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This paper is concerned with an elliptic problem with homogeneous boundary
conditions and critical nonlinearity (P,): —Adu=u?, u>0 on A,, u=0 on 04,,
where A,={xeR"/e<|x|<l/e} are expanding annuli as ¢—0, n>3 and
p+1=2n/(n—2) is the critical Sobolev exponent. We compute the difference of
topology induced by the critical points at infinity between the level sets of the func-
tional corresponding to (P,) for ¢ small enough.  © 1999 Academic Press

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we consider the nonlinear elliptic problem

(P) —Au=u"*t2"=2) 4~ on Q
u=0 on 0%,

where Q is a bounded regular domain in R” with n > 3.

(P) is interesting to study because of its resemblance to some variational
problems in geometry and physics where some lack of compactness occurs.
The most notorious example is the Yamabe problem in differential
geometry, which consists of finding u > 0 satisfying

n—2

—Au= n+2))(n—=2) _ "~ =
u=u 4n—1)

R(x)u on M,

where M is a Riemannian manifold of dimension » without boundary and
R(x) is the scalar curvature (see, for example, [ 3, 10, 17]).
The problem (P) has a variational structure. The related functional is

1
(.yg |u|2n/(n72))(n72)/n (1)
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J(u)=
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defined on

s(@={ue @) va=1}. 2)

The gradient of J is
0J(u) =2J(w)[u+ (J(u))"" =2 A= (Ju| Y= u)]. (3)

The positive critical points of J are solutions of (P) (up to a multiplicative
constant).

Since the embedding of H}(Q) into L*/"=2(Q) is not compact, the
functional J does not satisfy the Palais—Smale condition (PS), that is, there
exist sequences along which J remains bounded, its gradient goes to zero,
and which do not converge.

The failure of the (PS) condition has been studied by many authors,
including M. Struwe [ 16] and H. Brezis and J. M. Coron [8].

These studies lead to the following characterization of the sequences
which in turn lead to the failure of the Palais—Smale condition. To describe
this failure, we need some notations.

Let Pd(a, 1) be the orthogonal projection onto H(€2) of the function

An=2)/2
= Q R, 4
o(a, A)(y) 012y —apyr e €% yeR, A>0  (4)
defined by
APoé(a, A)=A4d(a, ) on Q; Pé(a, 2)=0 on 0Q. (5)

Let, for >0, pe N* and w either a solution of (P) or equal to zero,

1 P
Vaolp,n,w)= {ueZ/H(al, e @) €QP; (Mg, oy A,) € }’7, + oo{

I(atg, ooy 2,) € 10, +00[2F]

P
st|lu—oow— ) a,Pd(a;, 4;) <n;
i=1 Hy(®)
I . o
Ad(x;, 0Q2)>—Vije;<n; |——1|<n,, (6)
n o

where

b 2 e
6ij:</1-+ij+)ﬁ/lj|ai_aj| > , i#]. (7)

j i
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Let us denote

Va(p,n)=Va(p,n,0). (8)

Observe that the functions of V(p, n, w) need not be positive; however,
they are close to positive functions.
Let

1
sw a, 1) 2n/(n—2) 9)

and

b,=(pS)?"; Tt ={ue¥/uz0}. (10)

The failure of the Palais—Smale condition can be described as follows.

PROPOSITION 1.1. Let u, € % be a sequence such that 0J(uy;) tends to
zero and J(u,) is bounded. Then, after possibly extracting a subsequence,
there exist pe N, a sequence (1), Nx>0 and n, — 0 and w (either a solu-
tion of (P) or zero) such that u, € Vo(p, 1, w).

Conversely, let p be a positive integer, let (1) be a sequence in (0, + o0)
with 1, — 0, and let (uy) be a sequence in >. " such that u, € Vo(p, i) then
0J(uy) = 0 and J(uy) — b,,.

The problem we are interested in is difficult from a variational viewpoint
because of the failure of the (PS) condition, more precisely because of the
possible existence of critical points at infinity, which are orbits of J along
which J remains bounded, the gradient goes to zero, and the orbits do not
converge (see [4, 5]).

Besides the characterization above, we have more precise information
about the location of critical points and critical points at infinity.

ProrosiTioN 1.2 ([7, 15]). There are no critical points at infinity and no
critical points in a neighborhood of Vo (p, n, w) when w #0.

A strategy to prove existence or nonexistence of solutions to (P) is to
compute the difference of topology between the level sets of the functional
J. However, as we said, critical points at infinity occur, so it becomes
crucial to know the exact contribution of critical points at infinity to the
relative topology between the level sets. This program was performed in
[6] and [ 14].

To state this result, we need some notations.
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We denote by G, the Green’s function of the Laplace operator defined by

—AGg(x,-)=c,0, on

Go(x,-)=0 on 0%, (1D

Ver{

where ¢ is the Dirac mass at x and ¢, = (n—2) meas (S"~1!).
We denote by H, the regular part of G, that is,

1

HQ(xlaXZ):m
17 A2

—Gol(xy, x5) for (x;,x,)eR% (12)

For pe N* and x=(x,, .., x,) € 27 we set

Mo(x)=(m; ;)1 <i j<p € Mp(R) (13)
with

m;=Ho(x;, X;); =—Golx; x5),  i#] (14)

and define
Pa(x)=pa(xy, .. X,) (15)
as the smallest eigenvalue of Mg (x)(po(x)= — o0 if x;= x;, for some i # j).

