicting (4.2). The second part of the lemma follows. This concludes the proof

of Lemma 4.1.

Lemma 4.2. Let r ∈ (2; 2#]. For all ε > 0, there exists a Cε depending only on ε,

so that ∀u ∈ Sr(∫
−
Sn
|u|r
) 2
r

≤ K0ω
4
n
n (2−

4
n + ε)

∫
−
Sn

(∆hu)
2 + Cε

(∫
−
Sn
{|∇u|2 + u2}

)
.

Proof. This lemma (analogous to a result of Aubin [4]) is due to Jourdain [29].

Let a0 ∈ (2−
4
n ; 1) and fix it in the sequel.

Lemma 4.3. For each a ∈ [a0; 1) and each q ∈ (2; 2#), infu∈S0
q
Ja,q[u] is achieved

by some function ua,q ∈ S0
q ∩C∞(Sn). Moreover, there exists Λa,q ∈ R+ and ξa,q ∈

H, ‖ξa,q‖∞ = 1, such that ua,q satisfies

a(∆2
hua,q + cn∆hua,q) + dnua,q =Ma,q|ua,q|q−2ua,q + Λa,qξa,q|ua,q|q−2ua,q (4.3)

and there exists C > 0 depending only on n such that for all a ∈ [a0; 1) and for all

q ∈ (2; 2#), ‖ua,q‖22 ≥ C.
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Proof. Using Lemma 4.2 we find the existence of ua,q ∈ S0
q , Λa,q ∈ R+ and ξa,q ∈ H

such that ua,q minimizes Ja,q and satisfies the equation

a(∆2
hua,q + cn∆hua,q) + dnua,q =Ma,q|ua,q|q−2ua,q + Λa,qξa,q|ua,q|q−2ua,q .

Concerning the regularity of ua,q, reasoning as in Djadli–Hebey–Ledoux [21,

Lemma 2.1], we can prove by a bootstrap argument that for all s ≥ 1, ua,q ∈ Ls(Sn).

Then it easily follows that ua,q ∈ C∞(Sn). Now, since ua,q ∈ S0
q , according to

Lemma 4.2,

1 ≤ K0ω
4
n
n (2−

4
n + ε)

∫
−
Sn

(∆hua,q)
2 + Cε

∫
−
Sn
{|∇ua,q|2 + u2

a,q} .

On the other hand by Lemma 4.1, since ua,q is a minimizer

a

(∫
−
Sn

(∆hua,q)
2 + cn

∫
−
Sn
|∇ua,q|2

)
+ dn

∫
−
Sn
u2
a,q ≤ K−1

0 ω
− 4
n

n .

Hence

Cε‖ua,q‖2H2
1
≥ 1−K0ω

4
n
n (2−

4
n + ε)

∫
−
Sn

(∆hua,q)
2

≥ 1−K0ω
4
n
n

(
2−

4
n + ε

a

)
{K−1

0 ω
− 4
n

n − cna‖ua,q‖2H2
1
}

(note that when n ≥ 5, cn ≤ dn). Then

(Cε −K0cnω
4
n
n (2−

4
n + ε))‖ua,q‖2H2

1
≥ 1−

(
2−

4
n + ε

a0

)
> 0

for ε small. Now, since H2
2 ↪→ H2

1 ↪→ L2, the first embedding being compact and the

second one being continuous, and using an interpolation type inequality of Lions

[36], we get: for all δ > 0 ∃Cδ > 0 such that for all u ∈ H2
2 (Sn)

‖ua,q‖2H2
1
≤ δ‖ua,q‖2H2

2
+ Cδ‖ua,q‖22 .

It follows that for δ small enough

Cδ‖ua,q‖22 ≥ C(n)− δ‖ua,q‖2H2
2
≥ C(n)− δ

a
K−1

0 ω
− 4
n

n

≥ C(n)− δ2 4
nK−1

0 ω
− 4
n

n ≥ C′(n) > 0 ,

and we get the result. This concludes the proof of Lemma 4.3.

Lemma 4.4. For all a ∈ [a0; 1) and all q ∈ (2; 2#), Λa,q ≤ C(n), where C(n) is a

constant depending only on n.

Proof. Multiplying (4.3) by ua,qξa,q and integrating over Sn, we get

a

(∫
−
Sn
{∆2

hua,q + cn∆hua,q}ua,qξa,q
)

+ dn

∫
−
Sn
u2
a,qξa,q = Λa,q

∫
−
Sn
|ua,q|qξ2

a,q .
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Integrating by parts and taking into account ∆hξa,q = nξa,q, we have∫
−
Sn

(∆2
hua,q)ua,qξa,q =

∫
−
Sn

(∆hua,q)
2ξa,q + n

∫
−
Sn

(∆hua,q)ua,qξa,q

− 2

∫
−
Sn

(∆hua,q)∇ua,q∇ξa,q ;

moreover ∫
−
Sn

∆hua,q∇ua,q∇ξa,q =
(n

2
− 1
)∫
−
Sn
|∇ua,q|2ξa,q .

It follows that

Λa,q

∫
−
Sn
|ua,q|qξ2

a,q = a

(∫
−
Sn

(∆hua,q)
2ξa,q + (cn + n)

∫
−
Sn

(∆hua,q)ua,qξa,q

)
− (n− 2)a

∫
−
Sn
|∇ua,q|2ξa,q + dn

∫
−
Sn
u2
a,qξa,q .

Independently∫
−
Sn

(∆hua,q)ua,qξa,q =

∫
−
Sn
|∇ua,q|2ξa,q +

n

2

∫
−
Sn

(ua,q)
2ξa,q

and hence,

Λa,q

∫
−
Sn
|ua,q|qξ2

a,q = a

(∫
−
Sn

(∆hua,q)
2ξa,q + (cn + 2)

∫
−
Sn

(|∇ua,q|2ξa,q)
)

+

(
n2a

2
+ cna

n

2
+ dn

)∫
−
Sn
u2
a,qξa,q .

It follows that

Λa,q

∫
−
Sn
|ua,q|qξ2

a,q ≤ C(n)Ea[ua,q] ≤ C(n) .

Using Lemma 4.3 we have ‖ua,q‖22 ≥ C, hence by the Hölder inequality there exists

a constant C′ > 0 such that for all a and q,
∫
Sn |ua,q|qξ2

a,q ≥ C′. It follows that

Λa,q ≤ C(n). This concludes the proof of Lemma 4.4.

We now consider increasing sequences (ak) and (qk) such that

ak < 1 , ak → 1 ; 2 < qk < 2# , qk → 2# .

By Lemma 4.3 uk, the solution of (4.3) associated to ak and qk, satisfies

ak(∆
2
huk + cn∆huk) + dnuk =Mk|uk|qk−2uk + Λkξk|uk|qk−2uk .

