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In this paper we study some fourth order elliptic equation involving the critical Sobolev
exponent, related to the prescription of a fourth order conformal invariant on the stan-
dard sphere. We use a topological method to prove the existence of at least a solution
when the function to be prescribed is close to a constant and a finite dimensional map
associated to it has non-zero degree.
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1. Introduction
1.1. Statement of the problem

In 1983, Paneitz [38] discovered a particularly interesting fourth order operator on
4-manifolds, given by

2
Py = Alp — divg <§Scalgg -2 Ricg) de,

where Scal, denotes the scalar curvature of (M*, g) and Ric, denotes the Ricci cur-
vature of (M*, g). This operator enjoys many interesting properties (in particular, it
is conformally invariant), and can be seen as a natural extension of the well known
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second order conformal operator Ay on 2-manifolds. This operator gives rise to a
fourth order conformal invariant (|Ricy| denoting the norm of Ric, with respect to
the metric)

1 .
Qy = E(AgScalg + Scalz — 3|Ricy|?);
namely, under the conformal change ¢’ = e*“g, Q, and Q, are related by

P;w + 2Qg/e4“’ =2Qy.

There is also a natural fourth order Paneitz operator on manifolds of dimension
greater than 4, introduced by Branson [10] and defined as follows. Given a smooth
compact Riemannian n-manifold (M, g), n > 5, let P? be defined by

—4
Plu = Agu — divg(anScalyg + b, Ricg)du + nTQZu,

where
" (n—2)2+4 4
" 2n—-1)(n-2) " n-2’
1 n®—4n? +16n—-16_ 2
n—__~ _A_Scal 12— —~|Ric,|?.
Qy 3= 1) gScaly + 8(n—12(n —2)° Scaly (n_2)2|R1(:g|

Ifg= gaﬁg is a conformal metric to g, then for all u € C°°(M) we have

n+

4
Py (up) = pn—1 Py (u).

In particular
n n—4 n ntd
Ppp) = " QpeRtt ()

Many interesting results on the Paneitz operator and related topics have been

recently obtained by several authors. Among them, let us mention Branson [9],
Branson—Chang—Yang [11], Chang—Yang [20], Chang-Gursky—Yang [15], Chang—
Qing—Yang [16] and [17], Gursky [27]. See also the surveys Chang [13] and Chang—
Yang [18] for more results on basic properties of the Paneitz operator.

In view of relation (1.1), a natural problem to propose is to prescribe the con-
formal invariant Q). Equation (1.1), where ¢ has to be considered as unknown, has
a variational structure, and hence solutions occur as critical points of the associ-
ated Euler functional. A natural space to look in for solutions is the Sobolev space
HQQQ(M) (see Sec. 2). Due to the non-compactness of the injection of HZ(M) into
L3
leads to the failure of the standard critical point theory.

In this paper we consider the problem of prescribing @ on the standard sphere

(M), the Euler functional does not satisty the Palais—Smale condition, which

(S™, h), n > 5, where the expression of P’ is given by

Plu= Aiu + cpApu + dyu, (1.2)
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with

_ L. _n—4 o
cn—2(n 2n—4), d,= 16 n(n® —4). (1.3)

More precisely, given a smooth positive function f on S™, can one find a metric g
4

conformal to h for which the @Qg4-curvature is given by f? Setting g = u»—7h, this

amounts to solving the following equation

n—

2

n+4

4
fun—4 s

A%u + e Apu + dpu =

(E)
u>0onS".
We recall that, by the regularity results of Djadli-Hebey—Ledoux [21] (see also Van
der Vorst [40]), a weak solution of (E) is indeed a smooth solution.
Let us observe that, in the case of the sphere (in view of the uniqueness result
of Lin [35]), a solution of (F) cannot be achieved (unless f is a constant) as a
minimum for the extremal problem

fon (Anu)? + cnfou | Vul® + dn fp.0°
=z
(Fgn flul*)>7
Moreover, due to the invariance of equation (E) under the group of conformal

transformations of (S™, h), Kazdan—Warner type obstructions occur. Precisely, the
following theorem holds.

inf

u€ HZ(S")u #0

Theorem 1.1 ([21]). Let (S™, h) be the standard n-dimensional unit sphere, n. > 5,
and f a smooth function on S™. If u is a smooth solution of the equation

—4
Plu = an|u

8
—4
n u7

then for any eigenfunction £ of Ay associated to the first non zero eigenvalue A\y =
n, it s

[ 95991 dv, =0,

where 2% = %. In particular, for any eigenfunction & of Ay associated to the first
non zero eigenvalue and for any € € R, equation (E) with f = 1 + €€ admits no

positive solution.

In fact, this theorem is proved in Djadli-Hebey—Ledoux [21] for positive solution,
but, with the same arguments, one can prove that it remains true for changing sign
solutions.

The problem of finding conditions on f such that (E) possesses a solution can
be seen as the generalization to the Paneitz operator of the so-called “Nirenberg
problem”; namely: which functions K € C'°°(S™) are the scalar curvature of a metric
conformal to the standard one? Theorem 1.1 is the analogue of the classical obstruc-
tion for the Nirenberg problem (see Kazdan—Warner [31]). The Nirenberg problem
has been studied by several authors; among others, we mention Ambrosetti—-Garcia
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Azorezo—Peral [2], Ambrosetti-Malchiodi [3], Aubin [4], Bahri-Coron [6], Chang—
Yang [19], Chang—Gursky—Yang [14], Hebey [28], Li [33], Lin [34], Schoen—Zhang
[39].

1.2. Statement of the results

It is well known (see for instance Berger—-Gauduchon-Mazet [8]), that denoting

H = {€ € C®(S™)¢ # 0|Ax€ = né},

itisdimH = n+1, and £ € H if and only if £ is the restriction to S™ of a linear form
on R™*! It follows that, denoting by (%i)ieq1,....,n+1} the canonical coordinates of
R”*! and by &; the restriction to S™ of the ith canonical projection associated to
these coordinates, (£;)ie{1,....n+1} is a basis of H. In the sequel of the paper we set

£ = (&17-~-7£n+1) S IHIn-"_l-

Let us now introduce some notation (following those introduced by Chang—Yang

[19]). First we will denote
/
} \/Olh(S”) '

For P € S™ and t € [1;4+00), we denote by p = %P € B, B being the unit ball of
R™*1. Using stereographic coordinates with projection through the point P, we set

ept(y) =ty.

This set of conformal transformations is diffeomorphic to the unit ball B C R"*+!
with the identity transformation identified with the origin and ¢p+ <> %P =peE
B. In the sequel of the paper, we will consider the map G : B — R™t! given by

G(P.O) = {_(fopnigdu.
where £ is defined above (note that, here and in the sequel of the paper, we identify
(P,t) € S™ x [1;400) and p = ==L P € B).

