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Abstract

In this paper we perform a fine blow up analysis for a fourth order elliptic equation
involving critical Sobolev exponent, related to the prescription of some conformal
invariant on the standard sphere (S™, h). We derive from this analysis some a priori
estimates in dimension 5 and 6. On S® these a priori estimates, combined with the
perturbation result in the first part of the present work, allow us to obtain some
existence result using a continuity method. On S® we prove the existence of at
least one solution when an index formula associated to this conformal invariant is
different from zero.
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1 Introduction

Let (M, g) be a smooth 4-dimensional Riemmanian manifold, and consider the following
fourth order operator, introduced by Paneitz [34]

2
Plo = Nl — div, (§Scalgg - 2Ricg) de,

where Scal, and Ric, denote the scalar curvature and the Ricci curvature of (M*, g) re-
spectively. Origi-nally this operator was introduced for physical motivations and has many
applications in mathematical physics, see [23], [35], [1] and [26]. Moreover the Paneitz
operator enjoys many geometric properties, in particular it is conformally invariant, and
can be seen as a natural extension of the Laplace-Beltrami operator on 2-manifolds. Af-
ter the pioneering works by T. Branson [12], [13] and S.A. Chang and P. Yang [21], this
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operator has been the subject of many papers [14], [17], [18], [29], see also the surveys
[15] and [22]. P; has been generalized to manifolds of dimension greater than 4 by T.
Branson [13], and it is given for n > 5 by

4
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As for P;, the operator P}', n > 5, is conformally invariant; if g = goﬁ g is a conformal
metric to g, then for all ¢ € C*°(M) we have

n ntd op
Py (e) = =1 P ().
In particular, taking ¢ = 1, it is

n n—4 n, ntd
) P = " Aapett

In this paper we continue to study the problem of prescribing ) on the standard sphere
(S™ h), n > 5. By equation (1), the problem can be formulated as follows. Given
f € C*S"), we look for solutions of

n —

4 n
5 fun%?l, u>0, onS"

(P) Pu =

On the unit sphere (S™, h), n > 5, the operator P/ is coercive on the Sobolev space
H2(S™), and has the expression

P,?u:A,%u—i—anhu%—dnu,

where . 4
cn:§(n2—2n—4), dn:n n(n?* —4).

Problem (P) is the analogous, for Paneitz operator, of the so-called Scalar Curvature
Problem, to which many works are devoted, see [4], [6], [2], [8], [9], [10], [11], [20], [16],
27], [32], [30], [33], [38], and the references therein. We also refer to the monograph [5].
Our aim is to give sufficient conditions on f such that problem (P) possesses a solution.
It is easy to see that a necessary condition for solving (P) is that f has to be positive
somewhere. Moreover, there are also obstructions of Kazdan-Warner type, see [24] and
40].



In the first part of the present work, [25], we established a perturbative result, see for
a particular case Theorem 1.1 below. Before stating Theorem 1.1, we introduce some
preliminary notation following [20].

For P € S” and t € [1, +00) we denote by ¢p; the conformal map on S" defined as follows:
using stereographic coordinates with projection through the point P, we set

opi(y) =ty.

Let also G : B! — R"*! be given by

G(E ) _ L /n(f o ppale) zdo(h),

t Wn,

where w,, denotes the volume on S" with respect to its standard volume dv(h).

Theorem 1.1 There ezists £(n) > 0, depending only on n, such that (P) admits a solu-
tion for all f € C®(S™) satisfying

(ND) Ay f(q) #0  whenever Vf(q) =0,

and 2y,
’f _nn’—4) < e(n),
8 Loo(S™)

deg (G,{(P,t) € S" x (1;400),t < to},0) #0  forty large enough.

Our main goal in this second part is to perform a fine blow up analysis of equation (P)
and of its subcritical approximation. Then we take advantage of this study to derive some
compactness and non-perturbative existence results for problem (P) in lower dimensions.
In order to describe the blow up analysis we need some preliminaries.

Let 2 C R” be a bounded smooth domain, 7; > 0 satisfy lim;7; = 0, ¢; = Z—J_rj — 7; and
{fi}i € CH(Q) satisty

1
(2) T < filx) < Ay, forall z €, for all i,
1

for some positive constant A;. Consider the family of equations

n —

2

4 .
filx)ul, w; >0, Awu;>0, x€Q.
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(3) A2y, =

We recall that according to our notation



Our aim is to describe the behavior of u; when ¢ tends to infinity. It is possible to prove,
see Remark 2.8, that if {u; }; remains bounded in Lg2.(€2), then for any o € (0,1) u; — win

loc

C,2%(Q) along some subsequence. Otherwise, we say that {u;}; blows up. In the following

we adapt to this new framework the definition of isolated blow up points and isolated
simple blow up points which were introduced by R. Schoen, [37] (see also Y.Y. Li, [30]).
Let B.(z) ={y e R" : |y —z| < r}.

Definition 1.2 Suppose that {f;}; satisfy (2), and {u;}; satisfy (3). A pointy € Q is
called a blow up point for {u;}; if there exists y; — Y, such that u;(y;) — +oc.

In the sequel, if 7 is a blow up point for {u;};, writing y; — 7 we mean that, for all i, y;
is a local maximum of u; and w;(y;) — 400 as i — +o00.

Definition 1.3 Assume that y; — ¥ is a blow up point for {u;};. The point y € Q is
called an isolated blow up point if there exist 7 € (0, dist(y,02)) and C > 0 such that

— _ 4
(4) ui(y) < Cly—y| 1, forally € Be(y) NS

Let y; — ¥ be an isolated blow up point for {u;};, we define @w;(r) to be (here |0B,| is the
n — 1-dimensional volume of 0B,)

1

(5) u;(r) wi, 1€ (0,dist(y;, 0Q)),

and
4

Ui (r) = ra1w(r), e (0,dist(y;, 0Q)).

Definition 1.4 An isolated blow up point § € Q for {u;}; is called an isolated simple
blow up point if there exist some o € (0,7), independent of i, such that u;(r) has precisely
one critical point in (0, ) for large i.

The study of equation (3) has the following motivation. Taking a subcritical approxima-
tion of (P), we consider

—4 ,

(6) P}?Ui—n2 filx)vf =0, wv; >0, onS"
4

Qi:n+ -7, 7,20, 17,—0.
n—4

After performing a stereographic projection w : S — R™ through the north pole on S”,
equation (6) is transformed into

A% u;(y) = fity) Hi(y)" wi(y)®, uw; >0, onR",




where

M= (5 )(w) ) = (1 ) y=(z).

1+ [yl? 1+ yl?

One can check that, under the assumption f > 0, if v; satisfies (6) and u; is given by (7),
then it must be u; > 0, Au; > 0 on R", so we are reduced to study equation (3). Dealing
with the blow up phenomenon we will use the same terminology for both u; and v;, taking
into account the relation (7).

Our main result regarding the blow up analysis for equation (6) is the following,.

Theorem 1.5 Let n = 5,6, and assume that {f;}; is uniformly bounded in C*(S™) and
satisfy (2). If n = 6 we also assume that {f;}; is uniformly bounded in C*(S"). Let {v;};
be solutions of (6): then

vill a2y < C,

where C' is a fized constant depending on n, Ay and the C* bounds of {f;}; (and also the
C? bounds of {fi}: if n = 6). Furthermore, after passing to a subsequence, either {v;};
remains bounded in L>°(S™), or {v;}; has only isolated simple blow up points, and the
distance between any two blow up points is bounded below by some fixed positive constant.

A fundamental ingredient in the blow up analysis is a Harnack type inequality for the
above fourth order operator, proved in Lemma 2.5.

The blow up analysis can be specialized further in the case n = 5, yielding to a concen-
tration phenomenon at most at one point for sequences of solutions of (6) and also to a
compactness result for solutions of equation (P) under condition (N D).

Theorem 1.6 Let n = 5, and assume that {f;}; is uniformly bounded in C* norm and
satisfy (2). Let {v;}; be solutions of (6). Then, after passing to a subsequence, either
{vi}i is bounded in L>°(S™) or {v;}; has precisely one isolated simple blow up point.

Theorem 1.7 Let n =5 and f € C*(S°) be a positive Morse function satisfying (N D).
Then for any € > 0 and any « € (0,1) there exist positive constants C = C(f,e) and
C = C(f,e,a) such that for all jn with e < p < 1, any positive solution v of (P) with f
replaced by f, = p f+ (1 —p) % satisfies

C'<u(q) <O, forallgeS™ |vlctass) <C.
Using Theorem 1.7, we derive the following existence result.

Theorem 1.8 Under the assumptions of Theorem 1.7, assume that the following condi-
tion holds,

(8) > (—ymUm £,

z€Crit(f),Anf>0



where Crit(f) = {z € S|V f(z) = 0} and m(f,x) denotes the Morse index of f at x.
Then equation (P) has at least one solution, and the set of solutions of (P) is compact
in CH*(S9).

The above Theorem is proved using a topological degree argument, following [16]. Theo-
rem 1.1 provides the initial step of a continuity argument, while the a priori estimates in
Theorem 1.7 are used to verify the invariance of the Leray- Schauder degree as one moves
along the parameter in the continuity scheme. Let us observe that formula (8) appeared
first in [10].

In contrast with the case n = 5 where there is only one blow up point, see Theorem 1.6,
the cases n > 6 can present multiple blow up points, just as for scalar curvature problem
in dimension n > 4, see [9] [11], [30]. In order to describe our results for n = 6, we
introduce some more notation.

Given f € C?%(S°), consider
F={peS®:Vf(p) =0},
F={pes’: Vf(p)=0,2f(p) >0},
F ={peS®:Vf(p)=0,Af(p) <0},
My = {v € C*(S°) : v satisfies (P)}.

