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ABSTRACT.- In this paper, we consider the problem of existence and

multiplicity of conformal metrics on a riemannian compact 4−dimensional manifold

(M4, g0) with positive scalar curvature. We prove new exitence criterium which

provides existence results for a dense subset of positive functions and generalizes

Bahri-Coron and Chang-Gursky-Yang Euler-Hopf type criterium. Our argument

gives estimates on the Morse index of the solutions and has the advantage to extend

known existence results. Moreover it provides , for generic K Morse Inequalities at

Infinity, which give a lower bound on the number of metrics with prescribed scalar

curvature in terms of the topological contribution of its critical points at Infinity to

the difference of topology between the level sets of the associated Euler-Lagrange

functional.
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1 Introduction and main results

Let (M4, g0) be a compact 4−dimensional riemannian manifold with positive scalar
curvature Rg0

. Given a C2 function K defined on the manifold, the prescribed
scalar curvature problem consists of finding a metric g, conformally related to g0,
such that te scalar curvature of (M, g) is given by te function K. Writing g = u2 g0,
this amounts to solve the following nonlinear partial differential equation:

(PK) Lg0
= K u3, u > 0 in M4,
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where Lg0
denotes the conformal Laplacian operator, defined as:

Lg0
:= −∆gu+

1

6
u.

This problem has been subject of intensive studies in the last two decades (see
[2], [3], [4], [6], [8], [9], [10], [12], [14], [15], [17], [19], [20], [21], [23], [25], [27], [28],
[31], [34], [36] and the references therein).

Regarding the existence results of the problem (SC), we recall that on
3−spheres, an Euler-Hopf type criterium for the function K has been obtained by
A. Bahri and J.M. Coron [12], see also Chang-Gursky-Yang [17]. Such a criterium
has been generalized for the 4-spheres by [14] and on higer dimensional spheres only
under a closeness to a constant condition [18] or a flantess condition on the critical
points of the function K[27].
For higher dimensional spheres (n ≥ 7), A. Bahri [10]introduced new invariant and
discovered new type of existence results. Some of these results have been general-
ized in [15].
The main difficulty of this problem comes from the presence of the critical Sobolev
expoent, which generates blow up and lack of compactness. Indeed the problem en-
joys a varitional structure, however the associated Euler Lagrange functional does
not satisfy the Palais Smale condition. From the variational viewpoint, it is the
occurence of critical points at Infinity, that are noncompact orbits of the gradient
flow, along which the functional remains bounded and its gradient goes to zero,
which prevents the use of variational methods.
Among approaches developped to deal with this problem, we single out is the blow
up analysis of some subcritical approximation combined with the use of the Leray-
Schauder topological degree, approach developped by R. Schoen [32], Y.Y. Li [27],
[28], C.S. Lin and C.C. Chen [21], [19], [20], among others. The second one is
based on a carefull study of the critical point at Infinity, though a Morse type re-
duction and the use of their contribution to the topology of the level sets of the
associted Euler-Lagrange functional, has been initiated by A. Bahri and J.M. Coron
[11] and developped through the works of A. Bahri, [10] Ben Ayed, Chen, Chtioui,
Hammami, see [14], [15], Ben Ayed, Ould Ahmedou, [16], among others. Other
approaches include perturbations methodes of Chang-Yang [18] and Ambrosetti [2]
and the flow approach of M. Struwe [36].
In this paper, we revisit this problem to give new existence as well as multiplicity
results, extending previous known ones.
To state our results we need to introduce some notations and assumptions.
We denote by G(a,.) the Green’s function of the conformal Laplacian Lg0

with pole
at a and by Aa the value of its regular part, evaluated at a.
Let 0 < K ∈ C2(M4) be a positive function, defined on the manifold (M 4, g0. We
say that the function K satisfies the condition (H0), if K has only nondegenerate
critical points and for each critical point y, there holds

−∆K(y)

3K(y)
− 2Ay 6= 0.