Since (Mk) is a bounded sequence (see Lemma 4.1), we can extract a subsequence

such that limk→+∞Mk exists and clearly limk→+∞Mk = K−1
0 ω

− 4
n

n (see the proof

of Lemma 4.1). Clearly (uk) is bounded in H2
2 (Sn); hence, some subsequence of (uk)
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converges weakly in H2
2 (Sn) and almost everywhere on Sn to a function u ∈ C∞(Sn)

which satisfies

∆2
hu+ cn∆hu+ dnu = K−1

0 ω
− 4
n

n |u|
8

n−4u+ Λξ∞|u|
8

n−4u . (4.4)

Here Λ ≥ 0 is the limit of (Λk), and ξ∞ ∈ H, ‖ξ∞‖∞ = 1, is the limit of (ξk) (recall

that H is finite dimensional). We now show some properties of the sequence (uk)k.

Lemma 4.5. uk → 1 weakly in H2
2 (Sn) and strongly in L2#

(Sn).

Proof. First we remark that according to Lemma 4.3, u is not identically 0. Using

Theorem 1.1, we can write

Λ

∫
−
Sn
|∇ξ∞|2|u|2

#

= 0 ,

so it follows that Λ = 0. We multiply (4.4) by u and we integrate to obtain∫
−
Sn

(∆u)2 + cn

∫
−
Sn
|∇u|2 + dn

∫
−
Sn
u2 = K−1

0 ω
− 4
n

n

∫
−
Sn
|u|2#

.

According to Theorem 2.1, this gives

K−1
0 ω

− 4
n

n

∫
−
Sn
|u|2# ≥ K−1

0 ω
− 4
n

n

(∫
−
Sn
|u|2#

) 2

2#

,

so it follows that
∫
Sn |u|2

# ≥ 1. Independently, since (uk) is bounded in H2
2 (Sn)

K−1
0 ω

− 4
n

n

(∫
−
Sn
|uk|2

#

) 2

2#

≤ E1[uk] ≤Mk + (1− ak)

×
(∫
−
Sn

(∆uk)
2 + cn

∫
−
Sn
|∇uk|2

)
→ K−1

0 ω
− 4
n

n .

Then,

1 ≤
∫
−
Sn
|u|2# ≤ lim inf

k→∞

∫
−
Sn
|uk|2

# ≤ lim sup
k→∞

∫
−
Sn
|uk|2

# ≤ 1 .

Hence,
∫
Sn |u|2

#

= 1 and limk→+∞
∫
Sn |uk|2

#

= 1. Then, applying a result of Brézis-

Lieb [12] (see also Kavian [30]), we have limk→+∞ ‖u−uk‖2
#

2# = limk→+∞ ‖uk‖2
#

2#−
‖u‖2#

2# = 0. This means that uk → u in L2#

(Sn). It remains to prove that u ≡
1. First we show that

∫
Sn |u|2

#

ξ = 0 for all ξ ∈ H. We have
∫
Sn |uk|qk−1|u|ξ →∫

Sn |u|2
#

ξ as k → +∞ since |uk|qk−1 → |u|2#−1 weakly in L
2#

2#−1 (Sn). On the other

hand, since uk ∈ Sqk∣∣∣∣∫−
Sn
|uk|qk−1|u|ξ

∣∣∣∣ = ∣∣∣∣∫−
Sn
|uk|qk−1(|u| − |uk|)ξ

∣∣∣∣ ≤ ‖uk‖qk−1
2# ‖u−uk‖r ≤ C‖u−uk‖r ,

where r = 2#

2#−qk+1
≤ 2#. Thus∫
−
Sn
|u‖2#

ξ = lim
k→+∞

∫
−
Sn
|uk|qk−1|u|ξ = 0 .
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This proves that u ∈ S0
2# . Hence u is a solution of (4.4) with u ∈ S0

2# . Since such

a solution is unique, see Edmunds–Fortunato–Janelli [25] and Lions [37], we have

u ≡ 1 and this concludes the proof.

Lemma 4.6. (uk) is bounded in L∞(Sn).

Proof. For k0 ∈ N, let

Ωk0 = {x ∈ Sn| |uk(x)| < 2 for all k ≥ k0} .

Since uk → 1 in L2#

(Sn) it is clear that |Sn\Ωk0 | = measure(Sn\Ωk0) → 0 as

k0 → +∞. We can write(
∆h +

cn

2

)2

uk = bk|uk|qk−2 + wk ,

where

bk =

((
Mk + Λkξk

ak

)
+

(
c2n
4
− dn

ak

)
1

|uk|qk−2

)
1Sn\Ωk0

,

wk =

((
Mk + Λkξk

ak

)
|uk|qk−2 +

(
c2n
4
− dn

ak

))
uk · 1Ωk0

.

According to Lemmas 4.1 and 4.4, there exists a constant C > 0 depending only

on n such that ∀ k ∈ N

‖bk‖∞ ≤ C and ‖wk‖∞ ≤ C , (4.5)

and

‖bk|uk|qk−2‖n
4
≤ C(‖uk − 1‖2# + |Sn\Ωk0 |

4
n + |Sn\Ωk0 |

n−4
2n ) . (4.6)

Using (4.5), the fact that uk → 1 in L2#

(Sn) as k → +∞ and the fact that

|Sn\Ωk0 | → 0 as k0 → +∞, it follows that

‖bk|uk|qk−2‖n
4
→ 0 as k → +∞ .

Then, according to Proposition 3.1, Remark 3.1 and (4.5), there exists a constant

C depending only on n such that for all k large

‖uk‖∞ ≤ C .

This concludes the proof of the lemma.

Lemma 4.7. ‖uk − 1‖∞ = o(1) as k → +∞.

Proof. Fix η > 0 and for k0 ∈ N, let

Ωk0 = {x ∈ Sn| |uk(x)− 1| < η for all k ≥ k0} .

As in the proof of the previous lemma, |Sn\Ωk0 | → 0 as k0 → +∞. We have(
∆h +

cn

2

)2

(uk − 1) = bk(uk − 1) + wk ,
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where

bk =

((
Mk + Λkξk

ak

)
|uk|qk−2 +

(
c2n
4
− dn

ak

))
1Sn\Ωk0

,

wk =

((
Mk + Λkξk

ak

)
|uk|qk−2 +

(
c2n
4
− dn

ak

))
(uk − 1)1Ωk0

+

((
Mk + Λkξk

ak

)
|uk|qk−2 − dn

ak

)
.

As before there exists C > 0 depending only on n such that for all k ∈ N

‖bk‖∞ ≤ C and ‖wk‖∞ ≤ C ,

‖bk‖n4 ≤ C|S
n\Ωk0 |

4
n .

Consider δ∞ given by Remark 3.1, and s > n
4 ; since |Sn\Ωk0 | → 0 as k0 → +∞,

using Remark 3.2, there exists C, depending only on n, and there exists k1 such

that for all k ≥ k1

‖uk − 1‖∞ ≤ C‖wk‖s .

Clearly, using Lemma 4.6 and the fact that uk → 1 almost everywhere, there exists

k2 ∈ N such that for all k ≥ k2

‖wk‖s ≤ Cη ,

where C is independent of k and η. Then we have the lemma.

We can now prove Theorem 4.1.

Proof of Theorem 4.1. We write uk = 1 + αk + hk + Ψk where αk ∈ R, hk ∈ H
and where Ψk is orthogonal to R⊕H. Clearly,

Eak [uk] ≥ dn + ak

(∫
−
Sn

(∆hΨk)
2 + cn

∫
−
Sn
|∇Ψk|2

)
+ 2αkdn + dn

∫
−
Sn

Ψ2
k .