We introduce the set 1,(£2)

L(2)={x=(xy, ... x,) €Q2%/py(x) <0} (16)

and, for 7 >0, we set
Jb —— ={ueHy Q)/J(u)<b,+n}.

The topological contribution of critical points at infinity can be described
as follows.

THEOREM 1.3 ([6, 14]). Assume that zero is a regular value of p. For
n>0 small enough the relative homology H* (Jb w70 Val(p,n), Jb —y O
Vao(p,n)) is isomorphic to H % (Q7 x, DP~ .Q"xS” *u, 1, ><D1’*1)
where the index o, means that we took the quonem of the space by the action
of the symmetric group o,

Critical points at infinity contribute substantially, according to
Theorem 1.3, to the differences of topology in the level sets of J. It is there-
fore clearly essential to know the behavior of /, and its topology in order
to prove further existence and multiplicity results for problems of type (P).
In a previous work [2], we studied 7, for the case p =2 and 2 an annulus;
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we study it here for p arbitrary. Establishing such a result in the general
case is both more difficult and more interesting. It provides us with the first
explicit computation of the difference of topology induced by the critical
points at infinity, derived from the general formula.

We now state our results, describe their qualitative meaning, and then
proceed with the proof of these results. Before stating the results, we intro-
duce some notations.

Fore>0, let A,={xeR"/e<|x| <1/e}, n>3, we consider the nonlinear
elliptic problem

(P){—Au=u("+2)/("2),u>0 on A4,,

u=0 on 04,
Let
TR (1)
Jorbyen= {MGZ/J( )<b,+n}. (18)

Throughout this paper, for simplicity G,, H,, p., V.(p,n), 1,(¢) denote
Gy, Hy, pa, Va(p,n), I,(4,) defined, replacing Q by 4, in (11), (12),
(15) (8 ) and( ) respectlvely.

Our main results follow.

ProrosITION 1.4.  There exists ¢,>0 such that for any e <g,, zero is a
regular value of p,.

THEOREM 1.5. There exists ey>0 such that for any e<ey, I,(e) is
homotopically equivalent to AF.
We derive, from Theorems 1.3 and 1.5, the topological contribution of

the critical points at infinity.

COROLLARY 1.6. There exists e4> 0 such that for any ¢ <eg,, the relative
homology

0
F

%

A\

1
H*(‘]s,bp+ans(ps n)aJe,bpfans(pa ;7)):{ 0

==

%

for 1 >0 small enough (F is some abelian group).

This result proves that, for expanding annuli (¢ — 0), and a given p, I,(¢)
will topologically “stabilize” for ¢ small enough, and becomes homotopi-
cally equivalent to 4Z. Along a deformation of the domain, from a thin to
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a very large annulus for example, the difference of topology at infinity
changes considerably, for a given p: I,, for example, starts from the
diagonal of A, x 4,, for a thin annulus ( see [1]), and transforms into
A, x A,, topologically, for a large annulus ( see [2] and Theorem 1.5).
Since the variational theory, when completed with the critical points at
infinity, holds, this can only occur if there is an exchange between the solu-
tions of (P) and the critical points at infinity: some of the first type trans-
form into critical points at infinity and vice-versa. An example of such a
phenomenon is given by O. Rey in [ 13] (see also [9]). Our results provide
the behavior of 7, at the two extremes of the “spectrum”: a case where 7,
is topologically very “rich” (for thin annulus) and there are many critical
points at infinity. A case where I, is topologically very “poor” (large
annulus) and there are probably more solutions. We hope that the inter-
mediate cases are interpolation between these two extreme cases.

The remainder of the paper is organized as follows: In Section 2, we give
some careful estimates about the Green’s function and its behavior; these
results are of independent interest. In Sections 3 and 4, we give the proof
of our results.

2. TECHNICAL LEMMAS

In this section, we use the following notation:

1
Qa={xeR”/1<|x|<8}, e>0,

W,={xeR"e<|x| <1}, e >0,
0,2,=0B(0, 1): interior boundary of Q,,

1
0,2,=0B (0, £> : exterior boundary of Q,,

B, =B(0,1), ‘B;=R"\B(0, 1),
dlzd(xlsaigs)s XIEQE'

LemmA 2.1. Let x, € 2, such that |x,| — ¢ =1 when ¢ — 0. Then, for any
yeQ,, we have

0H O0H. 1
— 2 (v ) = (0 )+ (1= 2) 8”‘2<1‘2>+0(e"—1>
da da x|” [y|"

X

where 0/0a is the derivative with respect to the first variable.
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Proof. We have

(-4, <a§f (x1, ) —m;:“(xl, y>> =0 ong,
< aglje (x1, y)—ag;f“m, »)
0 on 0,0, ,
\ -2 |(;c11_—yy|)n_5;1:1 (x1,y)  ond,Q,.
According to [2], we have
OH.y,

1
(x1, V)= —(n—2) a &4 0(e" Y for y st |y ==

|xq "

Oa

Hence, we have

[ (oHg OH
_Ay aa (xlby)_ aal(xlsy) =0 on 'Qé"
OHg, OH.p,
< W(xla J’)—W(xn »)
0 on 0,0,,
= n—2
(n—2)25 101 ond,Q,.
\ |xq]
That is,
aHQe chB

1
aa (xla y) aa (xla y)

—(n—2) St g2 <1 " _2> + 0" ).
|yl"

|y |”

Lemma 2.1 is thereby proved.