For py € S, let m,, : S® — R denote the stereographic projection with pole —pgy. In
Tpo-Stereographic coordinates, we consider the function J,, : S® — R given by

1 /1+ |y|2) 6
9 Joo(y) = = , yeRS

We note that the function J,, is singular at py and is a multiple of the Green’s function of
PP on S% We recall that the Green’s function for this operator with pole py is a positive
function G, satisfying P’G,, = d,,. One can check the existence of such a function
taking a multiple of J,,, the uniqueness following from the coercivity of PP, see above.
To each {p',...,p*} € F\ F~, k > 1, we associate a k x k symmetric matrix M =
M(p', ..., p*) defined by

= Ahf(l’ig)

(10) (f(pz))g J ~(pj)
M;; = —15 —2 20 i i £ ;.
! (f(p?) £(p9)) 7

9

P

Let p = p(p',...,p") denote the least eigenvalue of M. In particular, when k = 1 it is

Ahf(pl).
(f(p))?

6

p(p') =



It has been first pointed out by A. Bahri, [8], see also [10], that when the interaction
between different bubbles is of the same order as the ‘self interaction’, the function p for a
matrix similar to that given in (10) plays a fundamental role in the theory of the critical

points at infinity. For Paneitz operator such kind of phenomenon appears when n = 6.
Define the set A to be

A = {f€C*S% : fis a positive Morse function on S® such that
Anf #0on F, and p=p(p',...,p") £0,¥p',...,p" € FT}.

Let us observe that A is open in C?(S®) and dense in the space of positive C? function
with respect to the C%2-norm. We introduce an integer valued continuous function Index
: A — N by the following formula

I )
Index(f) = —1+ E E (_1)k*1+2?=1m(f,p’1)’
k=1

p(p',...p%k ) >0,
1<y <ig << <l

where m(f, p%) denotes the Morse index of f at p%, and | = card | F*]|.
Now we state our existence and compactness result for n = 6.

Theorem 1.9 Let n = 6 and assume that f € A. Then for all o € (0,1), there exists
some constant C' depending only on mings f, || f||c2@e), ming |A, f], min{p(p',...,p") :
P ..., pF € Fr k> 2}, and there exists some constant C = C(C,«a) such that

1 ~
(11) 5 S v S C, H'UHCAL,Q(SG) S C,

for all solution v of equation (P). Furthermore, for all R > max(C, C)

(12) deg(v — (Py) "' (fv°), Og,0) = Index(f),
where .
Ogr = {U € O47a(86) : E <v <R, ||U||C4,a(86) < R} ,

and deg denotes the Leray-Schauder degree in C**(S®). As a consequence, if Index(f) # 0,
then (P) has at least one solution.

Theorem 1.9 is proved by using the following subcritical approximation of (P)

—4
(13) Plu= o 5 fu™T, u>0, on S°,

for 7 > 0 small. Using the Implicit Function Theorem, similarly to [38] and [30], we find
for any k-tuple of points p!,...,pF € F* with p(p!,...,p*) > 0 a family of solutions of
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(13) highly concentrated around these points. Differently from the scalar curvature case,
it is not immediate to check that this kind of solutions are positive: this fact is proved in
Subsection 3.4. Using the blow up analysis we prove that the only blowing up solutions of
(13) are of the above type. Then by a degree argument, using the condition Index(f) # 0,
we derive the existence of at least one solution of (P).

We organize our paper as follows. In Section 2 we provide the main local blow up analysis
for (3). In section 3 we prove a-priori estimates in Hz norm and L> norm for solutions
of equation (P) in dimensions 5 and 6. Then we derive our compactness and existence
results. In the Appendix, we provide some useful technical results.
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2 Estimates for isolated simple blow up points

In this section we study the properties of isolated simple blow up points for equation (3).
We first prove some Harnack type inequalities. In the f_ollowing, given r > 0, B, will
denote the open ball of radius r centred at 0 in R", and B, its closure.

and Al = By, \ B, Letg e L>(A,),

o’

Lemma 2.1 Foro € (0,1], let A, = B3, \ E%
and suppose u is a positive C* solution of

A*u=gu, Au>0, in Bs,.
Then there exists C' = C(n, ||g|| L~ (a,)) such that

maxu < Cu(20).

PROOF  Set £(y) = u(oy), y € Bs. It is easy to see that £ satisfies

(14) A%(y) =o' gloy)&(y), &(y) >0, A&ly) >0 y € Bs.
Set wy = &, wy = AE. Then (wq,ws) is a positive solution of the following elliptic system
(15) Awl = W2 %D Bg;

Awy = ot g(oy)w; in Bs.
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For system (15), being a cooperative elliptic one, we can use the following weak Harnack
Inequality due to Arapostathis, Ghosh and Marcus [3]

" MaXyep,\p, W1 (y) < Cmax minyegz\B% wi(y), minyEEQ\B% ws(y)
16

maxyegg\B% ws(y) < C'max minyEEQ\B% wi (y), minyEEQ\B% wa(y) ¢,

where C' = C(n, ||g|| e (4,)). On the other hand, averaging the first equation in (15), we
have -
—Awl(t) + wg(t) = 0, vVt € (0, 3],

which is equivalent to

” (1) +Wa(t) =0, Vi€ (03]

wy(t) +

Clearly, by the positivity of w; and wy and by (15), the functions w; and ws are super-
harmonic, so w; and w, are both non-negative and non-increasing. From another part,
since £ is a smooth function, w, and Wy are bounded near zero. Hence we can use the
following Lemma

Lemma 2.2 (Serrin-Zou, [39]) Let a be a positive real number and assume that y =
y(r) > 0 satisfies

J0)+ () () <0 Vi€ (0,a),
with ¢ non-negative and non-increasing on (0,a), and y bounded near 0. Then there holds
y(t) = ct?p(t) Vte (0,a),
where ¢ = c(n).
As a consequence, here, we have

wi(t) > ct?*wy(t) VYt e (0,2].

which implies that for ¢ € [,2] it is Wa(t) < ¢ w1 (t), where ¢; is a positive real constant
independent of t. Hence, using (16) and the superharmonicity of w;, we deduce

max w; < C max{ min w;(r), min Eg(r)} < C min wi(r) < Cwy(2).
Ba\By re[1/2,2] ref1/2,2] ref1/2,2]

This concludes the proof of Lemma 2.1, coming back to the original function u. =

From Lemma 2.1, we deduce the following Harnack Inequality.



Lemma 2.3 Let Q CR" and g € L®(Q), and assume that u is a C* positive solution of
Ay =gu, Au>0, onf.
Then for every ¥ CC §,there exists C' = C(n, ||g| (), 2, ') such that

max v < C min u.
e Q'

PROOF Let 7 € (0, 5dist(,09)). First we claim that there exists a constant C =

C(n, ||gl|=(a) such that for every point 2 € € there holds

(17) max u < Cu(z).
Bg (o)

Once (17) is established, the assertion follows by covering €2’ with a finite number of balls
of radius 7 starting from a minimum of v on €)’. Of course, the number of these balls can
be chosen depending only on n, 2, €Y.
Let us now prove (17). Consider the function z(y) = u(xo + y). Then it is clear that z
satisfies the assumptions of Lemma 2.1 for o € (0,7), and taking g(zo + -) instead of g.
Hence we deduce )

max 2 < C(n, |glle)) Z(20), o€ (0,7).

Recalling the definition of z, and taking into account that z is superharmonic, we have
max z < C(n,llgll ) 2(0) = C(n, [|gll (@) (o).

This implies (17). m

Remark 2.4 Let f be a C' positive function on S™, and q € [1, Z—J_rj]. Let u be a positive

solution of Pfu = fu? on S™ . It follows from Lemma 2.3 that upper bounds on u imply
also lower bounds on u.

Lemma 2.5 Let {f;}; satisfy (2), {u;}; satisfy (3), and let y; — 7 € Q be an isolated
blow up point. Then for any r € (O, %F), we have the following weak Harnack inequality

_max  wu(y) <C _ min u(y)
yEB2r(yi)\B£(yi) yEBzr(yi)\Bg(yi)

1
~ max (Aui(y)) < 5 C _ min w;i(y),
yE€Bar(yi)\ Bz (vi) r y€B2r(y:)\ B (vi)

where C' is some positive constant depending only on n, C, and sup; || fi|l L= (5.0 -
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PROOF  Set £(y) = it wi(yi +ry), y € Bs. It is easy to see that & satisfies

A% (y) = 252 filyi + ry)&(y)e y € Bs,
(18) AE >0 y € B,
0<&(y) <Cly|l y € Bs.

The first inequality follows easily from Lemma 2.3. For the second one, it is sufficient to
use the above rescaling, (16) and Lemma 2.2. =

Remark 2.6 It is clear from the proof of Lemma 2.5 that the conclusion remains true if
instead of assuming that g is an isolated blow up we only assume (4).

Proposition 2.7 Let {f;}; be bounded in C}_(Q) and satisfy (2). Let {u;}; satisfy (3),
and let y; — y € Q be an isolated blow up point for {u;};. Then, for any R; — 400 and
g; — 0%, we have, after passing to a subsequence of u; (still denoted {u;};, {y;}:, ete...),

that ‘

q;—1 4-n
ui(y:) " (Uz‘(%)_T -+yz-> — (L4 k|- ]?)=

S €i,
C4(B2r;(0))

R; Uz(yz)_q%1 —0 as i — +00,

Proor Consider

q;—1 q;—1

@) =) (w() T w4 ) Vel STui() T

Clearly
41

A () = 254 £ ()~ w4 ) ) Jal < Fui(y) T
0<&(2) <Tle| a7, Ag>0 o] < Tuilys) T,
&(0)=1, V¢&(0)=0.