We want to estimate αk. For this, we know that (using Lemma 4.7)

0 =

∫
−
Sn

(1 + αk + hk + Ψk)
qkhk = qk

∫
−
Sn
h2
k + o(1)αk

(∫
−
Sn
h2
k

) 1
2

+ o(1)

∫
−
Sn
h2
k + o(1)

(∫
−
Sn
h2
k

) 1
2
(∫
−
Sn

Ψ2
k

) 1
2

and this implies, since αk ≤ 0 (recall that uk ∈ S0
qk

)∫
−
Sn
h2
k = o(1)

(
α2
k +

∫
−
Sn

Ψ2
k

)
.
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Secondly, we have

1 =

∫
−
Sn

(1 + αk + hk + Ψk)
qk = 1 + qkαk +

qk(qk − 1)

2
α2
k

+
qk(qk − 1)

2

∫
−
Sn

Ψ2
k + o(1)α2

k + o(1)

∫
−
Sn

Ψ2
k ,

and this gives (using Lemma 4.5 to see that αk → 0)

αk = −qk − 1

2

∫
−
Sn

Ψ2
k + o(1)

∫
−
Sn

Ψ2
k .

Now, using the Courant–Fischer characterization of the eigenvalues and

Theorem 2.2

Eak [uk] ≥ dn + ak

(∫
−
Sn

(∆hΨk)
2 + cn

∫
−
Sn
|∇Ψk|2

)
− (dn(qk − 2) + o(1))

∫
−
Sn

Ψ2
k

≥ dn +

(
4(n+ 1)2 + 2cn(n+ 1)− 8dn

n− 4

+ (ak − 1)(n+ 1)(4(n+ 1) + 2cn + o(1)

)∫
−
Sn

Ψ2
k

≥ dn +
1

2
(n3 + 6n2 + 8n+ βk)

∫
−
Sn

Ψ2
k

where βk → 0 when k goes to +∞. This implies that for k large

Eak [uk] ≥ dn
and this proves that ∃ an < 1 and ∃ q0 < 2# so that

inf
{u∈Sq,u6=0}

an
(∫
Sn(∆hu)

2 + cn
∫
Sn |∇u|2

)
+ dn

∫
Snu

2(∫
Sn |u|q

) 2
q

≥ K−1
0 ω

− 4
n

n

for all q0 ≤ q < 2#. It remains to prove that this is also true for q = 2#. Denote

M2# = inf
{u∈S

2# ,u6=0}

an
(∫
Sn(∆hu)

2 + cn
∫
Sn |∇u|2

)
+ dn

∫
Snu

2(∫
Sn |u|2

#
) 2

2#

and consider ε > 0; then there exists u ∈ S2# such that Jan,2# [u] ≤M2# +ε. Since

lim
q→2#

(∫
−
Sn
|u|q
) 2
q

=

(∫
−
Sn
|u|2#

) 2

2#

,

it is clear that

K−1
0 ω

− 4
n

n ≤ lim sup
q→2#

Jan,q[u] = Jan,2# [u] ≤M2# + ε ,

and then K−1
0 ω

− 4
n

n ≤M2# . This concludes the proof of the theorem.
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5. Basic Estimates

Given P ∈ Sn and t ∈ [1;+∞) let ϕP,t be the conformal transformation on Sn
defined in Sec. 1. For brevity we will denote ϕP,t as ϕp and fP,t = f ◦ ϕP,t as fp.

We set Tϕu = (u ◦ϕ)|detdϕ|n−4
2n . Clearly, ϕP,t acts on the set of conformal metrics

g = u
4

n−4h by

ϕ?P,tg = (TϕP,tu)
4

n−4h .

Consequently, equation (E) is transformed by ϕP,t into

∆2
h(TϕP,tu) + cn∆h(TϕP,tu) + dn(TϕP,tu) =

n− 4

2
(f ◦ ϕP,t)(TϕP,tu)

n+4
n−4 .

Roughly, by means of the improved Sobolev inequality in Theorem 4.1, for f close

to a constant, it is possible to find minima of E1[u]

(
∫
Snfp|u|2

#
)

2
2#

constrained on S2# ,

leading to solutions of

(Ep) Pnh u =

(
n− 4

2
fp − Λpξp

)
|u|2#−2u ,

where Λp is a Lagrange multiplier. Using this finite dimensional reduction, solving

problem (E) amounts to finding p0 for which Λp0 = 0. The same kind of strategy

has been used by Chang–Yang [19].

Let t > 1 and P ∈ Sn. Considering fp and 2 < q ≤ 2#, we define

Mq = inf
{u∈Sq|

∫
Snfp|u|q=1}

E1[u] ;

it is now classical that for q < 2# there exist uq ∈ C∞(Sn) ∩ Sq, Λq ∈ R+ and

ξq ∈ H, ‖ξq‖∞ = 1, which satisfy the equation

∆2
huq + cn∆huq + dnuq = (Mqfp − Λqξq)|uq|q−2uq .

Clearly (uq) is bounded in H2
2 (Sn) and it follows that (uq) converges weakly in

H2
2 (Sn) to some ûp ∈ H2

2 (Sn) satisfying

∆2
hûp + cn∆hûp + dnûp = (Mpfp − Λ̂pξ̂p)|ûp|2

#−2ûp ,

where Λ̂p ∈ R+ and ξ̂p ∈ H, ‖ξ̂p‖∞ = 1. We claim that ûp is not identically 0,

and that ûp ∈ S2# . The proof of this fact relies on the following claim: if εf =

‖f − n(n2−4)
8 ‖∞ is small enough (this smallness being independent of t and P ),
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then (uq)q is bounded in L∞(Sn). To show this, one can prove that

(1)

∫
−
Sn

(∆huq)
2 + cn

∫
−
Sn
|∇uq|2 = O(‖fp − f(P )|∞) ,

∫
−
Sn
u2
q −

(
n(n2 − 4)

8f(P )

)n−4
4

= O(‖fp − f(P )‖∞) ;

(2)

∥∥∥∥∥uq −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
2

H2
2

= O(‖fp − f(P )‖∞) ;

(3) (Λq) is bounded

reasoning as in Lemmas 5.2, 5.3 and 5.4.

Up to a subsequence, (uq)q converges to some ûp almost everywhere and (uq)q
is bounded in L∞(Sn). It follows easily that (uq) converges to ûp in L2#

(Sn), where

ûp 6≡ 0, ûp ∈ S2# and ûp realizesM2# .

Regarding equation (Ep), we provide uniform estimates on the solutions up,

uniform with respect to p. These estimates will be needed later to study the reduced

finite dimensional problem.

Lemma 5.1. Denote

Mp = inf
{u∈S

2# |
∫
Snfp|u|2

#
=1}

E1[u] .