Definition 1.1. Let f € C*°(S™). We say that f is uniformly non degenerated of

order « if there exists 1 > 1 and C' > 0 such that for all ¢ > t; and for all P € S™
C

|G(P,t)| > o when a < n;

c
|G(P,t)| > = logt whena=mn.
Our main theorem is the following

Theorem 1.2. There exists e(n) > 0, depending only on the dimension of S™, such
that (E) admits a solution for all functions f € C°°(S™) satisfying the following
assumptions:
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2_
(H1) ||f = "2 o < e(n);
(H2) f is uniformly non degenerated of order at most n if n is even, and of order
at most n — 1 if n is odd,

(H3) deg(G,{p|t < to},0) # 0 for some ty large enough.
Using Theorem 1.2, one can prove the following corollary.

Corollary 1.1. Assume f € C*(S"™), n > 5, is a Morse function satisfying the
condition (H1) of Theorem 1.2 and the following assumptions

IV(P)|=0= Apf(P)#0,
and

> (=)™ 1,

PeS"|Vf(P)=0 and Ay f(P)>0
where m(P, f) is the Morse index of f at P. Then (E) admits a solution.

As observed in Chang-Gursky—Yang [14], the condition on the index in
Corollary 1.1 is stronger than the condition (H3) of Theorem 1.2. Recently, Felli
[26] proved an existence result for (E) related to Corollary 1.1 using a method
introduced by Ambrosetti and Badiale [1].

1.3. Comments

Theorem 1.2 is an extension to the Paneitz operator of the results of Chang—Yang
[19]. Apart from the difficulties mentioned above, differently from the case of the
scalar curvature, there are other specific problems. The first is that obtaining posi-
tive solutions is not immediate; in the case of the scalar curvature equation, one can
obtain positivity just by using the fact that |V|u|| = |Vu| a.e. This is not anymore
true for the fourth order equation because of the term [, (Axu)? (and the fact
that |u| not necessarily belongs to H2(S™)). We also encounter the same difficulty
in obtaining a priori estimates (see Sec. 5) since we cannot apply the Moser iter-
ation scheme. Our main tool to handle such difficulties is an a priori estimate for
fourth order operator (see Proposition 3.1) which goes back to a device introduced
by Van der Vorst [40] (see also Lee—Parker [32] and Djadli-Hebey—Ledoux [21]) to
prove regularity of solutions. Starting from Proposition 3.1, we propose a way to
handle positivity and a priori estimates for the above fourth order operator (see
Remark 5.2). Another main ingredient in the proof of Theorem 1.2 is a fourth order
Sobolev—Aubin type inequality, stated in Theorem 4.1, which could be interesting
also in itself.

In the second part of the paper (Djadli-Malchiodi-Ould Ahmedou [24]), we give
some existence results without the “close to a constant condition” in dimension 5
and 6. Part of these results are obtained via a continuity argument whose starting
point is Theorem 1.2 (and generalize to the Paneitz operator previous results of
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Chang-Gursky—Yang [14], Bahri-Coron [6], Li [33] and Benayed—Chen—Chtioui—
Hammami [7] for the Nirenberg problem). Our work in the second part of this paper
is based on a fine blow-up analysis for a family of equations approximating (F). This
analysis extend to this framework the notion of isolated and isolated simple blow-
up points introduced by R. Schoen (and used extensively by Y. Y. Li [33]). This
blow-up analysis requires some Harnack type inequalities for fourth order operators
obtained from the interpretation of higher order equations as systems (from which
we extract some useful informations on the sign of the laplacian of the solutions).
See Djadli-Malchiodi-Ould Ahmedou [24] for details.

The paper is organized as follows: in Sec. 2 we recall some useful facts, in Sec. 3
we derive some a priori estimates for some fourth order equations and in Sec. 4 we
prove the Sobolev—Aubin type inequality (see Theorem 4.1); in Sec. 5 we perform
a finite dimensional reduction of the problem, based on Theorem 4.1. In particular
we give an uniform estimate on a family of solutions w, of this reduced problem,
depending on a (n + 1)-dimensional parameter p. In Sec. 6 we show that the map
p — up is well defined and continuous. In Sec. 7 we prove that the maps G and
D — uy are related by some degree formula; in the last section we prove Theorem 1.2
and Corollary 1.1.

2. Preliminaries on Paneitz Operator and Background Material

A natural space when studying the Paneitz operator P;* is the Sobolev space H3(S™)
defined as the completion of C*°(S™) with respect to the norm

lull* = [IV2ull3 + [[Vull3 + [[ull3,

where || - ||, stands for the LP-norm with respect to the Riemannian measure dv(h).
As is well known and easy to see, for all u € C°(S™)

(Apu)? < n|V3ul?.
Conversely, using the Bochner—Lichnerowicz—Weitzenbock formula, there holds
|V2u|?dv(h) < / |Apul?dv(h) + k/ |Vul|?dv(h),
sn s sn

where k is such that Ricy > —kg. Hence || - ||z defined by

Julfz = [ (Prayucdot

is a norm on HZ(S™) which is equivalent to the classical one || - ||.
By the Sobolev embedding theorem, for n > 5, one gets an embedding of H2(S™)
in L2 (S™) where 2% = fT” This embedding is critical and continuous; so there

e
exists A € R such that

fulde <A [ (Prujudo(n).
Sn
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Setting
Ko = w?n(n — 4)(n? — 4)T (g);r(n)*%, (2.1)

we have the following theorem (see Djadli-Hebey—Ledoux [21]) regarding the best
constant for the embedding H2(S") < L% (S").

Theorem 2.1. Let (S, h) be the standard unit sphere of R"™ n > 5. and Py, be
the Paneitz operator P, = A} + ¢, Ap, + dy,. Then

fon (Pru)u 1 o4

n

ueC=(sm)\{0} (J[‘Sn|u|2#)_2i# = Zown

)

where w, denotes the volume of the standard unit n-sphere.

We also recall the following result of Djadli-Hebey-Ledoux [22].

Theorem 2.2. Let (M,g) be a smooth compact n-dimensional Riemannian
manifold, n > 2. Then for any positive real number «, the spectrum of the op-
erator A?] + al\, is ezactly {\? + a\, A € Sp(A,)}, with the additional property
that u is an eigenfunction of A?] + alg associated to p = A% + a if and only if u
is an eigenfunction of Ay associated to A.

3. An a priori Estimate for a Fourth Order Operator

In this section, following a previous argument by Van der Vorst [40] (see also Djadli—
Hebey-Ledoux [21]), we prove an a priori estimate for solutions of some fourth order
equation. The result plays the same role as the Moser iteration scheme, which is
used to gain integrability in second order equations.

Proposition 3.1. Let (S",h) be the standard n-sphere, let o > 7, p € [1; 2% — 1]
and let ¢ € L*(S"™), w € L>®(S"). Assume that u € H2(S"™) is a weak solution of
the equation

2
(Ah + %) u=qluPlu+w.