It follows from Remark 2.6 and from the superharmonicity of &; that for r € (0, +00) we
have for 7 large
max &(x) < C min )51-(3:) < C&(0) =0,

2€0B,(0) 2€8B,.(0

so &; is uniformly bounded in Cf2 (R™). For every r > 1, by Remark 2.6, we also have
(19) A§<CE()<C
waxAC < SE() < C

Since the functions A¢; satisfy the equation A(AE) = fily; + ry)&l, then from LP
estimates (see e.g. [28], Theorem 9.11) and Schauder estimates (see e.g. [28], chapter 6)

11



{Ag&}; is bounded in C;%(R™). By the same reasons it follows that {&;}; is bounded in
Cioe (R™).
Hence by the Ascoli-Arzela Theorem, there exists some function & such that, after passing

to a subsequence,

gi - g il’l Cl40(:<Rn>7
AZE = 2 (limy, f(y,)) €t in R”,

Since A¢ > 0, and £ > 0, it follows from the maximum principle that £ is positive in R".
It follows from standard regularity arguments that £ is C*° in R, so the result in Lin [31]
implies that

4—n

£(z) = (1 +lim ki\xP)T.

where k? = m fi(y;). Proposition 2.7 is now proved. m

Remark 2.8 [t follows from the proof of Proposition 2.7 that, under the assumption that
{f:}i is bounded in CL_(Q), if a sequence of solutions {u;} of (3) remains bounded in

loc
o
L (), then u; converges in C))5 along a subsequence.

Since passing to subsequences does not affect our proofs, we will always choose R; — +00
first, and then ¢; (depending on R;) as small as necessary . In particular ¢; is chosen small

enough so that y; is the only critical point of u; in 0 < |y| < R; u,(yl)’qT_l, 0;(r) (defined

after formula (5)) has a unique critical point in <0, R; ui(yi)_qiT_l>, 2e; < (1+ k;R?)

|

Proposition 2.9 Let {f;}; € C} _(Bs) satisfies (2) with Q = By and

4—n
2
)

and
g;—1

wi(y:) ™" (ui(yi)iT . ‘H/i) — (1 + k|- ]2)4%

— 0.
C4(Bag, (0))

(20) IVfi(y)| < Az, Yy € By,

for some positive constant As. Assume that {u;}; satisfies (3) with Q@ = By, and let
y; — g € Q be an isolated simple blow up point for {u;};, which for some positive constant
As satisfies

(21) ly — yil i Tui(y;) < Az, Yy € Ba.

Then there exists some positive constant C = C(n, Ay, Aa, A3, 0) (0 being given in the
i—1
definition of isolated simple blow up point) such that for R; ui(yi)’qT <ly—wy| <1

(22) CMui(y) My — wil ™ < wily) < Cu(ys) ™ |y — wal

12



Furthermore there exists some biharmonic function b(y) in By such that we have, after
passing to a subsequence,

wi(ys) ui(y) — hly) = alyl"™ +b(y)  in Cpo(B1\ {0}),

where
4—n

- (hm k) 7
(2
Before proving Proposition 2.9 we need some Lemmas.

Lemma 2.10 Under the assumptions of Proposition 2.9, except for (20), there exist ; >
0,6 = O(R._4+0(1)) such that

_ — _a1
wi(y) < Cuyly;) ™™ A1 for Rywi(y) T T <y —wil <1,

where \; = (n —4 — &) (£2) — 1.

PROOF Let r; = R; ul(yl)_%, it follows from Proposition 2.7 that

i+l

23)  w(y) < Cuily) BRI, Awyly) < Cuilys) ™=

R forall ly — yi| = 7y

Let 4;(r) be defined as in (5); it follows from the definition of isolated simple blow up and
Proposition 2.7 that there exists o > 0 such that

(24) AT u;(r) is strictly decreasing for r; < r < p.

Using (23), (24) and Lemma 2.5 we have that for all r; < |y —y| < o

_4

%1 %1— a;—1 o to(l)
T u(y) < Cly —yilw T a(ly —wil) < Crf w(r )<CR :

|?J — Vi
Therefore

(25) ui(y) =0 <R74+0 ly — vi|~ 4) for all 7, < |y — vy < 0.

Now we would like to apply Lemma 4.3 with D = {r; < |y — y;| < 0}, and Ly = Ly = — A,
hin =0, hi2 =1, hyy = %5 4fz q’_l.
Take a € (0, - ) and let

o1=ly—ul" @2=A¢.

By a direct computation, taking into account (25), one can check that

—Ap1 + 2 =0;
—Apy + 2 fZ E— —a(2+a)(n—2—a)(n—4—a)+0<R 4+o(l )} ly — y;| =4+

13



for r; < |y — y;| < 0. It can be easily seen that with our choice of « it is —A g +

n—4 gi—1
sz u, <0

Now set
1=y —ul" " o= Ay
Then there holds, again by (25)

_A(pl + Yo = 0
Ayt Bt = [0 2+ 6) (1 -2 = 6) (n— 4= 5) + O (RTHD)] Jy — i,
for r; < |y—y;| < 0. So we can choose §; = O(Rf4+0(1))

; such that —A o424 fi ud ™
Now set

Vi(y) = M; 0 [y — yi| ™ + v wi(yi) ™ Jy — w7

where M; = maxpp, u;, A\; = (n —4 — (5)(‘1’_1) — 1 and 71,7 > 0. It follows from
the previous computations that we can apply Lemma 4.3 with (wq,ws) = (15, A1) and
(21, 22) = (u;, Auy) provided we show

(26) {Uz < on d({r; < |y — il < o}),

Au; <AY; on I({r; <y —uil < o}).
For this purpose we observe that for |y — y;| = o, it is ¥; > v M;, so if 43 > 1 we have
vily) =2 wily)  for [y —ui| = o
Moreover, by Lemma 2.5 there exist C' > 0 such that

rgngul < Cu(p) < C M,

so one can easily check that for some v, > 0 sufficiently large there holds
AYi(y) = Auiy)  for [y —uil = o
We observe that we have proved (26) on |y — y;| = o; forly — y;| = 74, we have
Vi(y) > Yo ui(y;) ™ T?_Méi-
But r;, = R; uz(yz)_% so, taking into account the expression of \; we derive
Yily) = ypwi(y) By for ly — gl =7

By Proposition 2.7, it turns out that u;(y) < Cu;(y;) Ri™™ for |y — ys| = 74, so it follows
that for ¢ large

Vi(y) > ui(y)  for |y —yi| = .

14



From another part, it is
AY;(y) > youi(ys) ™ (R —4+8) (24 6)ri ™% for [y —yi| =1,
so from the expression of r; and from (23) it follows that for ~5 large enough

AYi(y) = Auy(y)  for |y —yi| = s

We have now proved (26), so it is:

(27) ui(y) < vi(y)  forr <ly—w| <o

Now, since y; — ¥ is an isolated simple blow up, taking into account (24), Lemma 2.5
and inequality (27), we deduce that for r; < 0 < p it is

q;—1

o T M;

C 0" m(0) < CO"T T, (0)
< Co' (1 M; 0% 07 + yo u;(y;) MO0

IN

Since we are assuming 0 < a < ﬁ, we can choose 6 independent of ¢ such that

i 1 i
C'v o 9(171%! < 3 Q%a
and with such a choice it turns out that

This concludes the proof of the Lemma for r; < |y — y;| < o; for o < |y —y;| < 1, it is
sufficient to use Lemma 2.5. m

We recall that we have set 7; = Z—J_rj — ;.

Lemma 2.11 Under the hypotheses of Proposition 2.9 we have
T =0 (Uz‘(yi)fﬁﬂ(l)) :

and therefore
ui(y:)™ =1+ o(1).

ProoOr Applying Proposition 4.1 with » = 1 we obtain

n—4 < / Ofi g1 n—4< n n—4> 1
— rj=—ul"dr + — fiul™ dx

n—4
2(q; +1) Jop,

fiugi—‘rldo':/ B(r,z,u, Vug, Vu;, V3u;) do.
0B1

15



From (28), Lemma 2.5 and from standard elliptic estimates, one can easily deduce that

/ B(TJ T, Us, vu? v2ui7 vsul) do=0 (ui(yi)inFO(l)) ’ fl u;'thldO- =0 <ui(yi)7%+0(l)) :
0By

0B1

Moreover, using Proposition 2.7 and simple rescaling arguments we derive

j=n

df; qi+1 o ——2_40(1)
E /B T, o, ul ™ dr =0 (uz(yz) 1 ) .
Jj=1v"1

Hence it follows that
7i = O (i) 70 ) 40 (i) D) + 0 (u(y) 750 = O (wilys) 70

This concludes the proof. m

Lemma 2.12 There holds
wi(ys) ui (y) — 10o(y),

. _n . .
2 (lim; k;) ™2 w,_1 and the convergence is in the weak sense of measures.

n(n+2)

where | =

PROOF Take ¢ € C°(B;); we clearly have

/ ui(yi) uf o = wi(y:) uf o + / i (yi) u .
B B,

Bi\Br,

Using Proposition 2.7 we deduce by simple computations

(20) / i) w1 = ((0) + o(1)) wa(ys) / uf — 1(0).

By,

Moreover, by Lemma 2.10 there holds

/ (S C/ (wiy) ™ |y — gl )™
B1\Br, Bi\Br,

(30) < ORI 4 () O = o(1) wy(y) 7Y,

so the conclusion follows. m

Lemma 2.13 Let w; : By — R be defined as

wi(y) = wi(ys) Aui(y),

16



and let Hg, (w;) denote the unique function satisfying

AHBl(wi) =0 m Bl,
Hg, (w;) = w; on 0 Bj.

If we set w; = w; — Hp, (w;), then we have
w; — 1Gp,(0,2) in L'(By),

where
n—4

s o a) ()

and where G, denotes the Green’s function of A in By under Dirichlet boundary condi-
tions.

[ =

ProOOF [t is easy to prove, using Lemma 2.12 and the Green’s representation formula,
that @;(-) — [Gp,(0,-) pointwise. We will prove that w@; is bounded in W,*(B;) for
q < 7%5. Then the Lemma will follow from the Rellich compactness Theorem.