LemMA 2.2. Let x,€8,. There exist ¢,>0, d,>0 such that for any
e<ey, and d<d,. We have

5Hgs( ) n—2 N 1
X1, X1)= o
on, UV a2t d ’
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where n, is the outward normal to 0,Q, and x|, and X' is the only point of
0;Q2, such that d,=|x, —Xx}|.

Proof. On the one hand, we have, from Lemma 2.1,

0Hg
axl (xlaxl)
ch 1
=2— 2 (xy. ) +2(n—2) XIngn_2<1_n—2>+0(£”_l).
oa x| ]

On the other hand, we have

H‘Bl(xla y)=% "2 |J7|n_2HBl(x17 V),

where

Hence

OHop,

(1 3) = (1= 2) % %, "7 5172 Hi (%1, 9)
1

S =25 n—ZaHBl = ~
+ % "2 7 PR (X1, 7).
1

According to [12] and [11], we have

1 1
Hyz (X, V)= + 0| = with d,=
e e T 2 <d72> T
and
aHBl o 1
s = —\n—-
0%, (%1, 7) ( )|f1_J7_2d1”1|
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We derive
OH., es ) (n—2)x,
X V)= — n n— ~ ~ 5 n—
0x, e |7 ||~ 2 | % — F—2dyn, |" 2

(n—2)
ey 7 [y =2 %, *)7*2671”1

|Vl
X[X—y—2n '(fl_f)'nl‘i'z‘?l”l]

2(n—2) x,
ey |72 [y % %, _)7_2&1”1 |

- N . ~ 1
X[X—F—=2n - (%, —F)-n +2dn ] x;+o0 <dn—11>
and hence we have

OH.p, n 1
=(n—2 ! _ ).
axl (xl,xl) (I’l )|x1|n—12n—1drlz—1+0<|xl|n—1drlt—l>

Thus

GHQE( o =2, < 1 >
N T T VI

8"72

1
—2(n—2 1— + 0" .
( )|x1|"1< |x1|"2> )

Our lemma follows.

Lemma 2.3. Let xq, X, € Q, such that |x,| — ¢>1, when ¢ - 0.
There exist ¢, >0, d,, >0 such that

di <d,=——"(x;, x,) <0,
on,

e<ey,

where n, is the outward normal to 0,8, at x| and x' is the only point of 0,Q,
such that

dl: |X1—x'1 .
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Proof. On the one hand, we have, from Lemma 2.1,

0Gq, 0G.ep X 1
o xis ) = ()= (=2 e (1 )

da E A

+0(e" ).

On the other hand, we have

1 .~
Gep, (X1, X;) AT Gp, (%1, X3),
where
~ X1 ~ X2
X, = and =
! |x1|2 2 |Xz|2
Thus
éal (X1, x5) = —(”—2)W 5, (X1, X2)
1 0Gp, ©)
X, X
|xl|n|x2|n_2 da b2
2x, aGB1 %)
— X, X
Ly "1 [x, 772 0, b2
G, 1 0G g, 1
& ' _ r _2 n—2 1_
on, (x1, x2) |x2|,,_2 o, (X}, %) +(n )& < |x2|”_2>

+0(e" ).
Furthermore, a direct computation shows that

1— %,

| %, — x4 "

(x1, %)= —(n—2)
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Thus
0Gq 1—|%,]|
& !, _2
n, 1T T R
+(n—2)6”2<1— ,72>+0(8”1)
| |
<-M (M>0)
for & small enough. Observe that
aGQL aGQK , O d S aZGQL
%(XI’XZ)_H(XDXZH— < 1.xe[ll}i?x]] M(X’XZ) >

Pointing out the harmonic property of G in a certain subdomain D (see
Fig. 1) and using the Poisson formula, we have

azGQ(:
Oa On,

(x, x3) = _j Gy

_0GUp G o
op dadn, 0y, (x, 2) QC(Z, X,) do(z)

Here and below, ¢ is the area measure on a (n — 1)-dimensional surface
and y. is the outward normal to 0D at z.

1/e

FIGURE 1
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We derive

0%G,,

3

(x, xp)| <c for any xe[x}, x,].

oadn,

Thus

on,

(X1, X)) < — M+ 0(d,)

For ¢ small enough.
Lemma 2.3 is thereby proven.

LemmA 2.4. Let xq, x, € Q, such that |x,| - + oo, when ¢ — 0.
There exist ¢, >0, d* >0 such that

oG
2 (x1, X) <0,

e<é d<d,=—-"
o 1%
anl

where n is the outward normal to 0,2, at x| and x\ is the only point of 0,0,
such that

dy = |x; —xil.
Proof. ¢ will be taken small enough in the following: We choose R >0

such that the annular region 4= B(0, R)\B(0,1)cQ, and x, € A. Let
D,=Q.\A. We then have

oG
Ay< Qg(xl,y)>=0 on D,.

on,

By Lemma 2.3, we derive

0Gg
Ts(xl, < -—M for yed,D,=0B(0, R).
ny

On the other hand, we have

0Gg,
on,

1
(x1,y)=0 for yeaeD£=63<0,>.
€
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The maximum principle implies that

0Gg
on,

“ (x4, ) <0 for yeD,.

Our lemma follows.

LEMMA 2.5. Let x,,x,€Q, such that d,<d,, |x;—x,|»0, |x;|—>1
and |x,| — 1 when &€ — 0. Then, there exist ¢, >0, d, >0 such that

dy<d,= “(xy, X,) <0,
on,

e<e

E)

where ny is the outward normal to 0,2, at x| and X\ is the only point of 0,0,
such that

dy = |x; —xi|.