Then there exist a postive constant §°° depending only on n and «, and a positive
constant C depending only on n, o and ||q||o such that if qlulP~ € L%(S") and
lahul =25 < 8 then

{u € L>(S™);

[ufloo < C(llwlloo + [[wl]|E) -

Proof. Let L, = Ap + 4. For all » > 1 and for all g € L"(S™), there exists an
unique function ¢ € Hj(S™) such that L?p = g. Moreover for all ¢ € Hj(S™)

2
C
ILiellr < 1A%l + cnllAvllr + el < Cllelly
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This means that L? : H;(S™) — L"(S™) is continuous. Then according to the open
mapping theorem there exists C' > 0 depending only on n and r such that for all
geL (s
I, 2gll ey < Cligllr-

Since

Hj(S") « La-a (S") if n > 4r;

H(S™) < L>(S™) if n<d4r,
it follows that for all g € L™(S™)

e < C(n,r)|g|l, if n>4r;

n—4ar

{ILh2g 51)
L7, %glloe < C(ny7)llgllr if n<d4r.

Now, let s > 1 and let v € L*(S™). It is clear that q|u[P~!v € L*(S") with § = e

Let ug,,, be the solution of

Liuq,v = q|u|p*1v.

Then, since 3§ < %, using the first estimate in (3.1) with » = 5 and the Holder

inequality, it turns out that

[ugulls < C(n, 5)llqlulP™

H'UH.
h s

Hence the operator Hy : v — uq,, acts continuously from L*(S™) to L*(S™) and its
norm is less or equal than C(n, s)||g|u[P~!||=. In particular if C(n, s)|qlulP~|= <
%, the operator I — H, is invertible and the norm of its inverse is less than 2. The
equation satisfied by u can be written as

(I —Hyu=L,*(w).
Hence for s fixed and if [|glu[P~!||2 < 3C(n,s)~", we deduce

lulls < 2C"(n, s)[[wlls < 2C"(n, s)||wl|so -

Now we use the equation satisfied by u to deduce the estimate of the Proposition.

First we take s > ff > (this choice implies that Si‘;p > 7). Then for this s we
4

have (note that p < 2% — 1 allows us to take a s independent of p) according to the
previous estimate

[ulls < C(n, s)[[wlloo -

It is
lglulll 2 < llgllallull? < C(n, @) lgllallw],
with -2 > 2. It follows from the second estimate of (3.1) with r = 22 that

[ulloo < C"(n, 5, llglla) (Iwlloo + [lw]lZs) -
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To conclude the proof of the proposition it remains to remark that, since we just

ffi and since p < 2% — 1, in fact we find a constant in the last

have to choose s >

4
estimate depending only on ||¢||«, @ and n. O

Remark 3.1. If @ = 400 then §*° depends only on n. As a matter of fact, in this
case we choose s > p7 and then we get

lalul”ll < C(n, llglloo)llullf < Cn, llgllco) [w]E -

Remark 3.2. From the arguments in the proof of Proposition 3.1, it follows that
we can obtain, for [|glu[P~!||= < §°°, the estimate

[ulloe < C(n, s, Q) (wlls + [w]%),

for all s > E_LZ (and if o = 400 for all s > p% and C = C(n, s)).
4

4. A Fourth Order Sobolev—Aubin Inequality

Following an original idea by Aubin [4], the Sobolev inequality in Theorem 2.1 can
be improved when we restrict u to belong to the symmetric class Sy# (see notation
below). For this new framework, such an improvement is given by Theorem 4.1, to
which this section is devoted. In the last steps of the proof (see Lemmas 4.6 and
4.7) are needed some L™ estimates proved using Proposition 3.1. The aim of this
section is to prove the following theorem.

Theorem 4.1. For g € (1;2%] let Sy = {u € HZ(S")| .
Then Ja, <1 and Iqo < 2% so that for all qo < q < 2%

inf Qp, (fSn(Ahu)2 + Cnfgn |Vu|2) + dnfgnu’2
{ucSqusol (Fn )

ul|2€ = 0 for all £ € H}.

1 -2
> Ky wn ™.

Before giving the proof of Theorem 4.1, we introduce some further notation.

Notation 4.1. For a < 1 and u € H3(S") set

E,[ul =a <][ W(Ahu)2 + cn][Sn|Vu|2) + dn][san;

E, "
) = =2y e w30y
(fS"|u| )q
a,q — inf a = inf E,lu|;
M = {uGSl?, u;‘éO}J 7q[U] ulélsg [U]

where

Sg = {u € &, such that ][ lul? = 1} .
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We split the proof of Theorem 4.1 in several lemmas.

_a
Lemma4.1. M, , < Kalwn " for all0 < a < 1 and for all 2 < q < 2%. Moreover,
for all 2 < q < 2%, we have

. -1 —2
lim Mo,q = Kg'wa ™. (4.1)

4
Proof. We have M, , < J, 4[1] = d, and d,, = K 'w, ™ by (1.3) and (2.1). Hence
the first part of the lemma is proved. Now, according to Hélder’s inequality and to
Theorem 2.1, for all 2 < g < 27

_a
My, > Kyltw, ™. (4.2)
Since a — M, 4 is increasing, lim,—1 M, 4 exists. Assume by contradiction that

_a
limg, 1 Mg g < Kglwn ™. Setting A = lim,—,1 Mg 4, we have

l _4
Jap < 1 such that Va € (ag;1) Ju, € 82 satisfying Fqlus] < A+ 1 < Ko_lwn "

4

where | = K5 'w, » — \. Hence, Va € (ao; 1), there exists u, € 88 such that

Frfud] <A+ 5 +(1-a) <][ (Ba)? + cn f H|Vua|2) .

Since the quantities fg, (Apta)? + cnfg.|Vua|* are uniformly bounded, for a close
to 1,

n

l _4
El[ua] < )\4‘5 <K(;IWnn 5
contradicting (4.2). The second part of the lemma follows. This concludes the proof

of Lemma 4.1. O

Lemma 4.2. Let r € (2;2%]. For all € > 0, there exists a C- depending only on ¢,
so that Vu € S,

<][ |u|’">r < Kowr (274 +5)][ (Ahu)Q—i—C’g( {|Vu|2+u2}> .
n n S’IL

Proof. This lemma (analogous to a result of Aubin [4]) is due to Jourdain [29]. O

4

Let ag € (27 =;1) and fix it in the sequel.