Prescribed Curvature on 4−manifolds 3

Denoting K the set of critical point of K, we set

K+ := {y ∈ K;
−∆K(y)

3K(y)
− 2Ay > 0.}

To each p-tuple τp := (y1, · · · , yp) ∈ (K+)p, we associate a Matrix M(τp) = (Mij)
defined by

Mii =
−∆K(yi)

3K(yi)2
− 2

Ayi

K(yi)
,

Mij =
−2G(yi, yj)
√

K(yi)K(yj)
for i 6= j. (1.1)

We denote by ρ(τp) the least eigenvalue of M(τp) and we say that a function K
satisfies the condition (H1) if for every τp ∈ (K+)2, we have that ρ(τp) 6= 0.
We set

F∞ := {τp = (y1, · · · , yp) ∈ (K+)p ; ρ(τp) > 0} (1.2)

and define an index ι : F∞ → Z defined by

ι(τp) := p− 1 +

p
∑

i=1

(4 −m(K, yi)),

where m(K, yi) denotes the Morse index of K at its critical point yi.
Now we state our main result.

Theorem 1.1 Let 0 < K ∈ C2(M4) be a positive function satisfying the conditions
(H0) and (H1).
If there exists k ∈ N such that

1.
∑

τp∈F∞;ι(τp)≤k−1

(−1)ι(τp) 6= 1,

2.

∀τp ∈ F∞, ι(τp) 6= k

Then there exists a solution w to the problem (PK) such that:

morse(w) ≤ k,

where morse(w) is the Morse index of w, defined as the dimension of the space of
negativity of the linerized operator:

Lw(ϕ) := Lg0
(ϕ) − 3w2ϕ.
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Moreover for generic K, it holds

#Nk ≥ |1 − |
∑

τp∈F∞;ι(τp)≤k−1

(−1)ι(τp)|,

where Nk denotes the set of solutions of (PK) having their Morse indices less or
equal k.

Please observe that, taking in the above k to be l#+1, where l# is the maximal index
over all elements of F∞, the second assumption is trivially satisfied. Therefore in
this case, we have the following corollay, which recovers previous existence results,
see [28], [14],[16].

Corollary 1.2 Let 0 < K ∈ C2(M4) be a positive function satisfying the conditions
(H0) and (H1).
If

∑

τp∈F∞

(−1)ι(τp) 6= 1,

Then the problem (PK) has at least one solution.
Moreover for generic K, it holds

#S ≥ |1 −
∑

τp∈F∞

(−1)ι(τp)|,

where S denotes the set of solutions of (PK).

We point out the the main new contribution of Theorem 1.1 is that we adresse
here the case where the total sum in the above corollary equals 1, but a partial one
is not equal 1. The main issue being the possiblity to use such an information to
prove existence of solution to the problem (PK). To understand the difficulty in
adressing such a case, we give, following YY Li [28], a new interpretation of the
above counting formula in terms of Leray-Schauder degree. Indeed YY Li proved
that, under the assumption of corollary 1.2, there exists R > 0 such that the all
solutions of (PK) remain, for α ∈ (0, 1) in

ΩR := {u ∈ C2,α;
1

R
< u < R, ||u||C2,α < R}.

It follows that the Leray Schauder degree deg(v−L−1(K v3)),ΩR, 0) is well defined.
Moreover it turns out that:

deg(v − L−1(K v3)),ΩR, 0) = 1 −
∑

τp∈F∞

(−1)ι(τp).