Then for ε > 0 small enough, if f satisfies

εf =

∥∥∥∥f − n(n2 − 4)

8

∥∥∥∥
∞
≤ ε ,

there exist up ∈ C∞(Sn) ∩ S2# with
∫
Snup ≥ 0, Λp ∈ R+ and ξp ∈ H, ‖ξp‖∞ = 1,

which satisfy the equation

∆2
hup + cn∆hup + dnup =

(
n− 4

2
fp − Λpξp

)
|up|2

#−2up . (5.1)

Furthermore, (up)p is bounded in H2
2 (Sn) and we have

n− 4

2

(∫
−
Sn
fp|up|2

#

) 4
n

=Mp ≤ dn
(∫
−
Sn
fp

)− 2

2#

. (5.2)

Proof. As we have just seen, there exist ûp ∈ C∞(Sn)∩S2# , Λ̂p ∈ R+ and ξ̂p ∈ H,

‖ξ̂p‖∞ = 1, which satisfy the equation

∆2
hûp + cn∆hûp + dnûp = (Mpfp − Λ̂pξ̂p)|ûp|2

#−2ûp .

Hence, by a simple renormalization there exist up ∈ C∞(Sn)∩S2# with
∫
Snup ≥ 0,

Λp ∈ R+ and ξp ∈ H, ‖ξp‖∞ = 1, which satisfy equation (5.1). Clearly, with this

renormalization it is n−4
2 (
∫
Snfp|up|2

#

)
4
n =Mp. Moreover, we have

Mp ≤ E1

[(∫
−
Sn
fp

)− 1

2#

]
= dn

(∫
−
Sn
fp

)− 2

2#

. (5.3)
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Now, using the estimate (
∫
Snfp|up|2

#

)
4
n ≤ 2

n−4dn(
∫
Snfp)

− 2

2# , it is clear that for ε

small enough, (up) is bounded in L2#

(Sn). Since∫
−
Sn

(∆hup)
2 + cn

∫
−
Sn
|∇up|2 + dn

∫
−
Sn
u2
p =

n− 4

2

∫
−
Sn
fp|up|2

#

,

(up)p is also bounded in H2
2 (Sn). This concludes the proof of Lemma 5.1.

Lemma 5.2. The following estimates hold, uniformly in p
∫
−
Sn

(∆hup)
2 + cn

∫
−
Sn
|∇up|2 = O(‖fp − f(P )‖∞) ;∫

−
Sn
u2
p −

(
n(n2 − 4)

8f(P )

)n−4
4

= O(‖fp − f(P )‖∞) .

Proof. We have by (5.2)

E1[up] =
n− 4

2

∫
−
Sn
fp|up|2

#

=

(
2

n− 4

)n
4−1

M
n

22#
p Mp

≤
(

2

n− 4

)n
4−1

M
n

22#
p dn

(∫
−
Sn
fp

)− 2

2#

.

By Theorem 4.1 applied with q = 2#, dn(
∫
Sn |up|2

#

)
2

2# ≤ an(
∫
Sn(∆hup)

2 +

cn
∫
Sn |∇up|2) + dn

∫
Snu

2
p. It follows that

(1− an)
(∫
−
Sn

(∆hup)
2 + cn

∫
−
Sn
|∇up|2

)

≤
(

2

n− 4

)n
4−1

M
n

22#
p dn

(∫
−
Sn
fp

)− 2

2#

− dn
(
f(P )−1

∫
−
Sn
f(P )|up|2

#

) 2

2#

≤
(

2

n− 4

)n
4−1

M
n

22#
p

(
dn

(∫
−
Sn
fp

)− 2

2#

− dn(f(P ))−
2

2#

)

+

(
2

n− 4

)n
4−1

M
n

22#
p dn(f(P ))−

2

2# − dn
(
f(P )−1

∫
−
Sn
f(P )|up|2

#

) 2

2#

≤
(

2

n− 4

)n
4−1

M
n

22#
p dn

((∫
−
Sn
fp

)− 2

2#

− (f(P ))−
2

2#

)

+
dn

(f(P ))
2

2#

((∫
−
Sn
fp|up|2

#

) 2

2#

−
(∫
−
Sn
f(P )|up|2

#

) 2

2#

)
.
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With some computations using Lemma 5.1, we get
∫
Sn(∆hup)

2 + cn
∫
Sn |∇up|2 =

O(‖fp − f(P )‖∞). Now

E1[up]− dn
(
n(n2 − 4)

8f(P )

)n−4
4

=

(
2

n− 4

)n
4−1

M
n
4
p − dn

(
n(n2 − 4)

8f(P )

)n−4
4

=

(
2

n− 4

)n
4−1

(
M

n
4
p − dn

(
dn

f(P )

)n−4
4

)

≤
(

2

n− 4

)n
4−1

d
n
4
n

((∫
−
Sn
fp

)−n−4
4

− (f(P ))−
n−4

4

)
= O(‖fp − f(P )‖∞) .

On the other hand, by Theorem 2.1, (1.3), (2.1) and our renormalization(
2

n− 4

)n
4−1

M
n
4
p = E1[up] ≥ dn

(∫
−
Sn
|up|2

#

) 2

2#

= dn(f(P ))−
2

2#

(∫
−
Sn
f(P )|up|2

#

) 2

2#

= dn(f(P ))−
2

2#

(∫
−
Sn

(f(P )− fp)|up|2
#

+

∫
−
Sn
fp|up|2

#

) 2

2#

= dn(f(P ))−
2

2#

(
O(‖fp − f(P )‖∞) +

(
2

n− 4

)n
4

M
n
4
p

) 2

2#

.

It follows thatMp ≥ dn(f(P ))−
2

2# +O(‖fp − f(P )‖∞), and thus we obtain∫
−
Sn
u2
p −

(
n(n2 − 4)

8f(P )

)n−4
4

= O(‖fp − f(P )‖∞) .

This concludes the proof of Lemma 5.2.

Lemma 5.3. There holds∥∥∥∥∥up −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
2

H2
2

= O(‖fp − f(P )‖∞) .

Proof. According to Lemma 5.2, it remains to prove that
∫
Sn |up−(n(n2−4)

8f(P ) )
n−4

8 |2 =

O(‖fp− f(P )‖∞). We already know from Lemma 5.2 that
∫
Snu

2
p− (n(n2−4)

8f(P ) )
n−4

4 =

O(‖fp − f(P )‖∞); using the Sobolev–Poincaré inequality, we have∣∣∣∣ ‖up‖2 − ∥∥∥∥∫−
Sn
up

∥∥∥∥
2

∣∣∣∣ ≤ ∥∥∥∥up − ∫−
Sn
up

∥∥∥∥
2

≤ C
(∫
−
Sn
|∇up|2

) 1
2

,
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and since
∫
Snup ≥ 0

−C
(∫
−
Sn
|∇up|2

) 1
2

+

(∫
−
Sn
u2
p

) 1
2

≤
∫
−
Sn
up ≤ C

(∫
−
Sn
|∇up|2

) 1
2

+

(∫
−
Sn
u2
p

) 1
2

.

Hence,

−C‖fp − f(P )‖
1
2∞ ≤

∫
−
Sn
up −

(
n(n2 − 4)

8f(P )

)n−4
8

≤ C‖fp − f(P )‖
1
2∞ .