Lemma 4.3. For each a € [ag;1) and each q € (2;27%), infuesg Ja,q[t] is achieved
by some function uqq € Sy N C™(S™). Moreover, there exists Aqq € Rt and 44 €
H, ||€a,qllcc = 1, such that ug,q satisfies

a(Aiuw + cnAhtia,g) + dnla,g = Ma7q|ua,q|q72ua7q + Aa,qfa,q|ua,q|qi2ua,q (4.3)

and there exists C > 0 depending only on n such that for all a € [ag; 1) and for all
q € (22%), [[uall3 = C.
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Proof. Using Lemma 4.2 we find the existence of uq g € Sy, Ag g € Rt and &, 4 € H
such that u, , minimizes J, ; and satisfies the equation
| —2

2 —2
a(AjUa,g + nDhla,q) + dntla,g = Ma,glta,ql' “Ua,q + Na,gaq|taql” “Uayg -

Concerning the regularity of wu,,4, reasoning as in Djadli-Hebey—Ledoux [21,
Lemma 2.1], we can prove by a bootstrap argument that for all s > 1, u, 4 € L*(S™).
Then it easily follows that e, € C*°(S™). Now, since uq, € Sy, according to
Lemma 4.2,

4
1 < Kowy (2’% + 5)][ (Ahua7q)2 + Ce][ {|Vua7q|2 + uz,q} .
S’IL

n

On the other hand by Lemma 4.1, since uq 4 is a minimizer

_a
a (][ (Ahua,q)2 +Cn |Vua,q|2> ?z,q < Ko_lwn "
n SH, ’

Hence

a
Ce | ua, q||H2 21— Kows (2 27" +e ][ (Antia,q)®
S

n

4 “n 4+ € 4 4
> 1 - Kows ( ) {Ko'on ™ — Cna”“wz”?{f}

(note that when n > 5, ¢, < d,). Then

4 277 +e

= 4 n

(Ce — Kocpwr (27 + 5))||ua,q||§{% >1- (T) >0
0

for & small. Now, since H2? < H? < L2, the first embedding being compact and the

second one being continuous, and using an interpolation type inequality of Lions
[36], we get: for all § > 0 3Cs > 0 such that for all u € H3(S")

H“mq”%{f < 6|uaq| %{g + Cs|lua,qll3 -

It follows that for § small enough

0 .
Cé”“tl,q”% > C(n) - 5”“%(1”%{3 >C(n) — oo ‘o ™
_a
> C(n) — 027Ky 'wn ™ > C'(n) >0,
and we get the result. This concludes the proof of Lemma 4.3. O

Lemma 4.4. For all a € [ag;1) and all q € (2;2%), Ay q < C(n), where C(n) is a
constant depending only on n.

Proof. Multiplying (4.3) by ug ¢&a,q and integrating over S™, we get

a ( {Ai%ua,q + CnAh“mq}“a,qfa,q) + dn][ ui,qfa,q = Aayq |“a,q|qu,q :
S’H, S’H, S?L
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Integrating by parts and taking into account Apé, ¢ = néq ¢, we have

][ n(A%ua,qma,qfa,q = ][ W(Ahua,q>2§a,q + n][ (Aptia,q)ta,g€aq

n

- 2][ (Anta,q)Vta,qVa,q;
moreover

n
][ Aptiq,qVia,qVa,g = <§ - 1) ][ |vua,q|2§a,q'
Sn Sn
It follows that

Aa,q][S |ua,q|q§2,q =a (][S (Ahua,q)2§a,q + (en + n)][ (Ahua,q)ua,qfa,q>

—(n— 2)a][ |vua7q|2§a,q + d”][ ui,qfa,q .
n S’!L

Independently

n
][ (Anta,q)ta,qaq = ][S |Vua,q|25a,q + 5][8 (ua,q)%a,q

and hence,

Moaf tuaal'€s = (f Orton?os + 42 (VuniPen)

n’a n
+ | — 4+ cha= +d, ][ uz eSaq -
2 2 gn

It follows that

Aoy o |ua,q|q§2,q < C(n)Ea[ua,q] <C(n).

Using Lemma 4.3 we have ||u 4|2 > C, hence by the Holder inequality there exists
a constant C’ > 0 such that for all a and g, fSn|ua,q|q§§7q > (C'. It follows that
Aqq < C(n). This concludes the proof of Lemma 4.4. |
We now consider increasing sequences (ax) and (gx) such that
ar <1, ax—1; 2<gq, <2%, ¢, —2%.
By Lemma 4.3 uy, the solution of (4.3) associated to aj, and gy, satisfies
ap(Afuy, + cnAnuy) + dnug, = Milug|™ 2wy, + A&y |ug] ™ uy .

Since (M) is a bounded sequence (see Lemma 4.1), we can extract a subsequence

4
such that limg_, ; oo My, exists and clearly limy_, oo My = Ko_lwg ™ (see the proof
of Lemma 4.1). Clearly (uy) is bounded in H2(S™); hence, some subsequence of (uy)
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converges weakly in H2(S™) and almost everywhere on S™ to a function u € C*°(S")
which satisfies

%u+A§oo|u =178 (4.4)

Here A > 0 is the limit of (Ag), and € € H, ||€oolloo = 1, is the limit of (&) (recall
that H is finite dimensional). We now show some properties of the sequence (u)g.

_a
Aiu + e Apu + dyu = K(;lwn " lu

Lemma 4.5. uj, — 1 weakly in H3(S™) and strongly in ¥ (S™).

Proof. First we remark that according to Lemma 4.3, u is not identically 0. Using
Theorem 1.1, we can write

A][ Vé lul?” =0,
Sn

so it follows that A = 0. We multiply (4.4) by u and we integrate to obtain

][ (Au)2+cn][ |Vu|2+dn][ UQZK(;I(U;%][ |u|2#.
n Nig mn mn

According to Theorem 2.1, this gives

2
_q -4 # q —4 #\ 27
st " > st (1)

so it follows that f, [u?” > 1. Independently, since (uy) is bounded in H2(S")

s T2
K&lwn n <][ |uk|2#) < Bifug] < Mg+ (1 —ag)
X <][ (Auy,)? +cn][ |Vuk|2) — K(;lw;% .
n Sn

1< ][ |u|2# < liminf][ |uk|2# < limsup][ |uk|2# <1.
n k—o0 Sn k—o0 n

u|2# =1 and limg— 4 oo JES"

Then,

Hence, fgn uk|2# = 1. Then, applying a result of Brézis-

Lieb [12] (see also Kavian [30]), we have limg_, Hu—ungz = limg—, 4 oo ||uk||gi -

Hqui = 0. This means that u; — u in L2" (S"). It remains to prove that u =
1. First we show that f, u?*¢ = 0 for all ¢ € H. We have Fon lur| = ule —

2#
fSn|u|2#§ as k — +o0 since |uy|?* "1 — |u|2#*1 weakly in L2#-1(S™). On the other
hand, since uy € S,

bt = |l ] < ol el < Ol
STL STL
#

< 2#. Thus

][ [ul "¢ = lim ][ g |7~ Hule = 0.
sn k—+oco J gn

__ 2
where 7 = 57—
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This proves that u € S,. Hence u is a solution of (4.4) with u € Sy, . Since such
a solution is unique, see Edmunds—Fortunato—Janelli [25] and Lions [37], we have
u = 1 and this concludes the proof. O

Lemma 4.6. (uy) is bounded in L>(S™).

