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ABSTRACT.- We consider the problem: (P:) : —Au. = w2, ue > 0 in Ac; ue = 0 on HA., where {A: C
R3¢ > 0} is a family of bounded annulus shaped domains such that A. becomes “thin” as ¢ — 0. We show that,
for any given constant C' > 0, there exists €9 > 0 such that for any € < €g, the problem (P.) has no solution
ue, whose energy, [ AL |Vue|?, is less than C. Such a result extends to dimension three a result previously known
in higher dimensions. Although the strategy to prove this result is the same as in higher dimensions, we need a
more careful and delicate blow up analysis of asymptotic profiles of solutions u. when € — 0.
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1 Introduction

We consider the following nonlinear elliptic problem

—Au u?, u>0 in Q
(Po) { u = 0 on 0f,

where  is a smooth bounded domain in R3.

The equation (Pg) arises in many mathematical and physical contexts (see [7]), but its greatest
interest lies in its relation to the Yamabe problem. From this geometric point of view, we think
of u as defining the conformal metric g;; = uﬁ dij. Equation (Pq) then says that the metric g
has constant scalar curvature.

It is well known that if 2 is starshaped, (Pq) has no solution (see Pohozaev [16]) and if §2
has nontrivial topology, in the sense that Hop_1(Q; Q) # 0 or Hi(Q; Z/2Z) # 0 for some k € N,
Bahri and Coron [3] have shown that (Pqn) has a solution. Nevertheless, Ding [12], Dancer [11]
and Passaseo [15] gave the example of contractible domain on which (Pgq) has a solution. Then,
the question related to existence or nonexistence of solution of (Pg) remained open.
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In this paper, we study the problem (Pp) when Q = A, is an annulus-shaped domain in
R3and ¢ is a small positive parameter. More precisely, let f be any smooth function:

f:R? — [1,2] ,(01,02) — f(61,602)

which is periodic of period 7 with respect to 61 and of period 27 with respect to 6s.
We set

S1(f) ={z eR?/r = f(61,62)},

where (7,01, 63) are the polar coordinates of .
For € positive small enough, we introduce the following map

ge : S1(f) — g=(S1(f)) = Sa(f), @+ ge(x) = x4 eng,

where n, is the outward normal to Si(f) at . We denote by (A:)->o the family of annulus-
shaped domain in R? such that 0A. = S1(f) U Sa(f).

We are mainly interested in the existence of finite energy solutions, our main result is the
following Theorem.

Theorem 1.1 Let C be any positive constant. Then, there exists €9 > 0 such that for any

€ < €0, the problem (P:) : —Aue. = u2, uc > 0 in Ae, us = 0 on A, has no solution such that
2

fAs [Vu|* < C.

Such a nonexistence result of finite energy solutions to Yamabe type problems on nontrivial
domains is a new and interesting phenomenon, and it is a subject of current investigations by
the authors. It turns out that such a nonexistence result of finite energy solutions is closely
related to nonexistence results of solutions of finite Morse index, and has its explanation in
the behavior of the first eigenvalue of Laplace operator, or more generally of Laplace Beltrami
operator on complete manifolds. We hope that such results will be useful to find necessary
and sufficient conditions on the manifold for the solvability of Yamabe problem on complete
manifolds. The results of such investigations will appear elsewhere. We notice that the higher
dimensional analogue of our result has been recently proved by the first three authors [6].

Our strategy to prove Theorem 1.1 is the same as in higher dimensions, however as usual in
elliptic equations involving critical Sobolev exponent [8], we need more refined estimates of the
asymptotic profiles of solutions u. when € — 0 to treat the three dimensional case. Such refined
estimates, which are of self interest, are highly nontrivial and uses in a crucial way the refined
properties of blowing up solutions of Yamabe type problems in the spirit of R. Schoen [19], [20],
[21] and Y. Y. Li [13]. The input of such a refined blow up analysis enables us to rule out some
bad configurations for which the higher dimensional estimates cannot be improved.

Another ingredient of our proof is a careful expansion of the Euler Lagrange functional associated
to (P:), and its gradient near a small neighborhood of highly concentrated functions. To perform
such expansions we extensively make use of the techniques developed by A. Bahri [2] and O.
Rey [17], [18] in the framework of the Theory of critical points at infinity.