Hence we are reduced to prove that Vi, is bounded in L(B,) for all ¢ < -"5. Let

1
f € (LY(By))", ¢ > n, and consider the problem

—Av =divf in W= (By),
ve WP (By).

This problem admits a unique solution v, which satisfies

ol sy < C I8Vl 1y < € 1L sy
Moreover, since ¢’ > n, v € C%(B;) and
(31) [vllcosy < Cllvllya g,y < C 1l sy

We can split f into
f=Vuv+ fi with div f; =0;

hence we have

B

Vv - Vw, + fi-Vuy,

B1 B

B1 B

Writing [, Vv - Vi, as [ A v, we deduce , using (31) and Lemma 2.12

B

[V < C"lleosy < ClIfllpe sy)-

By

Hence by Banach-Steinhaus Theorem the sequence {w;}; is bounded in W4 for all ¢ <
—=. This concludes the proof. m
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Lemma 2.14 LetI': (0,1) — R be defined by

o ([ an) ([ an)

Then, after extracting a subsequence if necessary, I'(+) is well defined and satisfies I'(t) > 0
vVt € (0,1) and I'(t) — 0 ast — 0.

PrROOF  Let w; = u;(y;) Aw,;. Since Hp, (w;) is harmonic, by the mean value property,
there holds

7 1
H, (i) = wns s / e / Hp, (w;) = w1t H; / et
Bs 0 B1\Bo Y

where we have set .
Fi = HBl (wz) .
Wp—1 0B1

In particular recalling the definition of w;, it follows that

o 1
(32) / w; = / Wi + wp1 H; / s / w; = / W; + wy—1 H; / ol
” . 0 B1\Bs Bi\B, o

Now two cases may occur: the first is sup, H; < 400, and the second is lim sup; H; = +o0.
We treat the two cases separately.

Case 1 sup, H; < +00

Taking into account (32) we have

-1 o 1
(/ ’lU,L) (/ w1> = (/ U~J1 + wn,lﬁi / T’n1> (/ UNJZ + wn,lﬁi / 7“”1)
Bs Bl\B(7 Bs 0 B1\Bs o

By Lemma 2.13 it is @; — w =[G, (0,-) > 0 in L'(B) so, since up to a subsequence
H;, — H, (o) is

o 1 -1
(o) = (/ W —|—wn1ﬁ/ r”l) (/ W —i—wnlﬁ/ 7"”1> )
B, 0 B1\Bs o

Case 2 lim sup,; H; = +o00

-1

Arguing as in the first case, taking into account the convergence of w; and the fact that
H;, — +00, we derive

() (L) =) ()

18



So in this case I'(0) is

In both the cases, the function I'(o) satisfies the required properties, hence the conclusion
follows. m

Lemma 2.15 Set v;(y) = u;(1) "' u;(y). Then there holds
vi = v(r) =ay |27+ b(x) in Ci (Bi\ {0}),

where
ap >0, v>0, bGCOO(Bl), A2b:0

PROOF It is easy to see that v; satisfies

n—4

AZUi =
2

ﬂi(l)%_lfz’(y)vqi in Bs.

(2

We observe that by Lemma 2.10, @;(1) — 0 so it follows from Lemma 2.5 and standard
elliptic estimates (we note that v;(1) = 1 as i — +o0) that {v;} converges in C} (B;\{0})
to some function v which satisfies

Av=0, v>0, Av>0 inBy)\{0}.

Moreover v must possess a singularity at 0. In fact, since we are assuming that y; — 7 is
an isolated simple blow up, it follows that also Pt o(r) is non-increasing for 0 < r < p,
which is impossible if v is regular near the origin.

It follows from Lemma 4.5 that v is of the form

v(x) =y |1:|4_" + as ]x|2_" + b(x),

where aj,a; > 0, and b € C*(By) satisfies A0 = 0. Since v is singular at 0, it is
a1+ as > 0. Using the divergence Theorem and the convergence of v; to v, we derive that
for o € (0,1)

0
limﬂi(l)_l/ Au; :/ & =wp_10a2 (N —2)+0,(1),
! By oB, OV
where 0,(1) — 0 as ¢ — 0. Using Lemma 2.14 we deduce

0 Au;
onvaa (n-2)on(1) = [~ = o By [ su-re [ s
oB, OV fBl\BS Au; i B1\Bs B1\B,
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Since Av € L'(By), letting 0 — 0 we obtain ay = 0, taking into account that I'(c) — 0
aso— 0. m

PROOF OF PROPOSITION 2.9. Let v; be as in Lemma 2.15. We prove first the inequality
(22) for |y — y;| = 1, namely we show that for some C' > 0 independent of i

(33) Ot <T(1) usly:) < C.

Multiply (3) by %;(1)~! and integrate on By, we have

0 n—4 :
y [ By [ g
34 [ maw="Haa [

where we have set, as before, v;(y) = (1) ' u;(y). Applying Lemma 2.15, we deduce
using the bi-harmonicity of b

(35)
lim —E(Avi) = / g (2a1 (4 —n)|z|* " = Ab) =2a; (n — 2) (n — 4)w,_1 > 0.
v Jop, OV oB, OV

From (34) and (35) we deduce that

(36) lim 7 (1) [ fiul =4a; (n—2)w,_, > 0.
7 By

From another part, it follows from Lemma 2.12 that

(37) lim u; (Ys) fiu =1 (li%rn fi(yi)).-

By

Hence (36) and (37) imply (33). To establish (22) for r; < |y — y;| < 1, we only need to
scale the problem and to reduce it to the case |y—y;| = 1. In fact, arguing by contradiction,
if there exists a subsequence {7, }; satisfying r; < |7; — ;| < p, and lim; u;(9;) w;(v:) |9 —
ylt = oo, set 7 = |7 — yil, wi(y) = (ﬁ)ﬁ wi(y; + 7). Then 4; satisfies all the
assumptions of Proposition 2.9 with the same constants and with 0 instead of 7. It
follows from (33) that

O*smmm(%;%)sa

T
This leads to a contradiction, so we have (22).
Next we compute the value of a. Multiplying equation (3) by u;(y;) and integrating on

By, we have
0
—o- (wily)) Aw;) =
| g maw)

It follows from the harmonicity of Ab that

n—4

uz(yz) fz ufl
By

(38)
: 0 2—n _
hzm - ~ 5 (u;(yi) Au;) = — /331 £y (2a (n—4) |yl — Ab(y)) =2a(n—4) (n—2)w,_1.
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On the other hand, by Lemma 2.12, we have

—4 _ —4
(39) lim nT w;(Yi) fiuf = i 5 lim f;(y;) L.
i B, i

It follows from (38) and (39) that

4-n
a= <1im kz> ’

The Proposition is established. m

Remark 2.16 As a consequence of Proposition 2.9 we have that Lemma 2.11 can be
refined to

7, =0 (ul(yl)_ﬁ> )

To check this it is sufficient to repeat the proof of Lemma 2.11 and to use (22).

We now state a technical Lemma, which proof is a simple consequence of Proposition 2.7,
i—1
Lemma 2.11 and Proposition 2.9. We recall that r; = R; ui(yi)_qT.

Lemma 2.17 Under the hypotheses of Proposition 2.9, we have

2s

u(y;) 3 gw 2" (1+ k|z|*)™dz+ o(1)) —n<s<n,
[ = bty = £ 0 (ol los(u(u) —

B, n
' 0 (uz(yl)fﬁ> s>n
2s
0 (ul(yz)_j> —n < s<n,
. _ 2’
[ b =20 () osu(w) 5=
Bi\B,, Con
O (ui(ys) "’4> s>,

. 2 .
where k* = (lim; k;)” = m lim; fi(y:).
Now we show that under some regularity assumptions on f;, V f;(y;) is small for ¢ large.

Lemma 2.18 Let T € (0, 0), assume that {f;}; is bounded in C*(Bx(y)), and wu; satisfy
equation (3). Let y; — 7 € Q be an isolated simple blow up point of u;. Then

IVﬁwﬂzO(m@yﬁg,
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PrRoOF Consider a cut off function n € C2°(By), satisfying

Multiplying equation (3) by 7727“1 and integrating by parts, it follows from Proposition 2.9

that

Tty = [ Awgtageg [ sy
¢+ 1 Jp, 01 BI\B, dxy 2 JpnB, 011

i 1 .
- 2 / Aui(Vn,V ((9u )> - / @ iugﬁl
Bi\By Jxq ¢+1 Bi\Bj O

= 0O (uz(yz)_Q) )

Therefore, taking into account the boundedness of {f;}; in C*(B;) and Lemma 2.17 we
have

1 qi+1% . — 1 / afZ N\ a'f’ qi+1 1 afz q;+1
q; + 1 /Bl Tluz (7:151 (yl) - ¢ i 1 B axl (yl) al‘l (y) nuz + % T 1 B 81’1 (y) Ui n

= 0 ([ =l ) +0 () = 0 () 7).

Ofs
ox k

Clearly, we can estimate ( ) (i), 2 < k <mn, in a similar way, so Lemma 2.18 follows

immediately. m
We notice that according to the above Lemma, if f; — f in C?(B(7)), then 7 is a critical
point of f.
Proposition 2.19 Assume that {u;}; satisfies equation (3) with n = 5,6, and
i) if n=">5, {fi}: is bounded in C. (Bs) ;
i) if n =6, {f;}; is bounded in C?(Bs) .
Let § be an isolated blow up point for {u;};. Then 7§ is an isolated simple blow up point.