Proof. For ky € N, let
Qg = {2z € S"| |Jup(z)] <2 forallk > ko}.
Since u, — 1 in L* (S™) it is clear that |S™\Q,| = measure(S™\Qk,) — 0 as

ko — +00. We can write

2
(Ah + %) U = bk|uk|q’°_2 + wg ,

= _— _— — _— 1 n
g (( ak T T w) Tz ) e

A 2 d,
T ((M) g2 + (C_n — _)> ug - Lo, -
ag 4 ag

According to Lemmas 4.1 and 4.4, there exists a constant C' > 0 depending only
on n such that Vk € N

[brllc < € and  [wglleo < C, (4.5)

where

and
bur %2 s < C(luk — 1lpn + [S™\Quy | + S\ Qo] = ) . (4.6)

Using (4.5), the fact that up, — 1 in ¥ (S™) as k — +4oo and the fact that
[S™\ Q| — 0 as kg — +o0, it follows that

ku|uk|q’°_2||% —0ask— +o00.

Then, according to Proposition 3.1, Remark 3.1 and (4.5), there exists a constant
C depending only on n such that for all & large

[ulloo < C.

This concludes the proof of the lemma. O
Lemma 4.7. |lug — 1]joc = 0(1) as k — +oo.

Proof. Fix n > 0 and for ko € N, let
O, ={x €S| |Jug(z) = 1| <n forall k > ko}.

As in the proof of the previous lemma, [S"\Qy,| — 0 as kg — +00. We have

Ccn\ 2
(Ah—l- ?> (uk — 1) = bk(uk — 1) + wy,
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My + Ay 2 ¢ dn
b= (P Yot (3 ) 1o
M+ A _ 2 d,
wp = ((’“7’“5’“> g2 + (— - —)) (ux — 1)1a,,
ag 4 ag

A d,
N ((Mk+ kEk) |uk|qk2__) .
ak ak

As before there exists C > 0 depending only on n such that for all k € N

where

S

[billoe < C and Juglloo < C,
[be]l2 < CIS™\ Qg |7 -

Consider 6> given by Remark 3.1, and s > %; since [S"\Qy,| — 0 as kg — +o0,

using Remark 3.2, there exists C, depending only on n, and there exists k; such
that for all k > k;
ur = 1ljoo < Cllwels -

Clearly, using Lemma 4.6 and the fact that up — 1 almost everywhere, there exists
ko € N such that for all & > ks

Jwkls < Cn,
where C is independent of k and 1. Then we have the lemma. O

We can now prove Theorem 4.1.

Proof of Theorem 4.1. We write up = 1 + ay + hgx + Ui where o € R, hy € H
and where Uy is orthogonal to R @ H. Clearly,

E,, [ug] > d, + ag <][ (Ahlllk)2 + cn][ |V\IJk|2> + 2ad, + dn][ \I’i
n Sn

n

We want to estimate ay. For this, we know that (using Lemma 4.7)

1
2
0:][ (1+Otk+hk+\:[’k)qkhk:qk][ hi—i—o(l)ak <][ hi)

o ht+o() <][ hi) : <][ mi) :

and this implies, since o, < 0 (recall that uy € Sy )

hi =o(1) (a% +][ \I/%) .
S’IL n
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Secondly, we have

-1
12][ (1+ak+hk+\1/k)qk:1+Qkak+%ai

—1
+ 7%(%2 )][ T2 +o(1)aj + o(l)][ v,
and this gives (using Lemma 4.5 to see that aj — 0)

-1
ak:—qk2 ][ \Ifi+o(1)][ 2.

Now, using the Courant—Fischer characterization of the eigenvalues and
Theorem 2.2

Eo, [ux] > dn + ag <][ C(AnT)? + cn][ | |V\I/k|2> — (dnlgr —2) + 0(1))][ 15
2 8dn
>dp+ [4n+1)°+2¢,(n+1) — 1
n—

n

+(ag — )(n+1)(4(n+1) + 2¢, + 0(1)>][ 2

1
> dn+§(n3+6n2+8n+ﬂk)][ w2

where O — 0 when k goes to +o00. This implies that for k large
Eak [uk] 2 dn
and this proves that Ja, < 1 and gy < 2% so that
o 9 (fen (Bnw)? + s Y“'Q) tdnfn Kolwn™
{uesq,u;aéo} (f n u|q)§

for all go < ¢ < 2%. It remains to prove that this is also true for ¢ = 2%. Denote

an (fgn (Anw)? + cnfsa [Vul?) + dn f5,u?
{u€S,4 u0} (fun [ul?) =

Mg# -

and consider € > 0; then there exists u € Sy# such that J, o#[u] < My# +e. Since
q 2
i, (£ )" = (fwe) "
q—2%# sn sn

_a
Ko_lwn m < limsup Ja, g[u] = J,, o [u] < Mas +¢,
q—2%

it is clear that

_a
and then K Ywon ™ < Mays. This concludes the proof of the theorem. |
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5. Basic Estimates

Given P € S™ and t € [1;+00) let ¢p; be the conformal transformation on S™

defined in Sec. 1. For brevity we will denote ¢p: as ¢, and fp: = foppt as fp.
n—4

We set Tyu = (uo@)|detdp| =z . Clearly, pp+ acts on the set of conformal metrics

g= wn=ih by
4
P19 = (Typp,u)"7h.
Consequently, equation (E) is transformed by ¢p+ into

n — 4 n4+4

(f © ‘PP,t)(TcpP,tu) nod

A%z (Tcpp,tu) + CnAh(Twp,t“) +d, (Tcpp,tu) =

Roughly, by means of the improved Sobolev inequality in Theorem 4.1, for f close
E1 [u]

—— constrained on Sy,
(Fon Folul2?)2#

to a constant, it is possible to find minima of

leading to solutions of

” n—4 #_
(5,) Pru= (S5 = Aty ) 1"

where A, is a Lagrange multiplier. Using this finite dimensional reduction, solving
problem (E) amounts to finding pg for which A,, = 0. The same kind of strategy
has been used by Chang—Yang [19].

Let t > 1 and P € S™. Considering f, and 2 < ¢ < 2%, we define
Eq[u];

inf
{u€Sql fon fplula=1}

it is now classical that for ¢ < 2% there exist u, € C*°(S") N S,, A, € RT and
& € H, ||&4]lco = 1, which satisfy the equation

A%“q + enApug + dpug = (Mg fp — Aqfq)|uq|q72uq .

Clearly (u,) is bounded in H2Z(S") and it follows that (u,) converges weakly in
HZ(S™) to some 4, € H2(S™) satisfying

~ ~ ~ AL ~ #_9
Ai“p + cnAptly + dpiiy = (Mp fp — Apfp)|up|2 2“10;

where Ap € RT and ép € H, HépHoo = 1. We claim that 4, is not identically 0,
and that @, € Sy#. The proof of this fact relies on the following claim: if 5 =

If = wHo@ is small enough (this smallness being independent of ¢ and P),
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then (ugq)q is bounded in L (S™). To show this, one can prove that

1) ][ (Anug)® + cn][sn Vugl2 = O(|fp — F(P)lo)

[ (%;)4))_ = O(lf, ~ F(P)]l);

B n(n? — 4) =
w (")
(3) (Ag) is bounded

reasoning as in Lemmas 5.2, 5.3 and 5.4.

Up to a subsequence, (uq), converges to some 4, almost everywhere and (ugq)q
is bounded in L (S™). It follows easily that (u,) converges to 4, in L2 (S™), where
Up Z 0, Uy € So# and U, realizes Mox.