Using once again the Sobolev–Poincaré inequality, it is∫−
Sn

∣∣∣∣∣up −
(
n(n2 − 4)

8f(P )

)n−4
8

−
(∫
−
Sn
up −

(
n(n2 − 4)

8f(P )

)n−4
8

)∣∣∣∣∣
2


1
2

≤ C

(∫
−
Sn
|∇up|2

) 1
2

,

and this implies∫−
Sn

∣∣∣∣∣up −
(
n(n2 − 4)

8f(P )

)n−4
8

∣∣∣∣∣
2


1
2

≤ C

(∫
−
Sn
|∇up|2

) 1
2

+

∣∣∣∣∣
∫
−
Sn
up −

(
n(n2 − 4)

8f(P )

)n−4
8

∣∣∣∣∣ .
It follows that ∫

−
Sn
|up −

(
n(n2 − 4)

8f(P )

)n−4
8

|2 = O(‖fp − f(P )‖∞) .

This concludes the proof of Lemma 5.3.

Lemma 5.4. (Λp)p is bounded.

Proof. We have, multiplying (5.1) by upξp and integrating,

Λp

∫
−
Sn
|up|2

#

ξ2
p =

n− 4

2

∫
−
Sn
fp|up|2

#

ξp −
∫
−
Sn

(∆hup)
2ξp − cn

∫
−
Sn
|∇up|2ξp

−
(
n2

2
− cn

n

2
+ dn

)∫
−
Sn
u2
pξp ,

and (up) is bounded in H2
2 (Sn); so, as in the proof of Lemma 4.4, we obtain the

lemma.

Lemma 5.5. (up)p is bounded in L∞(Sn).
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Proof. Consider for p = t−1
t
P ∈ B

Ωp =

{
x ∈ Sn|

∣∣∣∣∣up(x) −
(
n(n2 − 4)

8f(P )

)n−4
8

∣∣∣∣∣ < 1

}
.

According to Lemma 5.3, |Sn\Ωp| → 0 uniformly in p as εf → 0. Now, we write(
∆h +

cn

2

)2

up = bpup + wp ,

where

bp =

(
n− 4

2
fp − Λpξp

)(
|up|2

#−2 −
(
n(n2 − 4)

8f(P )

))

+

(
c2n
4
− dn +

(
n− 4

2
fp − Λpξp

)(
n(n2 − 4)

8f(P )

))
1Sn\Ωp ,

wp =

(
c2n
4
− dn +

(
n− 4

2
fp − Λpξp

)(
n(n2 − 4)

8f(P )

))
up1Ωp .

Using Lemmas 5.3 and 5.4, we have

‖bp‖n
4
≤ C

(∥∥∥∥up − n(n2 − 4)

8f(P )

∣∣∣∣
2#

+ |Sn\Ωp|
4
n

)
≤ C(‖fp − f(P )‖

1
2∞ + ‖fp − f(P )‖

2
n∞) ,

where C is independent of p. It follows, using Remark 3.1 and Proposition 3.1, since

bp ∈ L∞(Sn) and |Sn\Ωp| → 0 as εf → 0 uniformly in p, that for εf small enough,

we have for all p ∈ B

‖up‖∞ ≤ C‖wp‖∞ ,

where C is independent of p. Thanks to Lemma 5.4 (wp) is bounded in L∞(Sn)

uniformly in p. This concludes the proof of the lemma.

Remark 5.1. From the previous lemma, the proof of Lemma 5.2, and the proof

of Lemma 5.3, we can deduce the following estimate∥∥∥∥∥up −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
2

H2
2

= O(‖fp − f(P )‖1) .

Lemma 5.6. There holds

Λp = O(‖fp − f(P )‖∞) .

Proof. From Theorem 1.1, we deduce

Λp

∫
−
Sn
|∇ξp|2|up|2

#

=
n− 4

8

∫
−
Sn
〈∇fp,∇ξp〉|up|2

#

.
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Writing∫
−
Sn
〈∇fp,∇ξp〉|up|2

#

=

∫
−
Sn
〈∇(fp − f(P )),∇ξp〉|up|2

#

= n

∫
−
Sn

(fp − f(P ))ξp|up|2
#

− 2#

∫
−
Sn

(fp − f(P ))〈∇up,∇ξp〉|up|2
#−2up ,

and using Hölder inequality, Lemmas 5.3 and 5.5, we get

Λp

∫
−
Sn
|∇ξp|2|up|2

#

= O(‖fp − f(P )‖∞) .

So, as in the proof of Lemma 4.4, we derive Lemma 5.6.

Lemma 5.7. There holds∥∥∥∥∥up −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
C2

= O(‖fp − f(P )‖∞) .

Proof. Consider for C large, and for p ∈ B

Ωp =

{
x ∈ Sn|

∣∣∣∣∣up(x)−
(
n(n2 − 4)

8f(P )

)n−4
8

∣∣∣∣∣ < C‖fp − f(P )‖∞

}
.

According to Lemma 5.3, |Sn\Ωp| → 0 as C → +∞ uniformly in p. We have

(
∆h +

cn

2

)2
(
up −

(
n(n2 − 4)

8f(P )

)n−4
8

)
= bp

(
up −

(
n(n2 − 4)

8f(P )

)n−4
8

)
+wp , (5.4)

where

bp =

(
n− 4

2
fp|up|2

#−2 − dn +
c2n
4

)
1Sn\Ωp ,

wp =

(
n− 4

2
fp|up|2

#−2 − dn +
c2n
4

)(
up −

(
n(n2 − 4)

8f(P )

)n−4
8

)

× 1Ωp − Λpξp|up|2
#−2up

+

(
n− 4

2
fp|up|2

#−2 − dn
)(

n(n2 − 4)

8f(P )

)n−4
8

,

we clearly get, using Lemma 5.5 (C1 being independent of p)

‖bp‖n4 ≤ C1|Sn\Ωp|
4
n .
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It follows that for C large enough (independent of p), ‖bp‖n4 ≤ δ∞ for all p ∈
B (here δ∞ is given by Remark 3.1). From this we deduce, using Remark 3.2,

Proposition 3.1, Lemma 5.5, Lemma 5.6 and (5.4), that for all p ∈ B∥∥∥∥∥up −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
∞

≤ C‖wp‖n
4
≤ C1‖fp − f(P )‖∞ , (5.5)

where C1 is independent of p. Then using (5.4) and (5.5), it easily follows that for

all p ∈ B ∥∥∥∥∥up −
(
n(n2 − 4)

8f(P )

)n−4
8

∥∥∥∥∥
C2

≤ C‖fp − f(P )‖∞ ,

where C is independent of p. This concludes the proof of the lemma.

Remark 5.2. It follows from the previous lemma that if ‖fp − f(P )‖∞ is small

enough (this smallness being independent of t and P ), up > 0 on Sn. So, if for some

t0 it is Λt0 = 0, this gives rise, according to our transformation rules, to a positive

solution of the original equation (E).

6. Continuous Dependence on the Parameter

In this section we prove that, given p ∈ B, p = (P, t), the function up = uP,t
given by Lemma 5.1 is uniquely determined and that up, as well as the Lagrange

multiplier Λp, vary continuously in B. For p = t−1
t P , P ∈ Sn, we consider the

functional

J̄p[u] =

∫
Sn(∆hu)

2 + cn
∫
Sn |∇u|2 + dn

∫
Snu

2

(
∫
Snfp|u|2

#)
2

2#

,

where fp stands for fP,t, and we let

Mp = inf
u∈S

2#

J̄p[u] .