ProoF It follows from Proposition 2.7 that 7’%4——1@-(7") has precisely one critical point
in the interval (0,7;), where r; = R; ui(yi)_qiT_l, as before. Arguing by contradiction,
suppose that 7 is not an isolated simple blow up, and let p; be the second critical point of
Tﬁﬂi(r). We know that p; > r; and, by the contradiction argument, p; — 0. Without
loss of generality, we assume that y; = 0. Set

4

a1 1
&Gy) =i wipy) |yl < o

7
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It follows from (3), the definition of isolated simple blow up and from the properties of
1; that & satisfies

A&(y) = filmy) GO* Iyl <5
(40) yl5 &(y) < As yl < -

Moreover, by our choice of y; there holds

4
rei—1¢;(r) has precisely one critical point in 0 < r < 1,

dir (r7E ) 1 =0,

where &,(r) = —Iaér\ faBr €.

It follows that 0 is an isolated simple blow up for {;};. Therefore, applying Proposition
2.9, there exist some positive constant a > 0, and some regular biharmonic function b(y)
in R™ such that

(41) &(0)&(y) — h(y) = ala|"™" +b(y)  in Cp(R"\ {0}).

We notice that h(y) is positive, and Ah(y) is non-negative.

We now claim that b = ¢, for some ¢ € R, ¢ > 0. Indeed, we have that A b(y) is bounded
from below by a fixed constant and is harmonic, so by the Liouville Theorem Ab = d,
for some d > 0. We also remark that b(y) is bounded from below. Hence, if we consider
the function I(y) = b(y) + =& |y|?, we have that I(y) is bounded from below in R" and is
harmonic so, again by the Liouville Theorem, it follows that [(y) is constant. Since b is
bounded from below, this implies that d = 0. Hence b(y) is an harmonic function in R”
bounded from below, and so it must be a constant.

The value of b can be computed as follows. Since, by our choice of p;, 1 is a critical point

of rﬁgi(r), we have that

0= hmdir (7’%4—1&(70)) lr=1 = % <rn7745(7“)> |r=1;

%

it follows immediately that
b=a>0.

Applying Propositions 2.9 and 4.1 to equation (40) we have, for any o € (0,1)

o(n—4)
2(qi +1) Jos,

n—4 afz(,uz) @+l M\ —ai—
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Multiply the above by &;(0)? and send i to infinity, we have

/ B(o,xz,h,Vh,V*h,V*h) = limgi(0)2/ B(o,1,&,VE, V26,V )
9B, ¢ 9B,

> hmfl Ao+ 1) Z/ 3f, fr) fqﬁl

Now we want to estimate the last expression.
For n = 5, we recall that we are assuming that {f;}; is uniformly bounded in C} (B3)
and so, taking into account Lemma 2.17, there holds

Ofi(pi+) 41 gitl _
(42) ;/B% fa(gi >5’%+ SCui/ 2 €17 =0 (&(0)7?).

It follows that
(43) / B(o,a,h, V1,V h, V* ) 2 Tim &(0) Z / % t) 5‘““
0Bs

For n = 6, we recall that we are assuming that {f;}; is unlformly bounded in C? (Bs);
we proceed as follows. We have, using the Taylor expansion of f; at 0

Z/ z; 6]2)%@) ggi-i-l < / y-sz( )é'qﬁ-l

Applying Lemma 2.18 we have that |V f;(0)] = O (fl( ) = ) therefore using Lemma
2.17 and the fact that p; — 0, we have

(44) / B(o,,h, Vh,V* 1, V* h) = lim&(0) Z / 8f’ ) 5‘”1
0B,

7

£ max [V / 2 €.

o’y.,b

By Corollary 4.2, we know that for ¢ > 0 sufficiently small
/ B(o,z,h,Vh,V*h,V*h) <0,
0B,

and this contradicts both (43) and (44). This concludes the proof of the Proposition. m

3 Applications

Once the local blow up analysis is performed, we can adapt to this framework the existence
arguments developed in [16] and in [30] for the scalar curvature equation. As remarked in
the Introduction, the main difference with respect to the scalar curvature problem is to
prove the positivity of the solutions involved in such a scheme. For n = 5, this is related
to the estimates in [25], while for n = 6 this is proved in Proposition 3.6. The main
ingredient of these arguments are the a priori estimates given in the next subsection.
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3.1 A priori estimates on S°,S°

Consider for n > 5 the following equation

Pro—22 f(z)v1 =0 on S™,

(45) v >0, on S,

q:Z—j—T, O§T<ﬁ.

Proposition 3.1 Suppose f € C'(S™) satisfies for some positive constant A;

SIS A forallpes
1

Then, for any 0 < ¢ < 1, R > 1, there exist some positive constants C; > 1, C7 > 1
depending on n,e, R, Ay, || fllcr such that, if v is a solution of (45) with

max v > Cq,
then there exists 1 < k = k(v) < +00 and a set

Sw)={p1,--.,ps} CS",  pi=pi(v)

such that
(Ho<r<e,
(2) p1,...,pr are local mazima of v and for each 1 < j < k, using y as some geodesic

normal coordinates centered at p;, we have

1

vo—u;(vo—‘%)_(;, ‘ .
e (b0 ) =50
and
{BR”(pj)q_‘l_l(pj)}qu are disjoint balls.
Here .
5;(y) = (1 +k;|y*) 2
is the unique solution of
n+4
A%y =234 f(pi) o)~ in R",
5;>0, §5,(0)=1, V§(0)=0 iR,

and




(3) v(p) < Cf {dz’st(p,S(v))}_qf——l forallp e S™, and dist(pi,pj)ﬁv(pj) > CF .

PrROOF This can be proved by quite standard blow up arguments, using the results of
[31], see [38]. m

Proposition 3.2 Let n = 5,6 and assume that f € C'(S™) satisfies, for some positive
constant A

1
Ay

If n = 6, we also assume that f is of class C? on S™. Then for every e > 0 and R > 1,
there exists some positive constant 6* > 0, depending on n,e, R and || f|cx (and also on
| fllcz if n =6), such that for any solution v of (45) with maxg. v > C§ we have

lpj —pi| > 0% foralll <j#1<k,
where C5, p; = p;j(v), o = pi(v) and k = k(v) are as in Proposition 3.1.

PROOF  Suppose the contrary, that is for some constants €, R, A; there exist {¢;}, {fi}
satisfying the assumptions of Proposition 3.2 and a sequence of corresponding solutions
v; such that

li i =] =0.

im min |p; — pif

7

Without loss of generality, we assume that

(46) [p1(vi) — pa(vi)| = min |pi(vi) — pu(vi)| — 0.
Since BRvi(pl)—%_—l(pl) and BRUi(pz)_%—_l(pQ) are disjoint we have by (46) v;(p1) — +o0

and v;(py) — +00.
Performing a stereographic projection with p; as the south pole and using formula (7),
equation (45) is transformed into

A?u; =252 f(x) H(z)™ uf on R™,
(47) v>0 on R",
n+4 2
Qz_ni—4_ 29 OSTSn_zL'

Let us still use po € R™ to denote the stereographic coordinates of p, € S™, and set
o; = |p2| — 0. For simplicity we assume that p, is a local maximum of u;. It is easy to
see that

(48) 0> = max { Rui(0) %, Ruy(po) 7}

S
C(n)
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Set now \

wi(y) =0 ui(oiy) |yl < o

)

It follows that w; satisfies

{A2 w; = 52 f(o;y) H(oyy)™ wi lyl < o

w; >0, Aw; >0, ‘y’ <

[y

(49)

[=

Notice that by Proposition 3.1 there holds

4 1
(50) uly) < Cilyl = forallly| < 5o

4
(51) vi(y) < Cily—po| @ forall [y —po| < o

It is not difficult to see, using (48) and the last estimates, that
wi(0) > Co,  lim; w;(|p2| ™' p2) > Co,
ly

ly — [p2| ™" p2

a 1w(y) |y’—27
( !

", y) < ly — |pa| " po| < 3.

We first show that
(52) w;(0) — 00, w;(pa|pa| ™) — oo.

If one of these sequences tends to infinity along a subsequence, say w;(0) — oo, then
0 is an isolated simple blow up. Therefore w;(|p2|~'p2) must tend to infinity along the
same subsequence, since otherwise, using (50), it is easy to prove that (w;) is uniformly
bounded near |ps|~'py along a further subsequence. In turn, using Proposition 2.9 and
the Harnack Inequality we obtain that w; tends to 0 uniformly near |ps|~'ps, which is
impossible. On the other hand if both w;(0) and w;(|p2|~*p2) stay bounded, w; will be
locally bounded and will converge in C?_ to some function having at least two critical
points, which violates the uniqueness result of C. S. Lin [31]. We thus established (52).
It then follows from Proposition 2.19 that 0 and § = lim; |ps| ™ po are both isolated
blow up points for w;. Hence by Proposition 2.19 they are indeed isolated simple blow up
points of w;.
We deduce from property (3) in Proposition 3.1, (46), Lemma 2.5 and Proposition 2.9
that there exist an at most countable set §; C R"™ such that

min{|jz —y| : z,y e Si} > 1,
lim w;(0) wi(y) = h*(y) in Gy

loc
)

h*(y) >0, Ah*(y) >0, A’h*(y)=0 yeR"\S,

(R*"\ &),

27



and h*(y) must be singular at 0 and at p = lim; [ps| ™' po (0,p € Si). Hence for some
positive constants a; and as it is

(53) W (y) =alyl"™ +aly =g + " (y) y € R"\ {8\ {0.7}},
where b*(y) : R™ \ {S; \ {0,7}} satisfies
A?b*(y) =0, liminfb*(y) >0, lim inf Ab*(y) > 0.

|y|—+o0 ly|—-+o0

The maximum principle, applied first to Ab*(y) and then to b*(y), yields b*(y) > 0 in
R™\ {S1 \ {0,p}}. Hence the conclusion follows from (53), reasoning as in the proof of
Proposition 2.19. m

PROOF OF THEOREM 1.5 Proposition 3.2 and statement (3) in Proposition 3.1 imply
that the blow up points are in finite number and are isolated. Hence by Proposition
2.19 they are also isolated simple. Then the conclusion follows from Proposition 2.7 and
Lemma 2.17. m

3.2 Existence and compactness results on S°

This subsection is devoted to the proof of our existence and compactness results on S°.
The first ingredient is the fact that there is at most one blow up point; this is the content
of Theorem 1.6.