Proof. As |x;—x,|»0, we can choose R>0 and y e Q, such that

3R
B(ya R)C'Qs’ at‘QsmaB(y’ R):{x’l} and X2 ¢B<J’,2>

Let D, be a subdomain as in Fig. 2, for any x € 0B(y, R/4), we have

G (x, x;5) = GDI(X’ x3)
=Gp, (x, x3) + VG, (x, x5) - (32 —x5) + O(d?)

0Gp,
= —dy —— (x, x3) + 0(d3),
on,

where x5 is the only point of 9,2, such that d,=|x,—x5| and n, is the
outward normal to 0,02, at x,. We then derive

R
Gg (X, X3) = cdy on 0B <y, 4>,
where ¢ =c(0B(y, R/4)) is independent of ¢.
We introduce an auxillary function v by defining

2 2
—ar —aR
J— e .
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D,

FIGURE 2

where r=|x—y| and « is a positive constant sufficiently large so that
Av>=0 throughout the annular region 4= B(y, R)\B(y, R/4). We then
have

R
Gg (X, x3) = cdyv(x) on OB <y, 4>.

On the other hand, for x e dB(y, R), we have
Gg (X, X5)— cd,v(x) = Gg (x, x5) =0.
Let
w,(x) = cdrv(x) — Gg (X, X5).
We then have
Aw, =0 on A and w,<0 ondA.
The weak maximum principle implies that w,(x) <0 throughout 4. Thus

ow,
on,

(x1)=0
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that is,

0Gg
—— (X1, X2) Scdyv'(R) = — ¢y d, ¢;>0.
on,

On the other hand, we have

0Gq, 0Gg, ) old s 62GQE
W(XDXZ)_m(xlaxZ)'i_ < 1xe[}clil’)x1] W(X’XZ) >
and
62GQH 82GQ£ neold s 63G96
2a on, (x, XZ)_M(X’ X5) + < 2y€[)1£3xﬂ m(% J/)>
old, s 0,
B < 2ye[)lclpx'] abaaanl (x’ y)‘>
2> 2

Observing that G is harmonic in some subdomain D, (see Fig. 3) and by
the Poisson formula, we have

0Gg, G, G,
boaon, BV (%27

o BT (2 9) dotz).

Using the convergence, in the C!-topology on every compact set of R”, of
Gg, to G g, we derive that

3 < )
)
Thus
83GQS ol

%b a o, (x, y)=0(1).
Then

= (X1, Xy) < —cdy+ O(d, dy).

on,

Our lemma follows.
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FIGURE 3

Combining Lemmas 2.3, 2.4, and 2.5, we obtain the following lemma.

LEMMA 2.6. Let x,,x, € Q, such that d, <d,, |x,—x,| 0 when ¢ — 0.
Then, there exist ¢, >0, d, >0 such that

dy <d,=——(x;,x,) <0,

e<e
* 7 On,

%0

where ny is the outward normal to 0,2, at x| and x' is the only point of 0,0,
such that

dy=|x;—x'|.

LEMMA 2.7. Let x,,x, €8, such that d,<d,=d(x,,0,2,), |x;—x,]|
=0, po (x1,x,) 20 and |x,—x,|/d, remains bounded when ¢— 0. Then,
there exist ¢, >0, d,, >0 such that

£ <&y, dlgd*:ﬁ”(xl,xz)<0,
1

where n, is the outward normal to 0,8, at x| and x' is the only point of 0,Q,
such that

dy=|x; —x}|.
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Proof. Two cases may occur.
(1) dy/dy —0;
(2) d,/d, is bounded.

Let us consider the first case.
We introduce the map

Therefore Q, “converges” in the C'-topology on every compact set to a
half-space 7 (see [1]).

Since Gg (-, X,) converges in the C'-topology on every compact set that
does not contain ¥, to G,(-, X,), our claim follows.

Lastly, we study the second case. Observe that since d; and d, are of the
same order and pg (X1, X;) 20 we have that d, /|x; — x, | remains bounded.
According to Lemma 2.1, we have

oG _ . n—2 1
T () = — () BT ) € ,,_1<1— H)
on, |x; —x,| x| x|
OH.p,
+0(e" ) — (x1,x5)
on,

=—(n=2) T + O0(d,e"~2) 4+ O0(e" 1)
1 2
aHCB
- anll (XISXZ)

=—(n—-2) T + O(dre" =)+ O(e" ™ 1)
1 2
1 1 Y
*(”*D'W'WHBI(XDM)
1 1 O0Hp ‘)
B
2 oHp
l(xlax2);

ey |71 |x, |72 O,
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where %, =x,/|x;]% X,=x,/|x,|% and 7, is the outward normal to
0B(0, 1) at x}. According to [11] we have

Oy o 5, (n—2)
oy VTR =%, + 2y |

~ 1
X [)NC‘I —)EZ—ZﬁI()NCl —)22) ﬁl —Zdlﬁl] 'ﬁl +0<67n_1>
1

n—2 ~ 1
- — X1 —X5) A1+2d:)+o | = s
P HEENIRRTY <d'1’_1>

where d, =d,/|x,|. From the identities
(xy—x,)-ny =dy,—d; +o0(d,)
|x1—x,+2d 0y |* = |x; — x,|* +4d3 +4d,(d, — d;) + o(d?)
= |x,—x,|*+4d,d, + o(d})
%, — X, +2d, 71, |> = |%, — %, |> +4d,d, + o(d3),
we deduce that

0Gq, (n—2) L d,—d
(X1, X) = _ﬁHBl(xlsxz)_(n_z)#
on, x| [ x| |xs — x4

T TR M
(|?z1_?Ez|2'f‘4glﬁd~2)n/2 di~!
<0

| n

for d; and & small enough.
Our lemma follows.