Proposition 6.1. For εf = ‖f − n(n2−4)
8 ‖∞ sufficiently small, the functional J̄p

has a unique minimum up in the class S0
2# . The map p→ up is continuous from B

into S0
2# .

Proof. To verify the uniqueness assertion, and thanks to the homogeneity of the

functional, we assume that there exists p ∈ B for which J̄p has two distinct minima

in {u ∈ S2# such that
∫
Snfp|u|2

#

= 1}, u0 and u1. According to Remark 5.2 we can

choose εf small enough such that u0 and u1 are positive. For convenience reason,

by a simple renormalization, (and without loss of generality) we assume that u0

and u1 are solutions respectively of

∆2
hu0 + cn∆hu0 + dnu0 =

n− 4

2
fpu

2#−1
0 − Λ0ξ0u

2#−1
0
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and

∆2
hu1 + cn∆hu1 + dnu1 =

n− 4

2
fpu

2#−1
1 − Λ1ξ1u

2#−1
1 ,

where Λ0,Λ1 ∈ R+, ξ0, ξ1 ∈ H, ‖ξ0‖∞ = ‖ξ1‖∞ = 1. We set, for λ ∈ [0; 1],

u2#

λ = λu2#

0 + (1− λ)u2#

1 .

For each λ there holds  u̇λ =
1

2#
u1−2#

λ (u2#

0 − u2#

1 ) ;

üλ = −(2# − 1)u−1
λ (u̇λ)

2 .

Also, differentiating with respect to λ, we deduce

uλ ∈ S2# ⇒
∫
−
Sn
u2#−1
λ u̇λξ = 0 for all ξ ∈ H .

Hence, by Hölder’s inequality and Lemma 5.7, for all ξ ∈ H(
n(n2 − 4)

8f(P )

)n+4
8
∣∣∣∣∫−
Sn
u̇λξ

∣∣∣∣ =

∣∣∣∣∣
∫
−
Sn

((
n(n2 − 4)

8f(P )

)n+4
8

− u2#−1
λ

)
u̇λξ

∣∣∣∣∣
= O(εf )‖u̇λ‖2‖ξλ‖2 .

Decomposing u̇λ into αλ + Ψλ + ξλ, where αλ ∈ R, ξλ is the orthogonal projection

of u̇λ onto H and Ψλ is orthogonal to R⊕H, we have∫
−
Sn
|∇u̇λ|2 =

∫
−
Sn
|∇Ψλ|2 +

∫
−
Sn
|∇ξλ|2 + 2

∫
−
Sn
∇Ψλ∇ξλ =

∫
−
Sn
|∇Ψλ|2 + n

∫
−
Sn
ξ2
λ .

On the other hand∫
−
Sn
|∇u̇λ|2 =

∫
−
Sn
u̇λ(∆Ψλ + nξλ) =

∫
−
Sn
|∇Ψλ|2 + n

∫
−
Sn
ξλu̇λ .

Taking into account that
∫
Sn u̇λξλ = O(εf )‖u̇λ‖2‖ξλ‖2, it is∫
−
Sn
ξ2
λ = O(εf )‖u̇λ‖22 .

It follows, from the Courant–Fischer characterization of the eigenvalues and from

Theorem 2.2, that∫
−
Sn

(∆hΨλ)
2 + cn

∫
−
Sn
|∇Ψλ|2 ≥ (4(n+ 1)2 + cn2(n+ 1))

∫
−
Sn

Ψ2
λ . (6.1)

Moreover, setting f0 = n(n2−4)
8 , we have the following estimates. By Lemma 5.3∫

−
Sn
fpu

2#

λ =

∫
−
Sn

(fp − f0)u
2#

λ +

∫
−
Sn
f0u

2#

λ = f0(1 +O(εf )) ; (6.2)

from
∫
Snfpu

2#

λ = constant we deduce∫
−
Sn
fpu

2#−1
λ u̇λ = 0 ; (6.3)
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and using Lemmas 5.3 and 5.7,∫
−
Sn

(∆huλ)
2 + cn

∫
−
Sn
|∇uλ|2 + dn

∫
−
Sn
u2
λ =

n− 4

2
f0(1 +O(εf )) ; (6.4)

∫
−
Sn
fpu

2#−2
λ u̇2

λ =

∫
−
Sn

(fp − f0)u
2#−2
λ u̇2

λ +

∫
−
Sn
f0u

2#−2
λ u̇2

λ

= f0(1 +O(εf ))

(∫
−
Sn
u̇2
λ

)
. (6.5)

We have also

d2J̄p[u] · (ϕ,Ψ) = 2

(∫
−
Sn
fpu

2#

)− 2

2#−1

×
{∫
−
Sn

(fpu
2#

) ·
(∫
−
Sn

∆hϕ∆hΨ + cn

∫
−
Sn
∇ϕ∇Ψ + dn

∫
−
Sn
ϕΨ

)

− 2

(∫
−
Sn
fpu

2#−1Ψ

)(∫
−
Sn

∆u∆ϕ+ cn

∫
−
Sn
∇u∇ϕ+ dn

∫
−
Sn
uϕ

)

− 2

(∫
−
Sn
fpu

2#−1ϕ

)(∫
−
Sn

∆u∆Ψ + cn

∫
−
Sn
∇u∇Ψ + dn

∫
−
Sn
uΨ

)

− (2# − 1)

(∫
−
Sn

(∆hu)
2 + cn

∫
−
Sn
|∇u|2 + dn

∫
−
Sn
u2

)

×
(∫
−
Sn
fpu

2#−2ϕΨ

)

+

(
2

2#
+ 1

)(∫
−
Sn

(∆hu)
2 + cn

∫
−
Sn
|∇u|2 + dn

∫
−
Sn
u2

)

×
(∫
−
Sn
fpu

2#−1ϕ

)(∫
−
Sn
fpu

2#−1Ψ

)(∫
−
Sn
fpu

2#

)−1
}
.