Therefore considering the case where the couting formula in corollary 1.2 equals,
amounts to considering zero degree case in the above functional analysis approach.
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Besides the degree interpretation of the couting formula, another interpretation of
the fact that the above sum ist different from one, is that the topological contribu-
tion of the critical points at infinity to te level sets of the associated Euler-Lagrange
functional is not trivial. In view of such an interpretation, the above question can
be formulated as follows: what happens if the total contribution is trivial, but some
critical points at infinity induce a difference of topology. Can we still use such a
topological information to prove existence of solution ?
With respect to the above question, theorem 1.1 gives a sufficient condition to be
able to derive from such a local information, an existence as well as a multiplicity
result together with information on the Morse index of the obtained solution. At
the end of this paper, see, we give a more general condition. Since this condition
involves the critical points at infinity of the variational problem, we have postponed
its statement to this end of the paper.
As pointed out above, our result does not only give existence results, butalso, under
generic conditions, gives a lower bound on the number of solutions of (PK). Such a
result is reminiscent to the celebrated Morse Theorem, which states that, the num-
ber of critical points of a Morse function defined on a compact manifold, is lower
bounded in terms of the topology of the underlying manifold. Our resultat can be
seen as some sort of Morse Inequality at Infinity. Indeed it gives a lower bound on
the number of metrics with prescribed curvature in terms of the topology at infinity.
The remainder of this paper is organized as follows. In section 2 we set up the
variational problem, its critical points at Infinity are characterized in Section 3.
Section 4 is devoted to the proof of the main result theorem 1.1 while we give in
Section 5 a more general statement than theorem 1.1.

Acknowledgements

Part of this work has been written when the second author enjoyed the hospital-
ity of the Faculté des Sciences de Sfax and Rutgers University, the state University
of New Jersey. He would like, in particular to acknowledge the excellent working
conditions in both institutions.

2 Variational Structure and the lack of

compactness

In this section we recall the functional setting, its variational structure and its main
features. Problem (PK) has a variational structure. The Euler-Lagrange functional
is

J(u) =

∫

M
Lg0

uu
(∫

M K|u|4
)1/2

(2.1)
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defined on H1(M,R) \ {0} equipped with the norm

||u||2 =

∫

M

Lg0
uu.

We denote by Σ the unit sphere ofH1(M,R) and we set Σ+ = {u ∈ Σ : u ≥ 0}. The
Palais-Smale condition fails to be satisfied for J on Σ+. In order to characterize the
sequences failing the Palais-Smale condition, we need to introduce some notations.
Given a ∈ M , we choose a conformal metric

ga := u2
a g

such that ua depends smoothly on a. Let x be a conformal normal coordinate
centered at a and % > 0 uniform independent of a such that x is well defined on
B2%(a).
We set

δa,λ := c0
λ

1 + λ2|x− a|2
, x ∈ B%(a), λ > 0,

where c0 ist chosen such that δa,λ solves the problem

−∆δa,λ = δ3a,λ in R
4

and
δ̂a,λ(x) := ua(x)ωa(x) δa,λ(x),

where ωa is a cutoff function such that:

ωa(x) = 1 on B%(a), ωa(x) = 0 on M \B2%(a)

we define ϕa,λ to be the solution of

Lg0
ϕa,λ = 8δ̂3a,λ.

Setting
Ha,λ := λ(ϕa,λ − δ̂a,λ),

we have that:

Proposition 2.1 [14] For λ large, there exists a constant C = C(%) such that:

|Ha,λ|L∞ ≤ C; λ|
∂Ha,λ

∂λ
|L∞ ≤ C; λ−1|

∂Ha,λ

∂a
|L∞ ≤ C.

Moreover for % small and λ large there holds:

Ha,λ(a) → Aa as λ→ ∞ (2.2)

Ha,λ(x) → G(a, x) outside B2%(a) as λ→ ∞, (2.3)

where G(a, x) is the Green’s function of the conformal subLaplacian Lθ and Aa the
value of its regular part evaluated at a.
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We define now the set of potential critical points at infinity associated to the
functional J .
For ε > 0 and p ∈ N∗, let us define

V (p, ε) ={u ∈ Σ/∃ ai ∈ Mn, λi > ε−1, αi > 0 for i = 1, ..., p s.t.

||u−

p
∑

i=1

αiϕi|| < ε ,
∣

∣

α2
iK(ai)

α2
jK(aj)

− 1
∣

∣ < ε, and εij < ε}

where ϕi = ϕ(ai,λi) and εij = (λi/λj + λj/λi + λiλjd(ai, aj)
2)−1.

For w a solution of (PK) we also define V (p, ε, w) as

{u ∈ Σ/∃α0 > 0 s. t. u− α0w ∈ V (p, ε) and |α2
0J(u)2 − 1| < ε}. (2.4)

The failure of the Palais-Smale condition can be described as follows.