LEmmA 2.8. Let x;,x,€Q, such that d,<d,, |x,—x,|—>0 and
|x1 —Xx,|/dy = 4+ 00 when ¢ — 0. Then, there exist ¢,>0, d, >0 such that

oG
2 (x1, X,) <0,

e<é d,<d,=
b 1%
anl

where n is the outward normal to 0,2, at x| and x\ is the only point of 0,0,
such that

dl: |X1—x'1 .
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Proof. We perform the following blow-up.
T Q, - T(2,)=0,

X X=——"7",
|x; — x5 |

where x5 is the only point of 0,2, such that d,=d(x,, 0,Q,)=|x,— x5|.
Observe that

%)= %, =1, dy=d%,03,)=—"—>0, dy=d(%,,03,)—>0

[x1 —x, |

By arguments similar to the ones used in the proof of Lemma 2.5, we
obtain

0Gg,
on,

(xF, %) < _Cdza

where x} is the only point of 0Q, such that |%, — x¥| =d, and ¢>0.
On the other hand, we have

OGQE o 5G§£ . - old s 82GQ .
on, X1, Xp) = on, (xF, X5) + < 1xe[2p . aaanl( x2)>
and
OZGQS ~ 62GQ old s 83Gg€
daon, (x, X3) = 2a0n. on, (x, x¥) + < 2y€[;~ipx;] b aaainl (x, y)>
0<Zz S 0°Ga, ( )>
= 2 up 5= 5 Ny,
yel%, x31 |0b 0a Ony

where x% is the only point of 02, such that |%, — x¥| =d,.
Using the harmonic property of Gg in a certain subdomain D, (see
Fig. 4), we derive that

%G G 0G
2 J - 2 (2, y) do(z),

dbdaom V=", daem o, D) o

where y, is the outward normal to 0D, at z. As ¢ tends to zero, we have

G,
| <o
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*
Xoo pX2

FIGURE 4

Thus

Our lemma follows.

Combining Lemmas 2.7 and 2.8, we obtain

LeEmmaA 2.9. Let xy, x, € Q, such that d, <d,, |x; — x,| = 0 when ¢ > 0.
Then, there exist ¢, >0, d, >0 such that

0Gq
dy<d,=——(x1,x,)<0,

e<e
on,

%

where ny is the outward normal to 0,2, at x| and X' is the only point of 0,0,
such that

dy=|x; —xi|.

Next, we are interested in the behavior of pg, for po =0, near the
boundary of Q7 for & small enough. Namely, we want to prove that for
X = (X1, ., X,) € QL close enough to the boundary of Q7, p, (x) =0, then
the gradient of p, is pointing outward Q7 for ¢ small enough. We start
with the following lemma.
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LemMa 2.10.  There exist ¢,,>0 and d, >0 such that
Ve<e,, Vx=(xy, .., x,)€Q?

such that if" pg (X1, x,)=0, dy=d(x,,0;Q,) <Inf,c;,d(x;, 0,2,),
dp <d, then

0p98
ony

(X1, e X,) >0,

where ny, is the outward normal to 0,Q, at xj, and x), is the point of 0,Q,
such that d(x;, 0,Q,) =X, — X}/

Proof. We may assume, without loss of generality, that

dy=d(x,,0,Q,)= inf d(x;0,2,).

1<j<p
We have

Pa,(x)=r(x) Mg (x) r(x)= inf rM,r,

¢ lIrl =1

where all the components of r(x) are strictly positive (see [6]). Thus, in
order to prove our Lemma, it is sufficient to prove that all the components
of (OM,/On,)(x) are positive, and (OM,/0n;)(x)#0 for d; and & small
enough.

The components m,; of (0M,/0On,)(x) are given by

0H .
mllzﬁ(xuxl)a m;=0 if i#1
1
aGQ .
m1j=mj1=—an18(x1,xj), my;=0 if i#1 and j#1

Combining Lemmas 2.2, 2.6, and 2.9, we obtain our lemma.

LemMmA 2.11. Let ye W, such that |y| - ¢ >0 when ¢ — 0. Then, for any
x e W,, we have

&’

OH OH y 1 !
[ _ _2 n—2 1_7 0 -
6b (X, y) ab ()C, y)+(n )|y|n6 < |X|n_2>+ <|x|n—2>’

where 0/0b is the derivative with respect to the second variable.
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Proof. We have

aHW 5H
(4 ( () - <xy>> 0 on W,
o0H OH
< o (%) = (v )
_ o0H
y—x B,
(I’l 2) |_]/—X|n ab ()C, y) on ai Wsa
0
\

ond,W,.
As |x| =&— 0, we have

Hp (x, y)=Hg (0, y)+ O(|x])

=1+ 0O(|x])
and

0H
= (%)= 0(1x]).

