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ABSTRACT. We prove a Pohozaev type identity for non-linear eigenvalue equations of the Dirac operator
on Riemannian spin manifolds with boundary. As an application, we obtain that the mean curvature
H of a conformal immersion S™ — R™t1 satisfies f Ox H = 0 where X is a conformal vector field on
S™ and where the integration is carried out with respect to the Euclidean volume measure of the image.
This identity is analogous to the Kazdan-Warner obstruction that appears in the problem of prescribing
the scalar curvature on S™ inside the standard conformal class.
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Let (M, g) be a compact Riemannian manifold with a conformal vector field X. Given a function s on M,
then it is a classical question to ask whether s is the scalar curvature of a metric g conformal to g. The
determination of the set of all such functions s is still open, although several partial results are known,
in particular there are necessary conditions that s has to satisfy in order to be a scalar curvature.

On the one hand there are topological obstructions. If for example M is spin and has non-vanishing A
genus, then the scalar curvature of any metric on M has either to be negative somewhere or the Ricci
curvature vanishes everywhere on M.

However, if one fixes the conformal class [g] as described above, there are further obstructions that arise
from conformal vector fields. For example if M is S™ with the standard conformal structure, Kazdan
and Warner [KW75] derived a famous obstruction. A slightly stronger version of this obstruction due to
Bourguignon and Ezin [BE87] is described in the following theorem.

Theorem 1. Let X be a conformal vector field on the compact manifold (M,g). If s is the scalar
curvature of a metric § = u*("=2g, then

8)(5 d’Ug =0
M

2n_ . . ~
where dvg = un=2 dvg is the volume measure associated to §.

Tightly related to the Kazdan-Warner obstruction is the Pohozaev identity. Let 2 be a star-shaped open
set of R" (n € N) with smooth boundary. We denote by A = —>""" | 9;; the Laplacian on R™. Let
u € C?(Q) be a positive solution of Au = uP~! on Q with upo = 0. The vector field X = 7 | 270
is conformal. If one uses similar methods as in the proof of the Kazdan-Warner obstruction, then one
obtains the Pohozaev identity ([Po65]) which asserts that:

(-3+3) =3 [

where v resp. d, is the outer normal vector resp. the outer normal derivative on 9€2. One among many

important consequences of this inequality is that no non-trivial solutions exist if p > % Another
application is an alternative proof of the Kazdan-Warner obstructions in the case that (M, g) is the

sphere with the standard conformal structure [DR99].

In the present short article, we establish a similar identity for the classical Dirac operator D. We derive
this identity on manifolds with boundary in order to admit future Pohozaev type applications. Then,
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we will specialize to compact manifolds without boundary, where we will derive a Kazdan-Warner type
obstruction for the mean curvature of a conformal immersion S? — R3.

Our main theorem is:
Theorem 2. Let (M,g,x) be a compact Riemannian spin manifold of dimension n with boundary OM

(possibly equal to O) and with Dirac operator D. We assume that there exists a smooth spinor field ¥
which satisfies for some p > 1,

Dy =Hy[P~*p,  HeC¥(M). (2)

Furthermore, we assume that X is a conformal vector field on M. Then, we have the following Pohozaev
type identity:

_p=-2 _p=2 2
/aM<” Lxvp) =2 /aMH|w|Pg<X,v>+<1 - n) /M Al + 2 /M<aXH>|w|p

where v denotes the outward pointing normal vector along OM, and where (, ) denotes the real scalar
product on spinors.

Proof: The flow associated to the conformal vector field X will be denoted as o?. If p is in the interior
of M, then a'(p) exists for times ¢ close to 0. For any ¢ € R let f* be the conformal scaling function
of of, ie. (dat), is f'(p) times an isometry from Tp,M to The M. Let ol : XM — e M be the
spinor identification map as constructed in [Ht74, Hi86, BG92]. In particular, this map has the pointwise
properties that

o ()] =[]
and the following transformation formula for conformal changes of the metric. Let ¢ € T'(XM) be a
spinor field. For ¢ close to 0, we then define the map af, : T(XM) — I'(XM), ol (p) := alopoa™™,
where M is M without an open neighborhood of the boundary.
Then
Daly ()" 0) = k(") "# D).
Now we assume that 1) satisfies (2), and we obtain
Daly (17 0) = aly (1) Hlpl—20).
Deriving with respect to t at ¢t = 0 yields

n—1 d n+1
- D D—|i—patyp = —
5 DY+ dtIt,oa#w

2
d
+ (- 2)H<E|t:004;é¢7 DY — (Ox H) [P~ (4)

where § := % li=oft. We reformulate using definition of the Lie derivative of spinor fields in the direction
X [BG92], i.e.