Proposition 2.2 [16],[14] Let (uj) ∈ Σ+ be a sequence such that ∇J(uj) tends to
zero and J(uj) is bounded. Then, there exist an integer p ∈ N∗, a sequence εj > 0,
εj tends to zero, and an extracted subsequece of uj ’s, again denoted uj , such that
uj ∈ V (p, εj , w) where w is zero or a solution of (PK).

We consider the following minimization problem for u ∈ V (p, ε) with ε small

min
αi>0, λi>0, ai∈Sn

∥

∥

∥

∥

u−

p
∑

i=1

αiϕ(ai,λi)

∥

∥

∥

∥

H1

. (2.5)

We then have the following parametrization of the set V (p, ε).

Proposition 2.3 [9], [12], [14] For any p ∈ N∗, there is εp > 0 such that if
ε < εp and u ∈ V (p, ε), the minimization problem (2.5) has a unique solution (up
to permutation). In particular, we can write u ∈ V (p, ε) as follows

u =

p
∑

i=1

ᾱiϕ(āi,λ̄i) + v,

where (ᾱ1, ..., ᾱp, ā1, ..., āp, λ̄1, ..., λ̄p) is the solution of (2.5) and v ∈ H1(Sn) such
that

(V0) ||v|| ≤ ε, (v, ψ) = 0 for ψ ∈
⋃

i≤p, j≤n

{

ϕi,
∂ϕi

∂λi
,
∂ϕi

∂(ai)j

}

,

where (ai)
j denotes the jth component of ai and (., .) is the inner scalar associated

to the norm ‖.‖.

In the following we will say that v ∈ (V0) if v satisfies (V0).
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Proposition 2.4 [9] [30] There exists a C1 map which, to each
(α1, ..., αp, a1, ..., ap, λ1, ..., λp) such that

∑p
i=1 αiϕ(ai,λi) ∈ V (p, ε) with small ε, as-

sociates v = v(αi,ai,λi) satisfying

J

(

p
∑

i=1

αiϕ(ai,λi) + v

)

= min
v∈(V0)

J

(

p
∑

i=1

αiϕ(ai,λi) + v

)

.

Moreover, there exists c > 0 such that the following holds

||v|| ≤ c





∑

i≤p

(
|∇K(ai)|

λi
+

1

λ2
i

) +
∑

k 6=r

εkr(Log(ε
−1
kr ))1/2



 .

Let w be a solution of (PK). The following proposition defines a parameterization
of the set V (p, ε, w).

Proposition 2.5 [10] There is ε0 > 0 such that if ε ≤ ε0 and u ∈ V (p, ε, w), then
the problem

min
αi>0, , λi>0, ai∈M, h∈Tw(Wu(w))

∣

∣

∣

∣u−

p
∑

i=1

αiϕ(ai,λi) − α0(w + h)
∣

∣

∣

∣

has a unique solution (α, λ, a, h). Thus, we write u as follows:

u =

p
∑

i=1

αiϕ(ai,λi)
+ α0(w + h) + v,

where v belongs to H1(M) ∩ Tw(Ws(w)) and it satisfies (V0), Tw(Wu(w)) and
Tw(Ws(w)) are the tangent spaces at w to the unstable and stable manifolds of
w.

3 Critical points at Infinity of the varia-

tional problem

Following A. Bahri we set the following definitions and notations

Definition 3.1 A critical point at infinity of J on Σ+ is a limit of a flow line u(s)
of the equation:

{

∂u
∂s = −∇J(u)

u(0) = u0

such that u(s) remains in V (p, ε(s), w) for s ≥ s0.
Here w is either zero or a solution of (PK) and ε(s) is some function tending to
zero when s→ ∞. Using Proposition 2.5, u(s) can be written as:

u(s) =

p
∑

i=1

αi(s)ϕ(ai(s),λi(s)) + α0(s)(w + h(s)) + v(s).
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Denoting ai := lims→∞ ai(s) and αi = lims→∞ αi(s), we denote by

(a1, · · · , ap, w)∞ or

p
∑

i=1

αi ϕ(ai,∞) + α0w

such a critical point at infinity. If w 6= 0 it is called of w-type.