Hence we have

Ll Y S I S o, W
b X, y 2h X, y)=—(n BE & on 0, W,.
Thus
aHW 5H
() = ()

y W 1 gn—l
=(n—-2)——e¢ <1 — >+0< — >
|yl |x|" 2 |x|" 2
Lemma 2.11 is thereby proved.
Lemma 2.12. Let ye W, and d,=d(y,0,W,) =d(y,0B(0,1)). There
exist e, >0 and d, >0 such that for any e <e, and d,<d, we have

OH

L ) n—2 < 1 >
= +o0
on, e 2"t =)
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where n,, is the outward normal to 0,B, at y' and y' is the only point of 0, W,
such that d, =y —'|.

Proof. From Lemma 2.11, we have

oH oH 1
Yy yy=2 80 ) am—2) y,,e“(l >
oy b ]

gn—l
+0<n )
|yl =2
According to [11], we have

aHBl( )= — (n—2)
ab T Ty Sxt2dn |

w(g=)
o\ 7= |.
dy=!

(y—x—2n,(y—x)n,—2d,n,)

Thus

OHpg (n—2)n, 1
517 (yﬂy)zzn_ld;—l+o<d;—l>

and hence we have

OHy, (n—2) 1 "2 1
: - 2n—2 1— .
on, 2% 2"—1d;—1+0<d;—1>+ (r )Iyl"‘1< |y|"‘2>

Our lemma follows.

LeEmMMmA 2.13. Let x, ye W, such that |x— y|+»0 and |x| > ¢>0 when
e — 0. There exist e,,>0 and d,, >0 such that:

aG Wg

on

¥y

e<e d(y, 0. W,) <d,= (x, ) <O,

* b
where n,, is the outward normal to 0,B, at y" and y' is the only point of 0, W,
such that d, =y —y'|.

Proof. Lemma 2.13 follows by arguments similar to the ones used in
the proof of Lemma 2.6.
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LemMA 2.14. Let x, ye W, such that
(i) d,=d(y,0.,, W,)<d,=d(x,0,W,);
(i) |x—y|— 0 when ¢— 0.

Then, there exist ¢, >0 and d, >0 such that

Gy,
d,<d, zﬁ(x, y) <0,

¥y

e<e,,

where n,, is the outward normal to 0, W, at y' and y' is the only point of
0. W, such that d,= |y — y'|.

Proof. The proof of Lemma 2.14 is similar to the proof of Lemma 2.9.

From Lemmas 2.12, 2.13, and 2.14, we derive the following lemma.
LemMa 2.15.  There exist ¢,,>0 and d, >0 such that
Ve <e,, Vx=(xy,..,Xx,) W2,

such  that if  py (X1, .., x,) =0, d(xy, 0. W,)<Inf, ., d(x;, 0. W,),
dp<d,, |x;| »0, Vj then

ap W,
ony

(X1, e X,) >0,

where ny is the outward normal to 0, W, at x}, and x}. is the only point of
0, W, such that di,=|x;,— x}|.

LEMMA 2.16. For A>0, we denote by h, the map defined by

hy: A, > h,(4,)=A4

&

x—X=Ax

Then for any xy, ..., X, € A,, we have

&

pAe(xls e xp) =" ZpZE(}“xls e /IXP).

Proof. The same arguments in the proof of Lemma 3.1 in [1] prove
easily our Lemma.

LEMMA 2.17. For ¢>0, let

F (&) ={(xy, .., x,) €QF /i # j/st. x,=x,}.

p
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Then pg_converges the C Ltopology to pep, when & — 0 on every compact set
that does not intersect V, where V is any neighborhood of F,(¢).

Proof. The proof is similar to the proof of Lemma 3.5 in [2].

LEmMMmA 2.18. For ¢>0, let

F,(e) ={(x1, ., x,) e WZ/Ti# jst. x;=x,}.

P

Then py, converges in the C L_topology to p 5, When ¢ — 0 on every compact
set that does not intersect V, where V' is any neighborhood of F,(¢).

Proof. The same arguments in the proof of Lemma 3.9 in [12] give
easily our lemma.

3. PROOF OF PROPOSITION 1.4.

Let p e N such that p >3 (for p =2 see our paper [2]).
Let x4, .., x, €4, such that p,(x, .., x,) =0. We may assume, without
loss of generality, that [x;|<|x,| < --- <|x,|. Two cases may occur:

Ist Case. ¢/|x;|— ¢>0 when ¢—>0
2nd Case. ¢f|x;|— 0 when & — 0.

1. Study of the First Case: ¢/|x{| = ¢>0.

We introduce the map:

Then 4,= {£eR"/1<|%|<1/e*}. When ¢— 0, A, “converges” to ‘B, =
R™\B(0, 1). Thus, denoting by p 4, the function defined, replacing 4, by A,
in (6), we have

1
Pe(X1s s X)) == pa (X1, s X)) (see Lemma 2.16).
8 &

We distinguish two cases.
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la. d(il,a,.ﬂg):d()?l,aB(O, 1)) > 0 when ¢ — 0.
In this case, according to Lemma 2.10, we have

pa
aﬁle (Xy, .., X,) >0,

where 7, is the outward normal to 94, at %}, and &) is the only point of
04, such that d(x,, 0;4,)=|X; — X} |. That implies that zero is a regular
value for p,.

1b. d(%,,0,, 4,) ~»0 when ¢ > 0
Here, two subcases may occur.

(i) There exists some constant M >0 such that sup,_,.,
|X;— X;| < M when ¢ — 0. Therefore, we deduce from Lemma 2.17 and [2,
Lemma 2.6] that Vp,(xy, .., x,) #0 for & small enough.

(i) There exists je {2, .., p} such that |X;—X,| > + o0 when ¢— 0.
Two subcases may occur.