Regarding equation (E,), we provide uniform estimates on the solutions wu,,
uniform with respect to p. These estimates will be needed later to study the reduced
finite dimensional problem.

2

2) = O(fp = F(P)loo) ;

H3

Lemma 5.1. Denote
M, = inf Ey[u].
{uGSQ# |JC§7L fp‘u|2#:1}
Then for € > 0 small enough, if f satisfies
<e,

-2

there exist u, € C°(S") N Syx with f,up >0, Ay € RT and &, € H, [|&]|0 = 1,
which satisfy the equation

oo

-4

n #_
Ai“p + cnApup + dpuy = (Tfp - Apfp) |up|2 2“1)’ (5.1)

Furthermore, (uy), is bounded in H3(S™) and we have

—4 o —5&
" 2 ( S fp|up|2#> = Mp S dn (][ fp> . (52)

Proof. As we have just seen, there exist @, € C*(S")NSy%, A, € Rt and £, € H,
l€pllcc = 1, which satisfy the equation
~ N N NSRS #_9
A%up + enAntp + dplp = (Mp fp — Apfp)|“p|2 2“17 .

Hence, by a simple renormalization there exist u, € C*°(S") N Sy# with JCS" up > 0,
A, € RT and &, € H, ||&,]|cc = 1, which satisfy equation (5.1). Clearly, with this
renormalization it is ”T_‘l(fsn fp|up|2#)% = M,,. Moreover, we have

<f8f>_] ~d, (][Sf)_ | 653

Mp§E1
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Now, using the estimate (fs, Folup|2)n < 2 dn(fsn fp)72i#, it is clear that for e

n
small enough, (u,) is bounded in L2”(S™). Since

n—4 #
fo @ tonf (VuPrdf =22 gk,
n Sn Sn

Sn

(up)p is also bounded in HZ(S™). This concludes the proof of Lemma 5.1. |

Lemma 5.2. The following estimates hold, uniformly in p
@2+ enf 1Vl =015, — £(P))s

1o (%) = O(lfy — F(P)l)-

Proof. We have by (5.2)

n—4 " 2 \i' n
B [up)] B ][S' fp|up|2 :<n—4) M M,

2 E o ~aF
<(322) M (fn) "

2
w?)# < an(fon (Anup)? +

By Theorem 4.1 applied with ¢ = 2%, dn(fgn
Cn fgn | Vup|?) + dn fg,ul. Tt follows that

(=) (f @ e 1Vul)
(2w (fn) T w (s fsene)”
( o N

IN
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V| =

With some computations using Lemma 5.1, we get fg, (Apup)? + cnfsn

O([lfp = f(P)ll0)- Now

s (55 () )

= O(lfp = F(P)lloo) -

On the other hand, by Theorem 2.1, (1.3), (2.1) and our renormalization

2 EI # #
(:2) M=l = d(f )

= (1P F (O =l + £ o) i

= du(f(P)) " 3# (mnn#m»un(ﬁ) M§>2 ,

f(P)|lo), and thus we obtain

w3

It follows that M, > dn(f(P))" 3% + O(||f, —
2 n(n2 —4) =
- === = — F(P)|lso) -
fou- (" O(lfy ~ F(P)])
This concludes the proof of Lemma 5.2.

Lemma 5.3. There holds
w (n(n2 —4))%4
? 8f(P)
n(n2*4))%|2 -

Proof. According to Lemma 5.2, it remains to prove that fSn lup— (=5 (D) =

O(llfp -
O(llfp -

2

= O(llfp = F(P)llsc) -

H3

(P)|oc). We already know from Lemma 5.2 that fg,u2 — (”é??;;l))% =

(P)|loo); using the Sobolev—Poincaré inequality, we have

1
3
||Up||2_H Up Up — Up SC( |Vup|2) )
[ on 5 [ 5 [ o
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and since f,u, >0

—c<][ |Vup|2) +<][ uf,) g][ upg()(][ |VU,,|2) +<][ uf,) :

Hence,

) n(n? — 5 N
~llty - 1Pk < f - (M) < Clh - 1P

Using once again the Sobolev—Poincaré inequality, it is

F o ()™ (f o (2222) )
< C(f nIVupIQ)% 7

and this implies

f.

1
n—4,2\ 2

v ()

<C <][ n|vup|2)%
fom- (n;7}2<;>4))”84

f - (%)_ 2= 0(fy ~ F(P)]c).

This concludes the proof of Lemma 5.3. O

+

It follows that

Lemma 5.4. (Ap), is bounded.

Proof. We have, multiplying (5.1) by u,&, and integrating,

# n—4 #
f e ="l 6 f Gl -] [Vule,

n2 n 9
_ <7 — Cn§ +dn> ][Snupfp,

and (up) is bounded in H3(S™); so, as in the proof of Lemma 4.4, we obtain the

lemma. O

Lemma 5.5. (up), is bounded in L>(S™).
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Proof. Consider for p = %P €B

up@)_(%)"“ }

According to Lemma 5.3, [S"\Q,| — 0 uniformly in p as ey — 0. Now, we write

Q, = {xES"|

cn )\ 2
(Ah + ?> Up = bpuy + wp

= () (1 (M7

Using Lemmas 5.3 and 5.4, we have

|mgsc(

where

S | )

< C(Ify — FP) 2 + |1 — F(P)

where C' is independent of p. It follows, using Remark 3.1 and Proposition 3.1, since
b, € L>(S™) and [S™\Qp| — 0 as e; — 0 uniformly in p, that for e small enough,
we have for all p € B

Up —

2
n
00 )

[uplloo < Cllwplloo ,
where C is independent of p. Thanks to Lemma 5.4 (wp) is bounded in L*>(S™)

uniformly in p. This concludes the proof of the lemma. |

Remark 5.1. From the previous lemma, the proof of Lemma 5.2, and the proof
of Lemma 5.3, we can deduce the following estimate

v ()

Lemma 5.6. There holds

=O(lfp = F(P)]1)-

H3

Ap = O(llfp = F(P)lloo) -

Proof. From Theorem 1.1, we deduce

# n—4 #
Mof Ve P = T (V8 Ve
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Writing

][ (V fpy VER > = ][ (V(fp — f(P)), VEN up|>*
Sn n
= n][ ”(fp - f(P))£p|up|2#

#_
2 (o= P (T, Ve
and using Holder inequality, Lemmas 5.3 and 5.5, we get
#
Mf 196 Pl = 0Ulfy = £(P)l).

So, as in the proof of Lemma 4.4, we derive Lemma 5.6.

Lemma 5.7. There holds

(n(n2 —4) > N

Up — |
8f(P)

Proof. Consider for C' large, and for p € B

According to Lemma 5.3, [S"\Q,| — 0 as C' — +oo uniformly in p. We have

=O0(Ifp = F(P)loo) -

C2

Q, = {xES”|

<Cllfp— f(P)Iloo} .