3.1 Ruling out the existence of critical point at

Infinity in V (p, ε, w) for w 6= 0

The aim of this section is to prove that, given a funktion K a C2 positive funktion
satisfying the condition of theorem 1.1 and w a solution of (PK). Then for each
p ∈ N, there are no critical point or critical point at infinity of J in the set V (p, ε, w).
The reason is that there exists a pseudogradient of J such that the Palais Smale
condition is satisfied along the decreassing flow lines.
In this section, for u ∈ V (p, ε, w), using Proposition 2.5, we will write u =
∑p

i=1 αi ϕ(ai,λi) + α0(w + h) + v.

Proposition 3.2 For ε > 0 small enough and u =
∑p

i=1 αiϕ(ai,λi)+α0(w+h)+v ∈
V (p, ε, w), we have the following expansion

J(u) =
S4

∑p
i=1 α

2
i + α2

0||w||
2

(S4

∑p
i=1 α

4
iK(ai) + α4

0||w||
2)

1

2

[

1 − c2α0

p
∑

i=1

αi
w(ai)

λi

− c2
∑

i6=j

αiαjεij + f1(v) +Q1(v, v) + f2(h) + α2
0Q2(h, h)

+o

(

∑

i6=j

εij +

p
∑

i=1

1

λi
+ ||v||2 + ||h||2

)





where

Q1(v, v) =
1

γ1
||v||2 −

3

β1

∫

M4

K

(

p
∑

i=1

(αiϕi)
2 + (α0w)2

)

v2,

Q2(h, h) =
1

γ1
||h||2 −

3

β1

∫

M4

K(α0w)2h2,

f1(v) = −
1

β1

∫

M4

K(

p
∑

i=1

αiϕi)
3 v,

f2(h) =
α0

γ1

∑

i

αi(ϕi, h) −
α0

β1

∫

Mn

K(
∑

i

αiϕi + α0w)3h,

c2 =c40

∫

R4

dx

(1 + |x|2)3
, S4 = c40

∫

R4

dx

(1 + |x|2)4

β1 =S4(

p
∑

i=1

α4
iK(ai)) + α4

0||w||
2, γ1 = S4(

p
∑

i=1

α2
i ) + α2

0||w||
2.
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Proof. To prove the proposition, we need to estimate

N(u) = ||u||2 and D2 =

∫

Mn

K(x)u4.

We observe first that, expanding N(u), we have that

p
∑

i=1

α2
i ||ϕi||

2+2αiα0 < ϕi, w+h > +α2
0(||h||

2+||w||2)+||v||2+
∑

i6=j

αiαj < ϕi, ϕj > .

Now it follows from [14] and elementary computations that

||ϕi||
2 = S4 + 2ω3

Hai,λi
(ai)

λ2
i

(3.1)

< ϕi, ϕj >=
2ω3Haj ,λj

(ai)

λi λj
+ c2εij(1 + o(1)), for i 6= j, (3.2)

(ϕi, w) =

∫

M4

wϕ3
i = c2

w(ai)

λi
+ o(

1

λi
). (3.3)

Therefore

N =γ1 + 2α0

p
∑

i=1

c2αi
w(ai)

λi
+ αi(ϕi, h) + c2

∑

i6=j

αiαjεij (3.4)

+ α2
0||h||

2 + ||v||2 + o

( p
∑

i=1

1

λi
+
∑

i6=j

εij

)

.