It is clear, using the Sobolev inequality, that u→ D2J̄p[u](·, ·) is a continuous map

from H2
2 (Sn) to L(H2

2 (Sn)×H2
2 (Sn),R). Clearly

d2

dλ2
J̄p[uλ] = d2J̄p[uλ] · (u̇λ, u̇λ) + dJ̄p[uλ] · üλ ,

and moreover from (6.2)–(6.5) we have

d2J̄p[uλ] · (u̇λ, u̇λ) = 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#−1

×
{

(1 +O(εf ))f0

∫
−
Sn

(∆hu̇λ)
2 + (1 +O(εf ))f0cn

∫
−
Sn
|∇u̇λ|2
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+ dnf0(1− (2# − 1))

∫
−
Sn
u̇2
λ(1 +O(εf ))

}

= 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#−1

f0(1 +O(εf ))

×
{∫
−
Sn

(∆hu̇λ)
2 + cn

∫
−
Sn
|∇u̇λ|2 −

8

n− 4
dn

∫
−
Sn
u̇2
λ

}
,

and

dJ̄p[uλ] · üλ = 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#

×
{∫
−
Sn

∆huλ∆hüλ + cn

∫
−
Sn
∇uλ∇üλ

+ dn

∫
−
Sn
uλüλ −

(∫
−
Sn

(∆huλ)
2 + cn

∫
−
Sn
|∇uλ|2 + dn

∫
−
Sn
u2
λ

)

×
∫
−
Sn
fpu

2#−1
λ üλ

(∫
−
Sn
fpu

2#

λ

)−1
}

One can check with some straightforward computations and using Lemma 5.7, that

dJ̄p[uλ] · üλ = 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#

{
(1− 2#)

(∫
−
Sn

∆huλ∆h

(
u̇2
λ

uλ

)

+ cn

∫
−
Sn
∇uλ∇

(
u̇2
λ

uλ

)
+ dn

∫
−
Sn
uλ
u̇2
λ

uλ

)

−
(∫
−
Sn

(∆huλ)
2 + cn

∫
−
Sn
|∇uλ|2 + dn

∫
−
Sn
u2
λ

)

×
∫
−
Sn
fpu

2#−1
λ üλ

(∫
−
Sn
fpu

2#

λ

)−1}

= O(εf )

(∫
−
Sn

(∆hu̇λ)
2 +

∫
−
Sn
|∇u̇λ|2 +

∫
−
Sn
u̇2
λ

)
.

It follows that

d2

dλ2
J̄p[uλ] = 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#−1

f0(1 +O(εf ))

×
{∫
−
Sn

(∆hu̇λ)
2 + cn

∫
−
Sn
|∇u̇λ|2 −

8

n− 4
dn

∫
−
Sn
u̇2
λ

}
+O(εf )

{∫
−
Sn

(∆hu̇λ)
2 + c

∫
−
Sn
|∇u̇λ|2 +

∫
−
Sn
u̇2
λ

}
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= 2

(∫
−
Sn
fpu

2#

λ

)− 2

2#−1

f0(1 +O(εf ))

×
{∫
−
Sn

(∆hΨλ)
2 + cn

∫
−
Sn
|∇Ψλ|2 −

8dn
n− 4

∫
−
Sn

Ψ2
λ

− 8dn
n− 4

α2
λ +O(εf )

∫
−
Sn
u̇2
λ

}

+O(εf )

{∫
−
Sn

(∆hu̇λ)
2 + c

∫
−
Sn
|∇u̇λ|2 +

∫
−
Sn
u̇2
λ

}
. (6.6)

Independently, we have

0 =

∫
−
Sn
fpu

2#−1
λ u̇λ =

∫
−
Sn
fpu

2#−1
λ Ψλ +

∫
−
Sn
fpu

2#−1
λ ξλ + αλ

∫
−
Sn
fpu

2#−1
λ ,

and it follows using Hölder’s inequality and Lemma 5.7, that

α2
λ ≤

∫
−
Sn

Ψ2
λ +O(εf )

∫
−
Sn
u̇2
λ . (6.7)

We deduce from Lemma 5.7 and (6.1), (6.6) and (6.7),

d2

dλ2
J̄p[uλ] ≥ C(n)

(
1−

(
n3 − 4n

(n3 + 3n2 + 2n)

)
+O(εf )

)∫
−
Sn

Ψ2
λ .

Then, if Ψλ is not identically 0, d2

dλ2 J̄p[uλ] > 0 and this can not occur since u0 and

u1 are both minima. It follows that Ψλ is identically 0. Using (6.7) we then get

α2
λ ≤ O(εf )

∫
−
Sn
u̇2
λ ;

this is impossible since ∫
−
Sn
u̇2
λ = α2

λ + O(εf )

∫
−
Sn
u̇2
λ ,

unless u0 = u1.

Let us observe that, reasoning as above, one can prove that d2J̄p[up] is positive

definite on the tangent space of the constraint S2# , so using the Implicit Func-

tions theorem, it follows that p → up is continuous. This concludes the proof of

Proposition 6.1.

7. Comparison of the Maps Λ and G

Consider the map Λ : B → R. We can associate to this map the folowing map

Λ : B → Rn+1 consisting in the components of Λpξp in the basis ξ. Namely, in the

basis ξ of H we can write

Λpξp =
n+1∑
i=1

Λiξi ,
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and then

Λ = (Λ1, . . . ,Λn+1) .

In this section we prove that Λ has the same degree as the map G defined in the

introduction. We set 
Ci,j(p) =

∫
−
Sn
〈∇ξi,∇ξj〉u2#

p ,

Aj(p) =

∫
−
Sn
〈∇f,∇ξj〉u2#

p .

We observe that, since up is close to 1 by Lemma 5.7, for εf small, (Ci,j(p)) is

a positive definite matrix. Therefore the Kazdan–Warner condition can be rewrit-

ten as

Λ(p) = C(p)−1A(p) .

It follows immediately that Λ is continuous (using Proposition 6.1) and

Lemma 7.1.

(i) Λ(p) = 0⇔ A(p) = 0;

(ii) deg(Λ|{(P, t), t < t0}, 0) = deg(A|{(P, t), t < t0}, 0) for all t0 > 1.

Now consider (using the notation of the introduction)

A(P, t) =

∫
−
Sn
〈∇(f ◦ ϕP,t),∇ξ〉u2#

p ,

G1(P, t) = n

(
n(n2 − 4)

8f(P )

)n
4
∫
−
Sn

(f ◦ ϕP,t)ξ = n

(
n(n2 − 4)

8f(P )

)n
4

G(P, t) .

(this means that the components of A(P, t) are
∫
Sn〈∇(f ◦ ϕP,t),∇ξi〉u2#

p , for i =

1, . . . , n+1). We choose ε sufficiently small so that the error term in f(y) = f(P )+∑α
k=1 fk(y) +O(|y|α+1) is small, say O(|y|α+1) ≤ C|y|α+ 1

2 for |y| < ε. We have

A(P, t) = G1(P, t) + I + II ,

where

I = n

∫
−
Sn

(f ◦ ϕP,t − f(P ))ξ

(
u2#

p −
(
n(n2 − 4)

8f(P )

)n
4

)
;

II =

∫
−
Sn

(f ◦ ϕP,t − f(P ))〈∇ξ,∇(u2#

p )〉 .
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We set, using stereographic coordinates, Ωt = {y ∈ Rn| |y| ≤ εt} and we have

|Sn\Ωt| = O( 1
tn ). Clearly we have∣∣∣∣∣

∫
−

Ωt

(f ◦ ϕP,t − f(P ))ξ

(
u2#

p −
(
n(n2 − 4)

8f(P )

)n
4

)∣∣∣∣∣
≤
(∫
−

Ωt

(f ◦ ϕP,t − f(P ))2

) 1
2

∫−
Ωt

(
u2#

p −
(
n(n2 − 4)

8f(P )

)n
4

)2
 1

2

.

and ∣∣∣∣∫−
Ωt

(f ◦ ϕP,t − f(P ))〈∇x,∇(u2#

p )〉
∣∣∣∣

≤
(∫
−

Ωt

(f ◦ ϕP,t − f(P ))2

) 1
2
(∫
−

Ωt

|∇(u2#

p )|2
) 1

2

.