397

(o5 (oo (577 ) (o (7))o 0

n—4 #_ c2
bp = < 5 fp|up|2 2 _ dn + Zn) lgn\gp 5

—_4 2 2_4 %
Wp = (n D) fp|up|2#_2 —d, + %) (’LL;D - <n(87}(P> )) )

#_
x1lq, — Ap5p|up|2 2“1)

n—4 #_ n(n? —4) =
+< 5 Folup|? 2_dn) (78f(P) ) )

we clearly get, using Lemma 5.5 (C; being independent of p)

16l 3 < CaIS™\Q | .
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It follows that for C' large enough (independent of p), [|bpl[= < 0°° for all p €
B (here §*° is given by Remark 3.1). From this we deduce, using Remark 3.2,
Proposition 3.1, Lemma 5.5, Lemma 5.6 and (5.4), that for all p € B

o ()

where C} is independent of p. Then using (5.4) and (5.5), it easily follows that for

alpe B
n(n? — 4) s
. ( 87(P) )

where C is independent of p. This concludes the proof of the lemma. |

< Cllwpllz < Cullfp = F(P)lloo (5.5)

o

< Ollfp = f(P)llos
C2

Remark 5.2. It follows from the previous lemma that if || f, — f(P)|lco is small
enough (this smallness being independent of ¢t and P), u, > 0 on S™. So, if for some
to it is Ay, = 0, this gives rise, according to our transformation rules, to a positive
solution of the original equation (E).

6. Continuous Dependence on the Parameter

In this section we prove that, given p € B, p = (P,t), the function u, = up,
given by Lemma 5.1 is uniquely determined and that u,, as well as the Lagrange
multiplier A,, vary continuously in B. For p = %P, P € S™, we consider the
functional

_ fSn(AhU)Z + CnfS” |VU|2 + dnfgnu’2

jp[u] 2
(fon folul®®)2#

?

where f, stands for fp:, and we let

M, = inf J,u].

UES, 4

n(n?—4

Proposition 6.1. Fore; = || f — ( S )||oo sufficiently small, the functional J,
has a unique minimum w, in the class Sg#. The map p — up is continuous from B
into Spy.

Proof. To verify the uniqueness assertion, and thanks to the homogeneity of the
functional, we assume that there exists p € B for which jp has two distinct minima
in {u € Sy# such that f, fp|u|2# =1}, up and uy. According to Remark 5.2 we can
choose €5 small enough such that ug and u; are positive. For convenience reason,
by a simple renormalization, (and without loss of generality) we assume that ug
and uj are solutions respectively of

n—4 #_ #_
AFug + e Apug + dnug = Tfpu?) U — Aoboud !
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and

n—4 o _1 o# _1
T pUq _Alglul )
where Ag, A1 € RT, &, & € H, ||€0lloo = [[€1]loo = 1. We set, for A € [0;1],

ui# = )\u%# +(1- )\)u%#

A%ul + ¢, Apul + dpur =

For each A there holds

1 [ o#, % #
:2—#’“; (g —ul");

iy = —(2% — D)u; H(un)?.

Also, differentiating with respect to A, we deduce

Uy

uy € Sop = u?\#fluxf =0 forall £ € H.
Sn

Hence, by Holder’s inequality and Lemma 5.7, for all £ € H

= A n(n? —4) = #_1\ .
fime= \f () o

n(nt 1)) "
(")
= O(ey)l[dxll2]I€x]]2 -

Decomposing uy into ay + Uy + &y, where a, € R, &, is the orthogonal projection
of %) onto H and ¥, is orthogonal to R & Hl, we have

][ Vi |* =][ (VT2 +][ [VEA? +2][ VU,\VEr =][ NA2\E +n][ 3¢
S’n, Sn Sn S’n, Sn Sn
On the other hand
][ |Vﬂ)\|2 :][ ﬂA(A\I/A +n§>\) = ][ |V‘I’)\|2 +n Extly -
Sn n Sn

S’n,

Taking into account that fg,uxéx = O(ey)||tall2]|éx]l2, it is

£ & =0l

It follows, from the Courant—Fischer characterization of the eigenvalues and from
Theorem 2.2, that

][ (AR T2 + cn][ IVOA? > (4(n+ 1) + en2(n + 1))][ ». (6.1)
Moreover, setting fy = w, we have the following estimates. By Lemma 5.3
# # #
= Gt el = pO0E: (62

#
from f,, fyui = constant we deduce

foud "My =0; (6.3)
S’n,
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and using Lemmas 5.3 and 5.7,

n—4
fo @ e Wulrdf =" h0406): 64)

# _ #
fpul 203 —][ (fp — fo)ux 2 03 + fous 4
S!L n

S?L

~ha+0e) (£, i) (6.5)

We have also
—_2 _1q

d?J,[u] - (o, W) =2 2#) 7
Jp[u] (@7 ) - ] fpu
" {][ (fpu2#>' (][ AppApY + Cn][ VeV + dn][ ‘P‘I’)
Sn Nigd Sn Sn
-2 < fo u?’ - 1\1/) < Aulp + cn][ VuVp +d, uap)
sn sn sn
—2 ( fu2 e > ( AuAY + ¢, ][ VuVV + d, u\I/)
sn sn -
— (2% 1) <][ (Apu)? + cn][ |Vu|* + d, u2>
n n sn
X < fpu2#2<p\ll)
S?L
2 2 2 2
+ +1 (Apu) +cenf |Vul*+dnt u
2# on
# # # -1
() () )}

It is clear, using the Sobolev inequality, that u — D?J,[u](-, ) is a continuous map
from HZ(S") to L(H3Z(S") x H3(S"),R). Clearly

2

Y

and moreover from (6.2)—(6.5) we have

Tp[un] = & Jplun] - (ix, @2) + dJp[un] - ix

_2 _1q

T [un] - (i, i) = 2 <][ ,LfP“§#> =

X {(1 + ()(sf))fo][Sn(Ahm)2 + (14 O(Ef))focn][gn |V |2
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Fdafoll - (2%~ 1) f

n

ad(1+ O(Ef))}

—9 (fSn’fpui#)gil fo(1+0(gy))

X {][ W(Ahl},)\)2 + Cn][Sn|V”L'L)\|2 — %dn][ nu?\} s

and

de[uA] Sy =2 <][ fpu)\ ) X { ApuyApity + Cn][ Vu Viiy
n Sn n

+dn][ upliy — <][ (Apuyr)? + Cn][ |Vuy|? + dn][ Ui)
n n Sn Sn

# £\ 71
X . fpui iy (][ fp“i ) }

One can check with some straightforward computations and using Lemma 5.7, that

= . o# _QL# Ui
de[u,\] Sy =2 (][ frux ) (1 — 2#) ApurAp | =2
n sn U)\
.2 .2
+cCn VuV U + dn][ ’LL)\ﬂ
sn U) 3 Ux
— <][ (Apuy)? + cn][ |Vux|? + d, ui)
n n sn
~1
Sanlf ) )
S’!L "
= O({-:f) (][ (Ahﬂ)\)Q +][ |V7:L>\|2 +][ ui) .
n Sn Sn