Now concerning the denominator, we compute it as follows

D2 =

∫

K(

p
∑

i=1

αiϕi)
4 +

∫

K(α0w)4 (3.5)

+ 4α0

∫

K(

p
∑

i=1

αiϕi)
4w + 4α3

0

∫

K(

p
∑

i=1

αiϕi)w
3

+ 4

∫

K(

p
∑

i=1

αiϕi + α0w)4(α0h+ v)

+ 6

∫

K(

p
∑

i=1

αiϕi + α0w)2(α2
0h

2 + v2 + 2α0hv)

+O(
∑

∫

w2ϕ2
i + w2ϕ2

i ) +O(||v||3 + ‖h‖3).
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Observe that

∫

M4

K(

p
∑

i=1

αiϕi)
4 =

p
∑

i=1

α4
iK(ai)S4 (3.6)

+ 4c2
∑

i6=j

α4
iαjK(ai)εij +O(

1

λ2
i

) + o(εij),

∫

M4

Kw4 = ||w||2;

∫

M4

Kw3 δi = c2
w(ai)

λi
+, (3.7)

∫

M4

K(
∑

αiϕi)
3 w = c2

∑

α3
iK(ai)

w(ai)

λi
+ o(

1

λi
), (3.8)

∫

M4

ϕ2
iw

2 + ϕ2
iw

2 = o(
1

λi
), (3.9)

∫

M4

K(
∑

αiϕi + α0w)2 v h = O

(∫

(

∑

ϕ2
i + w−1

∑

ϕi

)

|v||h|

)

= O
(

‖v‖3 + ‖h‖3 + 1/λ3
i

)

, (3.10)

where we have used that v ∈ Tw(Ws(w)) and h belongs to Tw(Wu(w)) which is a
finite dimensional space. Hence it implies that ‖h‖∞ ≤ c‖h‖.
Concerning the linear form in v, since v ∈ Tw(Ws(w)), it can be written as

∫

M4

K(

p
∑

i=1

αiϕi + α0w)3v

=

∫

K(

p
∑

i=1

αiϕi)
3v +O

( p
∑

i=1

∫

(ϕ2
i w + δiw

2)|v|

)

= f1(v) +O

(

||v||

λi

)

. (3.11)

Finally, we have

∫

K(

p
∑

i=1

αiϕi + α0w)2 h2 =α2
0

∫

Kw2 h2 + o(||h||2) (3.12)

∫

K(

p
∑

i=1

αiϕi + α0w)2 v2 =

p
∑

i=1

∫

K(αiϕi)
2 v2 + α2

0

∫

Kw2v2

+ o(||v||2). (3.13)

Combining (3.4),...,(3.13), the result follows. 2

Now, we state the following lemma which is proved for the dimensions n ≥ 7 in
[10] in the case of the spheres but the proof works virtually in our case.
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Lemma 3.3 We have
(a) Q1(v, v) is a quadratic form positive definite in

Ev = {v ∈ H1(M4)/v ∈ Tw(Ws(w)) and v satisfies (V0)}.
(b) Q2(h, h) is a quadratic form negative definite in Tw(Wu(w)).

Corollary 3.4 [10] Let u =
∑p

i=1 αiδ(ai,λi) + α0(w+ h) + v ∈ V (p, ε, w). There is

an optimal (v, h) and a change of variables v − v → V and h− h→ H such that

J(u) = J

(

p
∑

i=1

αiδ(ai,λi) + α0w + h+ v

)

+ ||V ||2 − ||H ||2.

Furthermore we have the following estimates

||h|| ≤
∑

i

c

λi
and ||v|| ≤ c

∑

i

|∇K(ai)|

λi
+

c

λ2
i

+ c
∑

εkr(Logε
−1
kr )

1

2 ,

J(u) =
Sn

∑p
i=1 α

2
i + α2

0||w||
2

(Sn

∑p
i=1 α

4
i K(ai) + α4

0||w||
2)

1

2

[

1 − c2α0

p
∑

i=1

αi
w(ai)

λi

− c2
∑

i6=j

αiαjεij +o





∑

i6=j

εij +

p
∑

i=1

1

λi







+ ||V ||2 − ||H ||2.