() &*|X,|— 1 when e—0

(B) & |%,] > c<1 when ¢—0.

Let us consider the first case (1.b.ii.o).
We introduce the map

1 x
R

=

&

> 0B1) =0 when ¢—0.
Using the same arguments as in case l.a we conclude that
Vp.(x1, ..., x,) #0 for & small enough.

Now, we study the second subcase 1.b.iif. Note that &* |%,| > c<1 as
¢— 0 implies & |%;| > c<1 for any je{l, .., p}. We denote by %,, ..., X
the points such that |%;—X,;| remains bounded (2<,<k) and by
Xk41>. X, the other points (that is [¥;,—%;|—> +o as ¢—0 for

je{k+1, .., p}). We denote by G,, A, the functions defined, replacing 4,
by A, in (2), respectively, (3). We want to prove

-2 ~ ~ ~ ~
% (1" 7pa (IR, s 1R, Xpe 15 s X)) =1 <O,
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It is sufficient to prove that all the components of

0 _
5 TR 150 B 1 s 5,)
are negative, and (0/01)(1" 2M (1K, o, 1R, Xpey 1y o X)) #0.
The components m,; of (0/0t)(1"~>M (1%, ..., tXx, X5 4 15 ..., X,)) are given
by

0 ~
(m,-i =3 (" 2H (1%, 1%;))  for 1<i<k;

my; >0 if i>k
g n—273 I ~ . .
m;=m;= T (1" G (1X,, 1X))) for 1<i<j<k

0 ~
mijzmj,:—a—t(t”_ng(t)?,-,)Zj)) for 1<i<k and j>k

\m;=m;<0 if i>k and j>k.

According to [2, Lemmas 2.5 and 2.6], we have
d n—27y = = .
a(t H, (1%, t%,)),_1< —¢ when ¢—0 (¢>0) for 1<i<k
and
O o o .
a(z" G, (1X;,1X;),=1>¢>0 for 1<i<j<k.

On the other hand, we deduce from [2, Lemma 2.7] that

oG X; 1
£ (%, %) = (n—2) x’n{ —eﬂ"ﬂ

S n—2
|xj|n

1
+0<|~|n—1> for ]E{k+1,,p} and 1<l<k
Xj

Since

&% »e<l when ¢—0for any je{k+1,.., p}
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we have

i N

ot
which concludes the first case.
2. Study of the Second Case: ¢/|x,| = 0 when ¢ >0
We distinguish two subcases:

a. ¢lx;| > ¢>0 when ¢ 0;
b. ¢|lx;| =0 when ¢ - 0.

Study of 2.a. ¢ |x;|—>¢>0 when ¢ >0 and ¢/|x,| - 0.
In this case, we introduce the map
A, — A4,

X —=> X =¢&X.

Thus 4,={feR"e*<|¥| <1} and |%,|=¢ |x,| > ¢>0, therefore X, »0

for any je {1, .., p}.
Two situations may occur.

(i) dx,,0,4,)=d(%,,0B(0,1))— 0, when ¢— 0. In this case, from
Lemma 2.15 we deduce that (9pz /071,)(Xy, ..., X,) >0, where 7i, is the
outward normal to 04, at X, and X, is the only point of 04, such that

d(jzpa aezs) = |£p - '52‘:7 |
Thus, zero is a regular value of p, in this case.

(i) d(x,,0,, /L)zd(ip, 0B(0, 1)) »0, when &¢— 0. We deduce from
Lemma 2.18 and the proof of Lemma 4.4 in [ 1] that zero is a regular value

for p, for ¢ small enough.
Study of 2.b. ¢/|x;] -0, ¢ |x;] >0 when ¢ >0
We introduce the map

A, - A4

Xo>X=——
x|

Thus

i 1
AE:{JZER"/8<|JZ|< }
[x1 | & |xq]

A, “converges” to R” when & — 0.

0 ~
—(t"?G (1%, %)) =1 >0 for je{k+1,.., p} and ie{l,..

’k}a
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We distinguish two subcases:

(i) elx,|—=c>0

(i) elx,|—0
In (i), we consider the map:

As—nzs
. 3 1 X
Xox= — .
e lx | |X]?
Then
A,={ZeR/1 < |3 <1/e?)
and
< 1 1
|X,| = ->0
elx,| ¢

This is as in the first case.
Now, we study the following case.

(ii) & |x,|— 0. In fact, we will prove that this case cannot occur.
In this case, ¢ |x;| — 0, when e -0 Vje {1, .., p}.
Letting ¢; =¢/|x; | and &} =¢ |x;|, we have

~ 1
A, = {)Ee R"/e; < |X] <,}
&

1
and
&y %1 -0, when ¢—0, Vjie{l,..p}.

On the other hand, we state the following claim, whose proof is given at
the end of the section

Vie{2, .., p} |X; — %] = + o0, when ¢—0 (19)

Now, we distinguish two situations:

(@) X /1%p—1[ = c>0;
(B) X, 1/1%,—1] = + 0.
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Let us consider the first situation, that is |X,|/|%,_| — ¢>0. We intro-
duce the map

EN)

As_) H

X

=u

X-o>X=—5"1%,l

| %]
If |%| =¢,, then |X| = |X,1/IX] =1%,|/e; = + oo, when &— 0.
Similarly, |¥| = 1/¢} implies |X| =¢ [X,| — 0, when & — 0. Therefore
= )=z nig o~ 3 |)zp|
A, ={XeR"/e) X, <[X]| <—
€

and A, “converges” to R” when ¢ — 0.