PROOF OF THEOREM 1.6 Assume the contrary, namely that {v;} has p', p* € S*, p! # p?
as blow up points. Let p} — p', p? — p? be local maxima of v; as before. Without loss of
generality, we may assume that p* # —p!. We make a stereographic projection with p}
being the south pole. In the stereographic coordinates, it is p; = 0 and we still use the
notation p?, p? for the projection of those points. According to (7), equation (6) becomes

n —

2 : fily) Hi(y)" ui(y)*  in R™.

A? ui(y) =

As before we can assume that p? is a local maximum of u;. We recall that, by Proposition
3.2, the number of blow up points is bounded by some constant independent of . There-
fore, reasoning as above, there exist some finite set Sy C R”, 0,p? € Sy, some constants
ai, A > 0 and some function h(y) € C*(R™\ Sy) such that

limu; (0) wi(y) = h(y) ~ in Cpoo(R™\ S),

h(y) = a1 ly|* ™ + A+ O(ly|) for y close to 0.
It follows from the proof of Proposition 2.19 that for any 0 < ¢ < 1, we have

1imui(0)2/ y-V(fi H)ul = 0.
3 B,
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From Corollary 4.2 we obtain a contradiction as before. Theorem 1.6 is therefore estab-
lished. m

Theorem 3.3 Let n = 5,6, and assume that f € C?*(S") is a positive Morse function
which satisfies (ND). Let {fi}; be a sequence of Morse functions converging to f in
C?(S™), and let v; be a solution of (P) with f = f;. Then, after passing to a subsequence,
either v; stays bounded in L*°(S™), or has at least two blow up points.

PROOF Suppose by contradiction that v; has precisely one blow up point ¢o. Making a
stereographic projection with ¢y being the south pole, the equation is then transformed
into

n—4 n
(54) Ay, = 5 fily) ui(y)nti, u; >0, Au; >0 in R".
Here we have identified f; with its composition with the stereographic projection. We
know by Theorem 1.6 that y; — 0 is an isolated simple blow up point for u;. It follows
from Lemma 2.18 that

__2
19 i) = O (i) 7)
We can suppose without loss of generality that g is a critical point of f;: hence, from the
uniform invertibility of V2 f; in ¢y we deduce that

(55) 5 = O () 7).

Let & = lim; ui(yi)ﬁyi, and let Q(x) = (D?f(0)x,z). By means of (55), following the
computations in [30], pages 370-373, we deduce that £ and @ satisfy

(56) VQ(r +y) (1 +kl|z]*)™ =0.

R

(57) /n(z+§)VQ(:B+yi)(1+k|z\2)_” = 0.

It is easy to see that (56) and (57) contradict the hypothesis (ND). m
PROOF OF THEOREM 1.7 It is an immediate consequence of Theorems 1.6 and 3.3. m
PROOF OF THEOREM 1.8 For p € [0, 1], consider the function f, defined by

105

fuzuf+(1—u)?-

Let a € (0,1) be fixed. By Theorem 1.7, for every po €]0, 1] there exists a positive
constant C(pp) such that every positive solution v of (P) with f = f, and u > po
satisfies

(58)

<< 4,0(95) < .
Sy SV S Clpo),  Nvllosessy < C(uo)
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Using the L* estimates in [25], we can follow the arguments in [16] (Section 7) to check
that for g sufficiently small there holds

1
C'(po)

Under assumption (8), it follows that deg( [, f o ppi(z) 2, B,0) # 0, see [16].
By Theorem 1.7, u—(P}) (5 f. |u[*u) is different from zero on the boundary of {L <v< C(u)}

1
dogere (= (D (g P {

C(w)
hence, from the homotopy property of the degree, we have also

doger (w= ()G 0. { s < v = €l fL0) 20

Cp)

This concludes the proof. m

3.3 Existence and compactness results on S°

This subsection is devoted to prove the existence and compactness results on S°. Similarly
to the four dimensional case for scalar curvature, there could be solutions of (6) blowing
up at more than one point. In the following Proposition, we give necessary conditions for
solutions to blow up, and we locate their blow up points.

Proposition 3.4 Let f € C*(S%) be a positive function. Then there exists some number
6" >0, depending only on mings f and || f||c2ssy, with the following properties.
Let {q;} satisfy q; <5, i — 5, {fi}s € C*(S®) satisfy f; — f in C*(S°), v; satisfy

(59) Plvy=fo¥ v, >0 onS"
and lim sup; maxgs v; = +00. Then after passing to a subsequence, we have

i) {vi}; has only isolated simple blow up points (p',...,p*) € F\ F~ (k > 1), with
P —pt| > 6" V5 #k, and p(p',...,p*) > 0. Furthermore p',... ,p* € F*ifk > 2.

i1) Setting
A=) timi(py) (vi(p) ™, = limmoi(py)?,

where pz — p/ is the local maximum of v;, there holds

A €]0,+o0of, @ €[0,+00] Vi=1,... k.

iii) When k =1
1_ Af(p')

(f(ph)2’
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when k > 2

k
(60) ZMZJ-A,:zL?Aj,ﬂ Vi=1,...,k

=1
i) @ €0, +00[Vj = 1,...,k if and only if p(p',...,p*) > 0.

PROOF Assertion ii) follows from Proposition 2.9, Lemma 2.5 and Remark 2.16. From
another part, it follows from Proposition 3.2, Proposition 2.19 that v; has only isolated
simple blow up points p*,...,p* € F (k > 1) with [p/ —p!| > §* (j # 1) for a fixed 6* > 0.
Let p} — p! be the local maximum of v; for which v;(p}) — +o0o. Making a stereographic
projection with south pole p}, equation (59) is transformed into

A?ui(y) = fily) H" (y) uf  y € RC.

By our choice of the projection, 0 is a local maximum for all u;; moreover, it is clear that
0 is also an isolated simple blow up point. We can also suppose that none of the points
{p',...,p"} is mapped to +oo by the stereographic projection, and we still denote their
images by p',...,p". It follows from Proposition 2.9 that

(61)  wlyl)wily) — W (y) = 8V6 F() 2yl 2+ ¥ (y) in CL RO\ {p',....p"}),

where b’ is some biharmonic function in RS\ {p?, ..., p*}.
Coming back to v; we have

lim vi(p}) vi(p) = 4V6 ()72 Jpr(p) +5'(p)  in Cl(S°\ {07, 0"},

where b! is some regular function on §°\ {p?, ..., p"} satisfying Pf b = 0.
If k = 1, then b* = 0 while for k > 2, taking into account the contribution of all the poles,
we deduce that for all j =1,... kit is

) — 1 d ) ARl }
lim v (p7) vi(p) = 4 6{W+;li vi(ph) \/F(p')

where the convergence is in C}t (S®\ {p',...,p"}). In fact, subtracting all the poles from
the limit function, we obtain a regular function r : S® — R for which PP r = 0; by the
coercivity of PP on HZ(SP) it must be r = 0.

Using the last formula, we can compute the exact expression of h’(y), which is

~—

(62) hj(y) = 8\/6 f(p])_% |y|_2 + 16\/6 Zh{n v Ip (pj)

z(pg O
2 Vi T O
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Hence, using (62) and Corollary 4.2, we deduce that

()
lim B(o,z, W/, Vh V2h V3hT) = —3(2°) ws th Ul(pll)
=0 JoB, oy i Uz(pz)

Ip (1) |
FOf(7)

From another part, it follows from Propositions 4.1, 2.7 and Lemma 2.11 that, for any
0<o<1

20 Af(p) | V62" 1
—— Ws o + Ws —.

5 f) 157 /)
From the last two formulas, using the expression of y; and \;, we obtain

J(p) Anf(p) V6
—15 — g\ -\ =4 A
(Zlﬁ Fo) () >+ (o) 3"

/ B(o,z, b/, VR V*hI V3h!) =
0B

We have thus established (60); in particular when & = 1 we obtain u' = L(p;), SO we
2

fh)
have deduced ii3).

It follows that p/ € F\ F~, Vj = 1,...,k, and when k > 2, p’ € F. Furthermore,
since M;; > 0, and M;; < 0 for ¢ # j, it follows from linear algebra and the variational
characterization of the least eigenvalue that there exists some =z = (x1,...,z) # 0,
x; > 0V, such that Z?Zl My z; = pay.

Multiplying (60) by z; and summing over j, we have

V6 ,
1% Z /\jxj :Z Mlj)‘jxl :2? Z /\j[L‘j,LL] Z 0.
J Lj J
It follows that p > 0, so we have verified part 7). Part iv) follows from ¢)-iii). m

Now we perform the following construction, needed in the proof of Theorem 1.9. For
a € S®and A > 0, let v, : S® — S° be the conformal transformation defined in the
introduction, and let

dan(z) = |det d(pa)\_ﬂ%.