Proof. The expansion of J with respect to h (respectively to v) is very close,
up to a multiplicative constant, to Q2(h, h) + f2(h) (respectively Q1(v, v) + f1(v)).
Since Q2 is negative definite (respectively Q1 is positive definite), there is a unique
maximum h in the space of h’s (respectively a unique minimum v in the space of
v). Furthermore, it is easy to derive ||h|| ≤ c||f2|| and ‖v‖ ≤ c‖f1‖. The estimate
of v follows from Proposition 2.4. For the estimate of h, we use the fact that for
each h ∈ Tw(Wu(w)) which is a finite dimensional space, we have ‖h‖∞ ≤ c‖h‖.
Therefore, we derive that ‖f2‖ = O(

∑

λ−1
i ). Then our result follows. 2

Now we state the following corollary, which follows immediately from the above
corollary and the fact that w > 0 in M 4.

Corollary 3.5 Let K be a C2 positive function and let w be a nondegenerate crit-
ical point of J in Σ+. Then, for each p ∈ N∗, there is no critical points or critical
points at infinity in the set V (p, ε, w), that means we can construct a pseudogradient
of J so that the Palais-Smale condition is satisfied along the decreasing flow lines.

Now once mixed critical points at Infinity is ruled out, it follows from [14] and
[16], that the critical points at infiity are in one to one correspondence with the
elements of the set F∞ defined in (1.2). that is a critical point at infinity corre-
sponds to τp := (y1, · · · , yp) ∈ (K+)p such that the realted Matrix M(τp) defined
in (1.1) is positive definite. Such a critical point at infinity will be denoted by
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τ∞p := (y1, · · · , yp)∞.
Like a usual critical point, it is associated to a critical point at infinity x∞
of the problem (PK), which are combination of classical critical points with a
1−dimensional assymptote, stable and unstable manifolds, W∞

s (x∞) andW∞
u (x∞).

These manifolds can be easily described once a Morse type reduction is performed,
see [10], [14]. The stable amnifold is, as usual, defined to be the set of points at-
tracted by the asymptote. The unstable one is a shadow object, which is the limit
of Wu(xλ), xλ being the critical point of the reduced problem and Wu(xλ) its as-
sociated unstable manifolds. Indeed the flow in this case splits the variable λ from
the other variables near x∞.
In the following defiition, we extend the notation of domination of critical points to
critical points at Infinity.

Definition 3.6 z∞ is said to be dominated by another critical point at infinity z ′∞
if

Wu(z′∞) ∩Ws(z∞) 6= ∅.

If we assume that the intersection is transverse, then we obtain

index(z′∞) ≥ index(z∞) + 1.

4 Proof of the main result

This section is devoted to the proof of the main result of this paper, theorem 1.1.
Proof of Theorem 1.1

Setting

l# := sup{ι(τp); τp ∈ F∞}

For l ∈ {0, · · · , l#} we define the following sets:

X∞
l := ∪τp∈F∞; ι(τp)≤lW∞

s (τ∞p ), (4.1)

where W∞
u (τ∞p ) is the unstable manifold associated to the critical point at infinity

τ∞p . and
C(X∞

l ) := {t u + (1 − t) (y0)∞, t ∈ [0, 1], u ∈ X∞
l }, (4.2)

where y0 is a global maximun of K on the manifold M 4.
By a theorem of Bahri-Rabonowitz [13], it follows that:

W∞
s (τ∞p ) = W∞

s (τ∞p ) ∪ ∪x∞<τ∞

p
W∞

s (x∞) ∪ ∪w<τ∞

p
Wu(w),

where x∞ is a critical point at infinity dominated by τ∞p and w is a solution of PK

dominated by τ∞p . By tranversality arguments for we assume that the index of x∞
and the Morse index of w are no bigger than l. Hence

X∞
l = ∪ι(τp)≤lW

∞
s (τ∞p ) ∪w<τ∞

p
Wu(w).
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It follows that X∞
k is a stratified set of top dimension ≤ l. Without loss of generality

we may assume it equals to l therefore C(X∞
k ) is also a stratified set of top dimension

l + 1.
Now we use the gradient flow of −∇J to deform C(X∞

k ). By tranversality arguments
we can assume that the deformation avoids all critical as well as critical points at
Infinity having their Morse indices greater than l+2. It follows then by a a Theorem
of Bahri and Rabinowitz [13], that C(X∞

k ) retracts by deformation on the set

U := X∞
l ∪ ∪ι(x∞)=l+1W

∞
u (x∞) ∪ ∪w<τ∞

p
Wu(w). (4.3)