HBWIP 2 + Bl & galyt Q

d
Lx(¥) = —Ehzoa;&(d})- (5)
Together with DBy = 8Dy + V3 -1 and (2) one then concludes that
3 LUB- v+ DExY = HBWP 2+ HUP 2Lt (6)
+ (p = 2)H{Lx P, ) [P~ + (Ox H) 9P~ 4. (7)

After multiplication with 1, the V3 - ¢-term vanishes, and we obtain

(DLx, %) = (p = VH[PIP"HLx 1), ) + HBIP + (Ox H) |-
The product rule for the Lie derivative tells us that

1 1
P2 (Lx 1), ) = 5 [P 2ox[p* = [P~ ox |yl = z_)aXW‘p'



AN OBSTRUCTION FOR THE MEAN CURVATURE OF A CONFORMAL IMMERSION S§™ — R"*! 3

Hence, we obtain
-1
(DLx ) = F—= HOx |l + HBYIP + (Ox H) P

Strictly speaking, this equation is valid in the interior, but it extends to the boundary by continuity.
Now, we integrate over M. With partial integration for the Dirac operator one obtains

/ (DL ) — / (Lxt, D) + / (v Lxto, ) = / H {Cxtb, [ 29) + / (v Lxth,0).
M M oM M S——— OM
=5 0x[v[P
This yields
. _p-2 p p p
/m/” Lxvv) = /MH6X|¢| +/MHﬂ\¢\ +/M(6XH>|w| .
Using div(H|¢|PX) = (Ox H)|¢|P + HOx [¢|P + H|¢|PdivX and divX = ng we obtain
) _ p—2 P ( p=2 ) p, 2 p
/3 ety =22 [ e + (1=22n) [ mopr 2 /M<8XH>|w| .

oM

Examples 3.
1.) Let © be domain in R"™ with smooth boundary, let X = rd, = > 2'9;, and we will assume that
H = )\ is constant. Then 8 = 1 and we obtain

_ P2 _p=-2
[ exva =22 /89<X,u>|w|P+A(1 ; n)/ﬂlwlp-

This inequality bears many analogies to equation (1). In particular, the constant 1 — % before the
integral over ) vanishes if p takes the value p = 2n/(n — 1). This value plays the same role in non-linear
Dirac equations as the value p = 2n/(n — 2) does for the Laplace operator.

2.) If M is a closed manifold and X is a conformal vector field, then for p = 2n/(n — 1) we obtain

[ @xmyjur —o.
M

Corollary 4. [Kazdan-Warner type obstructions] Let f : S* — R"*1 n > 2 be a conformal
immersion (possibly with branching points of even order in the case n = 2). We denote by H : S™ — R
the mean curvature of this immersion. Then, for any conformal vector field X we have

/ (O H)J* () = 0

where dy is the volume element on f(S™) induced from the euclidean metric on R3. In particular, Ox H
changes sign.

The corollary is particularly interesting in dimension n = 2. If f : S — R? is any immersion, then after
possibly composing with a diffeomorphism S? — S2, we can assume that f is conformal.

The corollary is analogous to results in [KW75], [BE87] and [DR99).

Proof: Let 1 be parallel spinor on R"*1. Then, as proven in [KS96, Ba98, Fr98], the restriction of v
on Y satisfies equation (2) with p = 2n/(n — 1), and |[¢|P dv = f*(du) where dv is the standard volume
element on S™. Since this equation is conformally invariant we obtain a solution of (2) on S™ equipped
with the standard metric. The corollary then immediately follows from example (2) above.

Example 5. Let 23 : S2 — R be the third component of the standard inclusion. One shows that
X := grad z3 is a conformal vector field on S?, where the gradient is taken with respect to the standard
metric on S2. Then for any C' € R one has dx (23 +C) = g(grad z3, grad x3) > 0. Hence z3+C : S - R
is not the mean curvature of a conformal immersion.
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