For all the choices of a and A, the function d,,y satisfies PPd, \ = 2447 ;. We consider the
following scalar product and norm on H3(S®) which is equivalent to the usual one, see
[24],

(o) = [ (Fruyo. Jull = (.
Set for 7 > 0 small

1 1
L(w) =3 /SG (B 420 Vuf ¢ 240 — o | FlulT e ).
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Let p',...,p" € F* be critical points of f with p(p',...,p*) > 0. For gy small, let
Voo = Voo (pt, ..., p") € RE x RE x (S%)* be defined by

“T (f?jz'))i

It follows arguing as in [8], [10], that there exists £g > 0 small, depending only on mings f,
and || f|lc2(sy, with the following property. For any u € H3(S°) satisfying for some

Ve, = {(a,)\,a) e RE x RY x (S9F :

(&, A, a) € V%o the inequality Hu — Zle @; 05, 3, H < 9, we have a unique representation

k
u = E a; Og; ), + 0,
i=1

with (o, A, a) € V., and

aéai i 85(11’ i

(‘9@1- >:<U’ 8)\Z >:O

(63) <U’ 5az‘,>\i> = <U7

Denote by E, the set of v € H2(S%) satisfying (63). It follows that in a small neigh-
borhood (independent of 7) of {Zle ;a0 ¢ (N a) € Q%o}, (a, A\, a,v) is a good
parametrization of u. For a large constant A and for a small constant vg, set
o= Epy,-ope) = {(a A a,v) € Ve X H3(S%) -
la; — pi| < /T|log 7|, A7t VT < A7 < AT, 0 € Exg, ||v]| < w0}

Without confusion, we use the same notation for

k
Y, = {u = Zoz,- dasni + 0 (a, A\ a,v) € ZT} C HZ(S%).

=1

From Proposition 3.4 and Remark 2.4, one can easily deduce the following Proposition.
We recall that we have set

On = {v e Cho(st) :

: E S v S R, ||UHC4,a(SG) S R} .

Proposition 3.5 For f € A, a €]0,1], there exist some positive constants vy << 1,
A>>1, R>>1, depending only on f such that when T > 0 is sufficiently small,

ue OrU {ET(pl,...,pk) cph o e Frop(t, . pM) > 0,k > 1},
for all u satisfying u € H*(S%), u> 0 and I’ (u) = 0.
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If f € A, we can also give sufficient conditions for the existence of positive solutions of
I' =0.

Proposition 3.6 Let f € A, vg > 0 be suitably small and A > 0 be suitably large. Then,
if pty..., € Frowith p(pt, ..., p%) >0, and if T > 0 is sufficiently small, the functional
I, has a unique critical point v in X,. In the above parametrization, we have v — 0 as
T — 0.

This function u is positive, and as a critical point of I, it is nondegenerate with Morse
index Tk — Zle m(f,p’), where m(f,p’) is the Morse index of K at p’.

PrROOF The proof of the existence and uniqueness of a non degenerate critical point is
based only on the study of I, is 3, and this can be performed as in [30], see also [11],
so we omit it here. We just remark that it uses a local inversion theorem, which can be
applied by the properties of the spectrum of the conformal laplacian on S™. Since the
spectrum of P* possesses analogous properties, see [25] Theorem 2.2, we are indeed in
the same situation from the variational point of view.

Differently from the scalar curvature case, the proof of the positivity is more involved,
and we perform it in Subsection 3.4. This difficulty arises from the fact that we cannot
use as a test function the negative part of u. m

When the number 7 is bounded from below, we have also the following compactness result
for positive solutions.

Proposition 3.7 Let f € C?(S%) be a positive function, 0 < 19 < 7 < 4 — 79. There
exist some positive constants C' and § depending only on 7o, minge f, and || f||c2 with the
following properties

i) {u € H3(S®) : w>0a.e., I'(u) =0} C Oc,

i) setting Ocs = {u € H3(S°) : Ju € O¢ such that lu — v||yz < 0}, it is I # 0 on
8(90’5, and

(64) degpyz (u — (P) " (f [ul*""u), Oc,s,0) = —1.

PROOF  Property i) is a consequence of the nonexistence results of [31] and of Remark
2.4. The fact that I. # 0 on 0O¢ is a consequence of the L™ estimates in [25], see e.g.
Lemma 4.9 there.

In fact, having uniform estimates from above and from below on the positive solutions
of I' = 0, it is possible to prove (subtracting the equations) that solutions u of Pfu =
[ |u|/*"u which are close in HZ to elements of O¢ are also L™ close. Hence they are
positive and still contained in O¢.

About the computation of the degree, consider the homotopy f; = tf + (1 — ) f*, with
f* = 2"+ 2, recall that S = {z € R” : ||z|| = 1}. It follows from the Kazdan-Warner
condition, see the Introduction, that there is no solution of (P) with f = f*. Therefore
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we only need to establish (64) for f* and 7 very small. This follows from Propositions
3.4,3.5and 3.6. m

PROOF OF THEOREM 1.9 The norm inequality in (11) follows from Theorem 1.5. Suppose
by contradiction that the second inequality is not true; then there exist solutions v;
blowing up at p',...,p" € S® and these are isolated simple blow up points. It follows
from Theorem 3.3 that k > 2: taking into account that f € A and p/ = 0 for all j
(1, = 0), we get a contradiction by Proposition 3.4 iv). Hence (11) is proved.

Using Proposition 3.5, (11) and the homotopy invariance of the Leray-Schauder degree,
we have

(65) deg(u — (P)~'(f lul"u), Ok, 0) = deg(u — (P)~"(f [ul"""u), O, 0).

By Propositions 3.5 and 3.6, for suitable values of 7, A and vy we know that the positive
solutions of I’ = 0 are either in Of or in some Y, and viceversa for all p!,... p* € F,
with p(p',...,p*) > 0, there is a nondegenerate critical point of I. in ¥, which is a
positive function. This gives a complete characterization of the positive solutions of (45)
when 7 is positive and small.

Let C' and 6 be given by Proposition 3.7. It is clear that if C' is sufficiently large and
9y is sufficiently small, then Og s C Oc¢s. By Proposition 3.6, (64) and by the excision
property of the degree, we have

(66) degH22 (U’ - (Pf?)71<f ’u|47Tu)7 OR,517 O) = Index(f).

As in the proof of Proposition 3.7, one can check that there are no critical points of I, in
Ors, \ Og, hence Theorem B.2 of [30] Part I applies and yields

(67) degpz (u — (P Hf [u|*™u), Orgs,,0) = deg(u — (P (f [ul*""u), O, 0).

Then the conclusion follows from (65), (66) and (67). The proof of Theorem 1.9 is thereby
completed. m

3.4 Positivity of the solutions

In this subsection we prove the positivity statement in Proposition 3.6. We define the
operator Ly to be Lyu = Au + 3+ u, and we consider the problem

(68) Liu=g on S",

where g € LP(S"), for some p > 1. From standard elliptic theory there exists an unique
weak solution u € HJ(S™), and moreover

(69) lullay < C(n,p) lgllp,

for some constant C'(n, p) depending only on n and p. We recall the following Proposition
from [25].
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Proposition 3.8 Let ¢ € L>*(S™), r € L*(S"), for some s > 1, and let 1 < p < Z—H.
Suppose u € H2(S") is a weak solution of the equation

(70) Liu=qluf'u+r onS"

Then for all s > 1, there exists a positive constant (3, s depending only on n and s, such
that if ||q |ul* ) < B, then u € L3(S™), and

[ulls < C(n, ) [Ir s,
where C(n, s) is a constant depending only on n and s.

We are going to prove the following Proposition.

Proposition 3.9 Let k € N, ay,...,a, € S", aq,..., 0 € (0,+00), A > 1,7 > 1, and
let f € C(S™) be a positive function. Suppose that

(71) A_ITVS/\iSAT% i=1,....k, 71€(0,7),

(72) 0 = (n 2 {0 + 0(1)) I

and suppose u is a solution of

n—4
2

1Ty on S", T € (0,7),

Plu =

f(@) |u

with
k

(73) u = Zai ain, + V7, vy — 0 dn Hy(S™) as T — 0.
i=1

Then u > 0 for T sufficiently small.

As an immediate consequence of Proposition 3.9 we have a complete proof of Proposition
3.6.

Now we come to the proof of Proposition 3.9. We are dealing with a solution u of the
equation

n_
2

4f(x) lulP~ on S",

(74) Plu =
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where p = Z—fj — 7. It is convenient to perform the conformal transformation ¢, », on S",

which induces naturally the isometry Ty, , : H5(S") — H3(S") given by

T,

n—4
Yar, U T | det pa | 27 w0 -

Setting w =T, , u, using (73) one can check that

k
U=on+ Y ;0 +7r,

1=2

where {b;}; C S", {;, — 400 and r, — 0 in H? as 7 — 0. Moreover, by the conformal
invariance of P, u is a solution of

Pru = f(pan(x)0, " |U]p_1ﬂ on S".

ai,\1

Now, writing @ = a; + w, it is sufficient to prove that
1
(75) w > —5 o, for 7 small enough.

In fact this implies that @ > 0 and hence u > 0.
By a simple computation we obtain that w satisfies

L w = ¢, (z,w(x)) in S”,

where 4
n— ., _
¢r-(2,t) = 2 F(@arn (€) 05,75, lax + ¢ Har+t) +ent —dyon,
Withp:Z—fj—T, anden:%—dn>0.

Setting f = o-(x,w(zx)), we denote by w; and wy the solutions of
Lyw = f*, Ljws=—f",

where f+ = max{f,O} and f~ = —min{f,O}. By the maximum principle, we have
wy > 0, we < 0; moreover, it is clear that wy + wy = w.
Inequality (75) is proved if we are able to show that

1
(76) wy > —5 for 7 small.

In order to do this, we set 3
E={reS": f(z) <0}

We notice that ¢, (z,0) is uniformly bounded on S™, and g—‘f(x, t) > 7 for a fixed 1 > 0,
hence we have

(77) rEZ = w(z) < C,
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where C'is a fixed constant.
Fix a small € > 0, and consider the sets

c=ZN{zeS": —e<wy; <0}, O.=ZN{reS": wy < —c}.

Lemma 3.10 Let n > 0 be a small fized positive number. The following properties hold
true

i) [Jw||Le(@.) < C, for some fived constant C ;

i1) in O, it is % < C., for some constant C. depending only on € ;

iii) HwHL%I —0as7—0;

()
w) |f| < CL+ Oy |w|z_ﬁ , for some fized positive constants Cy and Cy ;

v) for any n > 0, the function ¢.(x,t) satisfies the following properties
a) ¢-(x,0) — 0 uniformly on S™ \ B,(—a1) ,

) 16-(2, D) < [o5(2,0)| +C (Jt] + [t

nt4
n74>, for some fixed constant C' .