Now taking l = k − 1 and using that by assumption of theorem 1.1, there are no
critical pointa t infinity with index k, we derive that C(X∞

k ) retracts by deformation
onto

Z∞
k := X∞

k ∪ ∪w;∇J(w)=0;w dominated by C(X∞

k
)Wu(y). (4.4)

Now observe that, it follows from the above deformation retract that the problem
(PK) has necessary a solution w with m(w) ≤ k. Otherwise it follows from (4.4)that

1 = χ(Z∞
k ) =

∑

τp∈F∞ ;ι(τp)≤k−1

(−1)ι(τp) ,

where χ denotes the Euler Characteristic. Such an equality contradicts the assump-
tion 2 of the theorem.
Now for generic K, it follows from the Sard-Smale Theorem that all solutions of
(PK) are nondegenerate solutions, in the sens that their associated linearized oper-
ator does not admit zero as an eingenvalue. See [34].
We derive now from (4.4), taking the Euler Characteristic of both sides that:

1 = χ(Z∞
k ) =

∑

τp∈F∞ ;ι(τp)≤k−1

(−1)ι(τp) +
∑

w<X∞

k
;∇J(w)=0

(−1)m(w).

It follows then that

|1 −
∑

τp∈F∞ ;ι(τp)≤k−1

(−1)ι(τp)| ≤
∑

w;∇J(w)=0,m(w)≤k

(−1)m(w) ≤ Nk,

where Nk denotes the set of solutions of (PK) having their morse indices ≤ k. 2

5 A general existence result

In this last section of this paper, we give a generalization of theorem 1.1. Namely
instead of assuming that there are no critical point at infinity of index k, we assume
that the interesction number modulo 2, between the suspension of the complex at
infinity of order k, C(X∞

k ) and the stable manifold of all critical points at infinity
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of index k + 1 is equal zero. More precisely, for τp ∈ F∞ such that ι(τp) = k, we
define the following intersection number:

µk(τp) := C(X∞
k−1) .W

∞
s (τ∞p ) (mod2).

Observe that this intersection number is well defined since we may assume by
transversality that:

∂C(X∞
k ) ∩ W∞

s (τ∞p ) = ∅.

indeed
dim(∂C(X∞

k )) = k − 1, while dim(W∞
s (τ∞p )) = 4 − k.

We are now ready to state the following existence result:

Theorem 5.1 Let 0 < K ∈ C2(M4) be a positive function satisfying the conditions
(H0) and (H1).
If there exists k ∈ N such that

1.
∑

τp∈F∞;ι(τp)≤k−1

(−1)ι(τp) 6= 1,

2.
∀τp ∈ F∞, such that ι(τp) = k, there holds µk(τp) = 0.

Then there exists a solution w of the problem (PK) such that:

morse(w) ≤ k,

where morse(w) is the Morse index of w.
Moreover for generic K, it holds

#Nk ≥ |1 − |
∑

τp∈F∞;ι(τp)≤k−1

(−1)ι(τp)|,

where Nk denotes the set of solution of (PK) having their Morse indices less or
equal k.

Proof. THe proof goes along with the proof of theorem 1.1,therefore we will only
sketch the differences. Keeping the notation of the proof of theorem 1.1, we observe
that, since

∀τp ∈ F∞, such that ι(τp) = k, there holds µk(τp) = 0,

we may assume that the deformation of C∞
k along any pseudogradient flow of −J ,

avoids all critical points at infinity having their Morse indices equal to k. It follows
then from (4.3) that C(X∞

k ) retracts by deformation onto

Z∞
k := X∞

k ∪ ∪w;∇J(w)=0;w dominated by C(X∞

k
)Wu(y). (5.1)

Now the remainder of the proof is identical to the proof of theorem 1.1. 2
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