The organization of the paper is as follows. The next section is devoted to set up some
notation. In Section 3, we study the asymptotic behavior of bounded energy solutions of (P).
In section 4, we prove Theorem 1.1. Lastly, we prove in Section 5 some useful facts and careful
estimates needed for the previous sections.
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2 Notation
We denote by G, the Green’s function of Laplace operator defined by
Vre A —AG.(z,)=cdd,in A , G.(z,.)=0o0ndA.,

where d,, is the Dirac mass at z and ¢ = meas(S?).
We denote by H. the regular part of G., that is,

H (z1,22) = |21 — 132‘71 — Ge(x1,x2), for (x1,22) € Ac X A..
For p € N* and z = (21, ..., 2,) € A?, we denote by M = M, (z) the matrix defined by
M = (mij)1<ij<p, Where my = He(i, 1), mij = —Ge(x4,25),1 # j

and define p.(z) as the least eigenvalue of M (p.(z) = —oo if x; = x; for some i # j).
For a € R? and X\ > 0, d(a,n) denotes the function

A1/2
1+ 2|z — al?)1/2’

Sian () = Co(

(2.1)

(2.2)

(2.3)

(2.4)

It is well known (see [9]) that if ¢ is suitably chosen (co = 3'/4), d(a,)) are the only solutions of

—Au=v’,u>0in R?
and they are also the only minimizers for the Sobolev inequality
S = inf{]Vu\%g(R3)|u]262(R3), st.Vue L?>,ue LS u # 0}.
We also denote by P-4, the projection of (4 5y on H}(A:), that is,
AP:b(q 0 = Ad(qn) in A, Pod(q ) = 0 on 0A,

and by 0, \) = d(q,)) — Pe0(q,n)- We define on H(A:) \ {0} the functional

_ Ja |Vul|?

Je(u) (fAE u6> 1/3

(2.5)

(2.6)

(2.7)

whose positive critical points, up a multiplicative constant, are solutions of (P;). Lastly, let

1/2
wo)= [ vuw, HuH=(/ w) Cwv e HY (A
A Ac
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3 Asymptotic behavior of bounded energy solutions

This section is devoted to the study of the asymptotic behavior of bounded energy solutions
of (P.). Such a precise description is cornerstone in the proof of our results. It says, roughly
speaking, that our solutions concentrate at a finite number of points such that the distance of
one of them to the other is at least comparable to ¢.

In the sequel of this paper we consider a solution u. of (P.) which satisfies

/ ‘ Ve ’2§ C, (3.1)

£

where C is a positive constant independent of €. Our aim in this section is to prove the following
result:

Theorem 3.1 Let u. be a solution of problem (P.) which satisfies (3.1). Then, after passing
to a subsequence, there exist p € N*, (x1,...,Tpe) € AL, (A1 gy .o, Ap ) € (RE)P, and a positive
constant a > 0 such that:

P
Ue — ZPg(S(%E’/\m) ‘ — 0, N\jedie = +ooforl1 <i<p as e—0,
i=1

Xig | Tie—xjec|—00ase—0,|zic—xjc |> e fori#j,
where di . = d(z;.,0A:) and A\ = 3-1/2 (ua(:ziyg))?

Remark 3.2 The above Theorem is true in all dimensions n > 3, however a weaker version
used in [6] was enough to derive the equivalent of our result in dimension n > 4.

To prove Theorem 3.1, we start by establishing some useful facts. Let 1. € A. be such that

U (1) = MAX U 1= M ..

€

Let gg = M1275(A5 — 21¢), and denote by v, the function defined on Ea by
ve(y) = My uc(z1c + M7 2y). (3.2)
By Lemma 2.3 of [6], we know that:
Mﬁed(:cl,g, 0A;) — +o00 as e¢—0.

Furthermore, ve — 6(g o) in C2 (R?) as e — 0, where ag = 3712,

Now, we prove the following crucial lemma:

Lemma 3.3 There exist positive constants 6 and ¢ such that

max | v -4 <é(eM?)7".
\yléﬁsMiE’ c(¥) = 00,00 (¥) [ € (M],)



YAMABE TYPE PROBLEMS 5

Proof. First, it follows from Lemma 3.2 of [10], that there exist positive constants § and ¢
such that

ve(y) < B(0,00)(y) for |y |<deMi .. (33)
Now, let

Me = |y‘£§?ﬂ}§[ﬁg | ve(y) — 6(0,&0)(y) |:=| ve(ye) — 5(0@0)(:%) | .

Arguing by contradiction, we assume that mgsMﬁs — F+oo as e — 0.
Let we(y) = mZ ' (v2(y) — 6(0,00) (), we satisfies

v — 87
Aw, + fowe. =0 with f. = £ (0a0)
Ve — 5(0,(10)
By (3.3), we have
| fo < e+ y)™" for [y]< 55M127£. (3.4

Applying the Green’s representation leads to

wln =a( [ Gao o [ 25

OB, 61/

(. )ula)do(@)).

Be

where a = (meas (SZ))A, B. = B(0,0eM¢,), v is the outward normal to dB. and Gp, is the
Green’s function of A under Dirichlet boundary conditions in B.. Using (3.3) and (3.4) yields

lwe(y) | < e / e T
Wel\Y) | >
: B.ly—a| (14 |z )t medeMi,
_ —1
<+ 1y )72+ (medeMi) ™) (3.5)

It follows that w. is bounded and by elliptic standard estimates w. converges, up to some
subsequence, in the C? -norm to a function w satisfying

loc
{Aw +50(. 00 (Ww(y) =0 in R’ (3.6)

| w(y) [< e+ |y )2

By Lemma A1l of [5], see also Lemma 2.4 of [10], every solution of (3.6) can be written as
3
99(0.0 1
w(y) = Z%% + ag <y + Vi(0,00)(y) + 55(0,%)(9))
j=1 !