PROOF  Property i) follows easily from (77) and from w = w; + we > we > — > —1 in
Q). (we can suppose € € (0,1)). Property ii) follows from the inequality |ws| > € in O.:
in fact, in Z we have w; < C' + wy, and hence we deduce immediately

[w] < [w1| + [ws] < C + 2 |w,| §2+€.
|ws| |ws| |wa| £

Property i#ii) follows from (77) and (; — 4o0c. Properties iv) and v) are very easy to
check, we just notice that for v) —a) we use 6,7 — 1 uniformly on S", because of (71)
and (72). m

Before proving (76), we first show that w, tends to zero in H2(S™). From now on we write
B, for B,(—ay).
Lemma 3.11 We have

|wallgz — 0 as 7 — 0;

in particular, fited e > 0, |O.] — 0 as e — 0.

Proor We write

(78) Liws = x= f = x= x5, f + X= Xsn5, f-

38



In =N B,, we can use property iv) above, so we deduce

774274’4 n+4
nid nLJ}AL " % 2n
< (C1+ Calul ) < C (1B, + vl .
Lnta B.AZ Ln—4(5)
n

Since by iii) we have ||w||L%(:) — 0 as 7 — 0, we obtain

-

Xz XB, f|| 2o = o0n(1) +0.(1) for nand 7 small.

Ln+4

(79) |

We also have, by property v)-b)
)XEXgn\Bn f‘ <C,+C <]w[—|—|w|z_ﬁ) inZEN(S"\ B,),

and hence

n+4

2n
2n
n—4 .

on
+/ (1l + o

HXE XSs™\B, f

o <C (/ ¢+ (,0)
Lt §™M\By

Using #i7) and v)-a) we deduce

2 — 0 as7—0.
[ n+4

(80) |

X= Xsn\B,, f ’

From (79), (80) and the arbitrariness of 7 it follows that lim, o || x= f||anT7_z4 = 0. So the

Lemma is a consequence of (78), (69) and the Sobolev embeddings. m

Now we come to the conclusion, namely we prove (76). We consider the function f
separately in the three sets ©.,Q. N B, and . N (S" \ B,).
In ©. we have, using property iv)

n+4
~ nt4 1+ n—1 nt4
1f(z)] < Cy + Cy Jw|ii < C (%) lw|"i 1z € O,
‘w2’n74
So, since x € O, from i7) it follows that
(81) F(2) = ger (@) wel ™Fwy 0 O, and |g..(x)| < C.,

where C. is a positive constant depending only on e.
By (77), i) and iv), we have

(82) 1f(x)] <C z€B,NQ,

for some fixed positive constant C'.
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Moreover for = € ). it is w(x) > € hence, fixing n > 0, we have by v) — a)
(83) —h!_ < f(x) <0 ze(S"\B,) N,

where h7 _is a positive constant which tends to zero as (g,7) — 0.
Hence, taking into account (81), (82) and (83) we have

8 ~
(84) Lyws = Xe, ger () |we| 1wz + f(2),

where R
gl < Cey [f(2)] <AL+ Cxp, (7).

Now we fix a > % and s > Z—fja, so in particular it is s > a. Since wy — 0 in Hi as

7 — 0, by Lemma 3.11, it turns out that ||xe.g () |w2|% I,
apply Proposition 3.8 and we deduce that

2 — 0as7— 0. We can

(85) lwslls < Cn, ) [1f]s-

The last L® norm can be estimated as

(56) 1< ([ 02+ oxm)) <0 ().

Applying (69) to equation (84) and using the Holder inequality and the Sobolev embed-
dings we derive

n+4 ~
(87) lslloo < €, ) (Ixe, ger sl 354l + Cas 17]1)

Letp=2 Z—jrj > 1, and let p’ be the conjugate exponent of p: using the Holder inequality

we have that

1
nt4 s\? ap’' \ P o' % %
(88)  [Ixe. geur lwo| "o < <</ |wal ) (/ 19,7 p) ) < O lwa|3 [Oc] .
s =

From (87) and (88) it follows that
’ ia L/ ~
[walloo < C(n, ) CZ¥ [Jwa]|™ [Oc|=" + C(n, @) Cos || f1]s-
Hence we have by (85) and (86)
/ n = 1 n
sl < Cln.0) (€27 (W2, e+ 02) % 102137 + (A2, I + %) )

Having fixed a and s, we can now choose first 7 and then e such that C(n, s, o) ([[h2 || +7°%) <
1 aq for 7 sufficiently small. Since [©.] — 0 as 7 — 0 by Lemma 3.11, (76) follows from
the last formula. This concludes the proof.
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4 Appendix

4.1 A Pohozahev-type identity

Proposition 4.1 Letn > 5, let B, be the ball in R™ centered at 0 and with radius r, and
let p>1 and let u be a positive C* solution of

—4
(89) A2u:n2 flz)u? x € B,.
We have
n—4 Of 41 n—4 n n—4
- L d — at+l g
2(q+1)zi:/&%aa:i“ g )
n—4
e —— fuq+1da:/ B(r,z,u, Vu, V*u, V3u) do,
2(q+1) Jos, OB, ( )
where
9 5, _ n—2 du r p, ,n—4 0
B(r,z,u, Vu,V°u,Vu) = 5 Auay 2|Au| + 5 uay(Au)
0 0
+ (x,Vu>$(Au)—Auzi:xi$ui.

PrOOF Multiplying equation (89) by u we have

/ uA2udx:n;4 fuit dz,

B,

so integrating by parts we obtain

—4 ou 0
Au)de = 2 uQde—/ Au—do—l—/ u— (Au) do.
/r( ) 2 Brf 9B, 31/ 9B, 8U( )

Multiplying equation (89) by """ | x; u; we obtain

n

4 &
(90) ;/rAzu:muic&: n2 ;/Txiuifuqu.

Integrating by parts, we rewrite the right hand side of (90) as

- n r
viu; fulde = ——— [ fut™lde + —— fuitt do
;/ q+1/p, q+1Jog,
1 «— of
91 - — s —— ult dx.
(1) qH;/Brxaxiu .
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Next, one can transform the left hand side of (90) in the following way

“ 4 —n T 8u
E A0 T ws — 2 2
(92) - /T UT; U; d!E = 2 /T(Au) dl’ + 2 /8 T(Au) dO’ =+ / Au _V dO’

9] 0
_ /68 (x, Vu)— 5 (Au) dx + Z/aB,. wzg(ul) Audz.

i=1

So, putting together equations (90), (91) and (92) we obtain the result. m
It is easy to check that the boundary term enjoys the following properties
Corollary 4.2 B(r,x,u, Vu, V*u, V3u) has the following properties
i) for u(x) = |z|*™", it is
B(r,z,u,Vu, V*u,V3u) =0 for all v € 0B,,
ii) for u(x) = |x|* "+ A+a(z), where A > 0 is some positive constant and a(x) is some

C* function with «(0) = 0, then there exists some r* > 0 such that, for any r with
0 <r<r* we have

B(r,z,u, Vu, V*u, V3u) < 0 for all x € 0B,,

and
lim B(r,z,u, Vu, Vu, V?u) = —(n — 4)*(n — 2) w,_; A.

r—0 OB,

4.2 A maximum principle for elliptic systems on domains
We recall the following result, see [36] page 193.

Lemma 4.3 Let D € R™ be a bounded smooth domain, and let w(-) > 0 be a vector field

on D such that i

Lu[wu]jchWwng inD pu=1,... k,
—1

where
Z a; Z b a
= 8x18xj — axi’

where a(“)( ), bg”)(x) are uniformly bounded, aig) (x) are uniformly elliptic, and h,, > 0
for p # v. Suppose that the vector field z(x) satisfies the system of inequalities

Lu[zu]jchWz,,zO inD pu=1,... k,

v=1

and that there exists some constant M > 0 such that z < M w on 0D. Then z < M w in
D.
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4.3 Some properties of biharmonic functions

We recall the following well known Lemma, see for example [7].

Lemma 4.4 (Béicher) Suppose n > 3, ag € R, and v € C*(By \ {0}) satisfies the condi-

tions
Av =10 in By \ {0},
{v > ap |z[*™ in By \ {0}.
Then there exist a1 > ag and an harmonic function d : By — R such that
v(x) = ap |z|*" + d(z) x € By \ {0}.

Taking into account Lemma 4.4, we can prove the following analogous result regarding
the biharmonic operator.

Lemma 4.5 Suppose n > 5, and suppose v € C*(By \ {0}) satisfies the conditions
A%v =0 in By \ {0},
v>0 in By \ {0},
Av >0 in By \ {0}.
Then there exist ay, as > 0 a function b € C°°(By) with A%*b = 0 such that
v(x) = ay |z|* "+ ag 2P +b(z) w € B\ {0}.

PrROOF Set w = Aw. Then one can easily check that w satisfies the assumptions of
Lemma 4.4 with ag = 0, so there exist a3 > 0 and a function d € C*°(B;) with Ad =0
such that
w(x) = asz|z|* " +d(z) € B\ {0}
Define v : By \ {0} to be
as
—4

"= )

where A~!d denotes a classical solution of Au = d in Bj. It is easy to see that, setting
v = v — 0, there exists C' > 0 such that v satisfies

{Aa_o in B, \ {0},
7> —C o[t in By \ {0}.

2"+ Ald(z)  a e B\ {o).

Hence, applying Lemma 4.4 to 7, there exist ay > 0 and e € C*°(By) with Ae = 0 such
that
o(x) = ag |z " +e(z) in B\ {0}.
Hence the Lemma follows setting
as

_ -1
Y1) b=e+ A" d.

a] =

The proof is concluded. m
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