To have further control on the error terms we point out the following estimates.

Lemma 7.2. If P is a critical point of f non degenerated of order α, we have the

following estimates

∫
−
Sn

(fp − f(P ))2 =



O

(
1

t2α

)
if 2α < n ,

O

(
1

tn
log t

)
if 2α = n ,

O

(
1

tn

)
if 2α > n ,

∫
−
Sn
|∇up|2 = O(‖fp − f(P )‖1) =


O

(
1

tα

)
if α < n ,

O

(
1

tn
log t

)
if α = n .

∥∥∥∥∥u2#

p −
(
n(n2 − 4)

8f(P )

)n
4

∥∥∥∥∥
2

2

= O(‖fp − f(P )‖1) =


O

(
1

tα

)
if α < n ,

O

(
1

tn
log t

)
if α = n .

The proof of the first estimate of Lemma 7.2 is obtained by a simple compu-

tation, the second and the third estimates are obtained using Remark 5.1 and a

simple computation.

Proposition 7.1. Assume that f is everywhere positive, uniformly non degenerated

of order at most n if n is even, and of order at most n − 1 if n is odd. Then we
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have for all P ∈ Sn and for all t large (with the notation of this section)

G(P, t) ·A(P, t) > 0 .

Proposition 7.1 is a direct consequence of Lemma 7.2.

One has to notice that in the case n = 2k + 1 = α, Lemma 7.2 shows that the

corrections terms I and II may in fact be the dominant one. For this reason we

exclude this case from consideration and this accounts for the difference between the

case where the dimension of the manifold is odd and the case where this dimension

is even in the statement of Theorem 1.2.

8. Proof of Theorem 1.2 and Corollary 1.1

By a simple compactness argument and using Proposition 7.1, there exists t0 such

that for all t ≥ t0
G(P, t) ·A(P, t) > 0 .

Then, for 0 ≤ r ≤ 1,

deg(rG(P, t) + (1− r)A(P, t), {p|t < t0 0) = constant .

It follows that, using Lemma 7.1 and under the notation of Sec. 7

deg(Λ(p), {p|t < t0}, 0) = deg(A(p), {p|t < t0}, 0) = deg(G(p), {p|t < t0}, 0) 6= 0 .

Hence, there exists p ∈ B such that Λ(p) = 0. This concludes the proof of

Theorem 1.2.

In order to show Corollary 1.1, we recall the formulas for the stereographic

projection: the point (x, xn+1) ∈ Sn ⊂ Rn+1 is projected through the north pole on

the point y ∈ Rn by the following formulas

x =
2y

|y|2 + 1
; xn+1 =

|y|2 − 1

|y|2 + 1
. (8.1)

Consider the stereographic projection πP : Sn → Rn through the point −P , and

define f̃ : Rn → R in the following way

f̃(y) = f(π−1
P (y)) .

Then, using (8.1) one can prove that

G(P, t) =

∫
−
Sn
f̃

(
1

t

)
(1 + |y|2)−(n+1)

(
2y

1− |y|2

)
dy .

Here the quantity
(

2y
1−|y|2

)
dy is considered as an (n+1)-tuple. Hence expanding the

above expression in powers of 1
t
, one finds

G(P, t) =

 a1∇f̃(P )
1

t

a2∆f̃(P )
1

t2

+ o

(
1

t2

)
,
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where a1 and a2 are non-zero coefficients given by

a1 =
2

n

∫
−
Sn
|y|2(1 + |y|2)−(n+1); a2 =

2

n

∫
−
Sn

(|y|2 − |y|4)(1 + |y|2)−(n+1) ,

and where o( 1
t2

) is uniform in P . So under the assumptions of the corollary, we

deduce that f is uniformly non degenerated of order 2. Moreover, the arguments of

Chang–Gursky–Yang [14] show that under the condition∑
P∈Sn|∇f(P )=0 and ∆hf(P )>0

(−1)m(P,f) 6= −1 ,

the degree is different from zero. This concludes the proof of Corollary 1.1.
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[12] H. Brézis and E. Lieb, A relation between pointwise convergence of functions and
convergence of functionals, Proceedings of the American Mathematical Society 88
(1983) 486–490.

[13] S. Y. A. Chang, On a fourth order PDE in conformal geometry, preprint (1997).
[14] S. Y. A. Chang, M. J. Gursky and P. C. Yang, The scalar curvature equation on

2- and 3-spheres, Calculus of Variations and Partial Differential Equations 1 (1993)
205–229.

[15] S. Y. A. Chang, M. J. Gursky and P. C. Yang, Regularity of a fourth order non-linear
PDE with critical exponent, Amer. J. Math. 121(2) (1999) 215–257.

[16] S. Y. A. Chang, J. Qing and P. C. Yang, On the Chern-Gauss-Bonnet integral for
conformal metrics on R4, Duke Math. J. 103(3) (2000) 523–544.

[17] S. Y. A. Chang, J. Qing and P. C. Yang, Compactification for a class of conformally
flat 4-manifolds, Invent. Math. 142(1) (2000) 65–93.

[18] S. Y. A. Chang and P. C. Yang, On a fourth order curvature invariant, in Comtempo-
rary Mathematics, 237, Spectral Problems in Geometry and Arithmetic, T. Branson,
AMS (1999), pp. 9–28.

[19] S. Y. A. Chang and P. C. Yang, A perturbation result in prescribing scalar curvature
on Sn, Duke Math. J. 64 (1991) 27–69.

[20] S. Y. A. Chang and P. C. Yang, Extremal metrics of zeta functional determinants on
4-manifolds, Ann. Math. 142 (1995) 171–212.

[21] Z. Djadli, E. Hebey and M. Ledoux, Paneitz type operators and applications, Duke
Math. J. 104(1) (2000) 129–169.

[22] Z. Djadli, E. Hebey and M. Ledoux, Paneitz type operators and applications,
preprint.

[23] Z. Djadli, E. Hebey and M. Ledoux M, Sharp inequalities involving Paneitz type
operators, preprint.

[24] Z. Djadli, A. Malchiodi and M. Ould Ahmedou, Prescribed fourth order conformal
invariant on the standard sphere, Part II: blow-up analysis and applications, preprint
of the SISSA, to appear in Ann. Scuola Norm. Sup. Pisa Cl. Sci.

[25] D. E. Edmunds, F. Fortunato and E. Janelli, Critical exponents, critical dimensions,
and the biharmonic operator, Arch. Rational Mech. Anal. 112 (1990) 269–289.

[26] V. Felli, Existance of conformal metrics on Sn with prescribed fourth-order invariant.
Adv. Differential Equations 7(1) (2002) 47–76.

[27] M. J. Gursky, The Weyl functional, de Rham cohomology, and Kahler–Einstein met-
rics, Ann. Math. 148 (1998) 315–337.

[28] E. Hebey, Changements de métriques conformes sur la sphère — Le problème de
Nirenberg, Bull. Sci. Math. 114 (1990) 215–242.

[29] A. Jourdain, preprint, 2000.
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