It follows that

j—;jp[ux] =2 (][ foui >_2i#_1f0(1+0(5f))

. . 8 .
X {][ (Ahu,\)2+cn][ |Vu>\|2 — mdn . u?\}

+0(ey) {][ (Anin)? + c][ Vi + ][ ui}
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-2 1
o oF
—2({ &) 7 sa+oe)
2 2 8dy, 2
X (ARTN)° +cnf |VULNF— —=+4 T3
n n—4)gn
8d, .
- e} + 0 uA}

+0(e5) {][ (B + c][ (Vi + ][ ui} C(6:6)

Independently, we have

2% 1 . 2% —1 2% 1 2% —1
0= fpuA ux = prA Wy + fpuA &+ an prA ,
Sn Sn Sn Sn

and it follows using Holder’s inequality and Lemma 5.7, that

a3 < ][ U3+ O(ef)][ u3 . (6.7)

We deduce from Lemma 5.7 and (6.1), (6.6) and (6.7),

2 n3 —

O Tolus] > On) (1 - (%) 4 O(Ef)) ][ .

Then, if ¥} is not identically 0, j—;Jp [ua] > 0 and this can not occur since ug and
uy are both minima. It follows that ¥} is identically 0. Using (6.7) we then get
SELEAT IS

n

| d=atroenf i@,

Let us observe that, reasoning as above, one can prove that d2jp [up] is positive
definite on the tangent space of the constraint Sy#, so using the Implicit Func-
tions theorem, it follows that p — w, is continuous. This concludes the proof of
Proposition 6.1. O

this is impossible since

unless ug = u1.

7. Comparison of the Maps A and G

Consider the map A : B — R. We can associate to this map the folowing map
A : B — R""! consisting in the components of A,¢, in the basis £&. Namely, in the
basis € of H we can write

n+1

Apgp = Z Aigi ’
i=1
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and then
A=A, s Apsa).

In this section we prove that A has the same degree as the map G defined in the
introduction. We set

Cislp) = | (96,980

A0 = VAV

We observe that, since u, is close to 1 by Lemma 5.7, for ¢ small, (C; ;(p)) is
a positive definite matrix. Therefore the Kazdan—Warner condition can be rewrit-
ten as

A(p) = C(p) "' Alp).
It follows immediately that A is continuous (using Proposition 6.1) and

Lemma 7.1.

(i) A(p) =0 Alp) =0;
(i1) deg(A|{(P,t),t <to},0) =deg(A|{(P,t),t < to},0) for all to > 1.

Now consider (using the notation of the introduction)

AP = [ (V7 oer), VO
Ci(P.t) = n (%) ! ][ (fowpE=n (%) ! G(Pt).

(this means that the components of A(P,t) are fg,(V(f o ¢p:), V&)uz#, for i =
1,...,n+1). We choose ¢ sufficiently small so that the error term in f(y) = f(P)+
Yohey fr(y) + O(ly|>*1) s small, say O(Jy|+!) < Cly|>*F for |y| < e. We have

A(P,t) =G (Pt)+ I+ 11,

I= n][ (fopre—f(P))E <U§# - (%)ﬁ ;

7= ][ (Foprs— FP)(VE V().

where
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We set, using stereographic coordinates, Q; = {y € R"||y| < et} and we have
IS"\Q¢| = O(%). Clearly we have

tn

][Qt (f o ors — F(P)E <u - (%;)4)) ) ‘

and

' f. o - iene, wuz#»'

< (][Qtuo opi - f(P))Q)% (][Qtw(uz#w)% .

To have further control on the error terms we point out the following estimates.

Lemma 7.2. If P is a critical point of f non degenerated of order a, we have the
following estimates

O(%) if 2a<n,

[ = s = 0(iost) ir2a=n,
1 .

O(t_") if 2a>n,

1

1
O(t—nlogt) fa=n.

# n(n? — 4) 1|7 O<tia) o<
2 <W> =0llf =P =1
2 O(t—nlogt> ifa=mn.

The proof of the first estimate of Lemma 7.2 is obtained by a simple compu-
tation, the second and the third estimates are obtained using Remark 5.1 and a
simple computation.

][S,”|Vu;o|2 =0(f, — f(P)I) =

Proposition 7.1. Assume that f is everywhere positive, uniformly non degenerated
of order at most n if n is even, and of order at most n — 1 if n is odd. Then we
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have for all P € S™ and for all t large (with the notation of this section)
G(P,t)- A(P,t) > 0.

Proposition 7.1 is a direct consequence of Lemma 7.2.

One has to notice that in the case n = 2k + 1 = «, Lemma 7.2 shows that the
corrections terms I and II may in fact be the dominant one. For this reason we
exclude this case from consideration and this accounts for the difference between the
case where the dimension of the manifold is odd and the case where this dimension
is even in the statement of Theorem 1.2.

8. Proof of Theorem 1.2 and Corollary 1.1

By a simple compactness argument and using Proposition 7.1, there exists ¢y such
that for all ¢ > ¢y

G(P,t)- A(P,t) > 0.
Then, for 0 <r <1,
deg(rG(P,t) + (1 — r)A(P,t),{p|t < to0) = constant.
It follows that, using Lemma 7.1 and under the notation of Sec. 7

deg(A(p), {plt < to},0) = deg(A(p), {plt < to},0) = deg(G(p), {plt < to},0) #0.

Hence, there exists p € B such that A(p) = 0. This concludes the proof of
Theorem 1.2. O

In order to show Corollary 1.1, we recall the formulas for the stereographic
projection: the point (z,7,.1) € S® C R"*! is projected through the north pole on
the point y € R™ by the following formulas

2y ly]* -1
_ . _ 1 8.1
x |y|2 T 1 ) Tn+1 |y|2 T 1 ( )

Consider the stereographic projection mp : S* — R™ through the point —P, and
define f : R™ — R in the following way

) = f(p' ().

Then, using (8.1) one can prove that

~ 2
G(Pt) = ][ nf (%) (1+ Jy|2)~(+D) (1 —$|,y|2> dy .

Here the quantity (1f|74y|2)dy is considered as an (n+ 1)-tuple. Hence expanding the

above expression in powers of %, one finds

a1V f(P)
G(Pt) =

[ = o=
4

o]
7N
Wl =
N—

aAf(P)

[ V)

t



406 Z. Djadli, A. Malchiodi €& M. O. Ahmedou

where a; and as are non-zero coefficients given by

2 o 2 o
alz—][ (1 + yf2) =D, a2=—][ (2 = [yl + )™+ |
n sn n sn

and where 0(%2) is uniform in P. So under the assumptions of the corollary, we
deduce that f is uniformly non degenerated of order 2. Moreover, the arguments of
Chang—Gursky—Yang [14] show that under the condition

(—1)™PD) o -1,
PeS”|Vf(P)=0 and A, f(P)>0

the degree is different from zero. This concludes the proof of Corollary 1.1. O
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