We have

T 4 I s

|xp| 5 |xp71| |)z 1|_)(’> 5 _|xp|<|xp71|< <|X1|—|Xp|
p—

and

If )?p,l - )%p, then pjs(fp,l, )?p) <0 for & small enough; this implies that

pi,(X1, ., X,) <0, a contradiction with p,(x, .., x,) =0.
Now, let us recall the following result from [2, Lemma 2.11].

LeMMA A [2]. For ¢>0, & >0, let A,, ={xeR"e<|x|<1/e'}. Let
x, €A such that |x,|=1. Then for ¢ and € tending to zero, p,(x;,-)
converges in the C'-topology on every compact set that does not contain x,
10 pro(Xy, ).

Sigce )?p:l does not converge to )%p, we deduce, from Pemmg A, that
pi(X,_1,%,) <0 for ¢ small enough and therefore pj (i, .., x,) <0, a
contradiction with p,(xy, .., x,) =0.

Finally, we study the second situation, that is |%,|/|X,_| — +co. At this
point of the proof, we need the following estimate, whose proof is given at

the end of the section.

C
G;(x X))~ for ¢ small enough. (20)
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On the other hand, from [2, Lemmas 2.10 and 2.12], we have the
following estimates

n—2
. €
Hjz (X, X)) ~ W+C181 -2,
when ¢—0 Vje{l, .. p} (21)

~ o~ c .
Gﬁs(xlaxj)NW Vie{2, .., p}.
J

Thus, if pz(%;,%,_,)=0, then & |%,_[>>¢>0, hence &[%,_,|?
— + 0. Slrmlarly, pa,(Xy, X,) >0 implies that &,¢} |x, |?>¢>0 and that
€y |%,1> = + 0. Using (20), (21) and &, |%,1> > + o0 (for j=p—1orj=p),
we derive that if

~ ~ _ C
Pa(%,_1,%,) =0  then (ci&)"?)-(cpe}” Z)ZW'

3

This implies that & |X,|>c¢, which yields a contradiction, and the
Case 2.b.ii is impossible.
We turn now to the proof of (19) and (20).

Proof of (19). We argue by contradiction. We assume that there exists
j€{2, .., p} such that |X,—%,| remains bounded, when ¢ - 0. Lemma A
implies that pz (X, ;) <0 for ¢ small enough. Since, pjz(Xy, .., X,)
<pa,(X1, X)), pa,(Xy, ..., X,) Is strictly negative; a contradiction.

Proof of (20). On the one hand, we have
_Ay(G”Be ()le—ls J/)—st(fp—la J’)):O on As
G‘B ( p 1) )_Gge(ip—lay)
B {O on 0,4,
= G“Bel(fp—lﬂ ¥) ond,A,,

where ‘B, =R"\B(0, ¢,).
On the other hand, we have

en—? X, ¥y
G”B( —lay): < 1_ — GBl <31 1|2,31|y|2>-

1%, 11" 72 |2 X, -

If |y| =1/} then |e, y/|y|* =&,y =0 and eey=o(e/|X,_1]) (we recall
that & |x,_,| — 0), therefore
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> |n—2 X

==l @ . Zp—1 |xp—1|
&’ B“%Jm<uw4r|ﬂ2y

|ip_l|n2|: < g > <| |>:|
=2 | Gpo = 0)+0
8r11—2 B(0, |xp71|/£1) | > | + yl

|)E 71|n72 8"72 . ,
= Pn_z 1—|~ ! 5+ O(|X,_11 &)

&1 R L
P s [yl
=7 1+0 Dpo1l 1 .
8’1’_ 87_2
This implies that if yed,4,,
8n728rn72
~ ry— 1 1 ~ ry—
GCBcl(xpfls y)=81n 2_|)Z' 1|n—2+0(|x17*1|81n 1)

e

This implies that

. . 8n72
Ga,(X,_1,9)=Gep (X,_1, y)—e? <1 - |n1> +o(ey"?).

“ |y
Since
&1 X, &1X, 1
< 2| =92\ 7= 2| )»
|xp| |xp71|
we have
1 ep=? [X, 1l
Geg, (%1, Tp) =y _+0<~“_
B P >p |xp|n 2 |xp_1|n 2|xp|n 2 |xp|n 1
Thus
G”B ()Z- —1’)2 )
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Therefore

C
G.Z (-i-p—lajap)N ~ 2>
‘ 1%,

(20) follows.

4. PROOF OF THEOREM 1.5.

Before giving the proof, let us recall the following result (Lemma 2.13 in

[2]).

LEMMA B [2]. Let &, >0. There exists e¢,>¢&,; such that for any

e<e,, Aﬁl is contained into I,(¢).

Since, p,(x;, .. X,) <p.(x1,x;), Vi je{l, .,p}, we derive, from
Lemma B, that there exists &, >0 such that A7 is contained into /,(e,).
Therefore, we derive

L(2)) = A2 =5 I(e;) = AP,

Thus
H,(I,(8)) 2> Hy (A7) H,(I,(2,)) => H(AP).

On the other hand, Proposition 1.4 implies that there exists ¢, >0 such
that 7,(¢;) is homotopically equivalent to I,(¢,) when ¢, <g,, therefore
Ir« oi;« 18 an isomorphism, and the injection I(¢)) > A7 is a homotopy
equivalence, since the sets /,(¢) are Euclidean neighborhood retracts. Our
theorem follows.
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