for some constants a; € R, j = 0,...,3. Since w(0) = g—;‘;(O) = 0, we obtain that a; = 0 for
0 < j < 3, namely, w = 0. Since w.(y:) = 1, it follows that | y. |— +o0c as ¢ — 0. Applying

(3.5) at y = y. gives
1=l welye) | e (1 g )72+ (medeM2) ™). (3.7)

Since the right hand-side of (3.7) goes to zero, as ¢ — 0, we derive a contradiction. Thus
maséMiE must be bounded and the proof of our lemma follows. a
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Lemma 3.4 Let & be the positive constant stated in Lemma 3.3. Then we have
/ ul =83 +0(1) as €—0,
B(xlys,&:)

where Sz = S%/% and S is the Sobolev constant defined in (2.6).

Proof. We have

B(x1,¢,0¢) B(O,(SEM%E)

pry (56 a +O / 65 a Ve — (5 @ + Ve — (5 N 6
/B(0758M12’E) (0,a0) ( B(06:M2) (o, 0)’ e (0, 0)\ Ve o, 0)‘
— 6 B

= /3(07551\412’8) 5(0,a0) +0 <‘ Ve (5(0,010) ‘LG(B(O,JaMiE )> )

Using Lemma 3.3 and the fact that €M1275 — +00 as € — 0, we easily derive our lemma. O

Now, we are in the position to prove Theorem 3.1.
Proof of Theorem 3.1 We distinguish two cases:
Case 1.. [, |ue — P, x,.) [®— 0 as e — 0, where A\ = agM7 . In this case we are done,
the number of blow up points in the Theorem is reduced to 1, that is, p = 1.
Case 2.. an | ue = Ped(zy o a0) |64 0 as e — 0. We are going to study this case. First, let us
prove that

Tl,e,s

/ ul 40 as e— 0. (3.8)
A\B(x1,¢,0¢)

Observe that

/145\3(961,5,66) e A\B(z1,¢,6¢) (F1eM,0) A\B(0,6eM7 ) (0:0) (3:9)

where we have used the fact that EM%E — 00 and (g o) € LO(R?).
By Lemma 3.3 and the fact that ezMﬁ8 — 00, it is easy to derive

/ lue = Py 2y ) =0 as e—0. (3.10)

Clearly, (3.9) and (3.10) imply (3.8). Now, we set

U (o) = max  uc = My,.
Ae\B(z1,¢,0¢)

It is clear that |z, — x| > de.
By (3.8), there exists ¢ > 0 such that

c < / U
A\B(z1,¢,0¢)

oo
IN
=
o
S
N
oo
&
QU
)
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But, we have

g2 Ce?

[ ww=a [ e < [ v pax=2 [ v pas

ce Jp. ce Ja. Ce

where @ (X) = us(eX), D = p(A.), with ¢ : © — ¢(z) = ¢!z, and c. > 0. By Lin [14], we
have ¢ — ¢ > 0 as € — 0. We derive that 5M2278 +# 0 as ¢ — 0 and therefore as in Lemma 2.3 of
[6], we have that Mg’sd(mg,g, 0Ac) — 400 as € — 0. This implies that M22’6 | 21 — @2 | = 400
as ¢ — 0. Now, for y € E, := Mis (Az — z2), we introduce the following function

Ue(y) = M2_751ua (xQ,a + M2_752y> .

It is easy to see that U, is bounded by 1in B(0, (1/2)M5_ | 3. —x1. |). Therefore, Uz — 60 )
in C?_(R3) as € — 0. Thus, we have obtained in Case 2 a second blow up point. It is clear that
we can iterate such a process. But, since the energy of u. is bounded such a process stops after

finitely steps, and the proof of our Theorem is thereby completed. O

4 Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. To this aim, we first study the location of
blow up points that we found in Section 3. To this goal, we need a rather delicate analysis and
careful estimates. First, we start by the general setting. Let, for p € N* and n > 0 given

1
Ve(p,n) = {u € XT(AL) st Iyt o, Yp € Acy N1, oy Ap > " with

p
u = C(p) Z Pfé(yi,)\i)

i=1

1
’ <mn, Aid(yi,8A5)>EW, 81‘]’<77V’L'7éj},

where X1 (A.) = {u € HY(Ao)/u >0, [Jul| = 1} and ;5 = (Ai/Aj + N/ + Nidjlyi — v5)?) V2.
If a function u belongs to V.(p,n), then, for n > 0 small enough, the minimization problem

min
a;,X\i>0, y; €A

p
u — Z aiPE(;(yi,)\i) ‘ (4.1)
=1

has a unique solution, up to permutation (see Lemma A.2 in [3]).
Therefore, for £ > 0 sufficiently small, u. (solution of (P.)) can be uniquely written as

/4

= Z ai,5P56(£i75,Ai,5) + UE? (4'2)
i=1

~ Ue
Ue 1= ——
T el

where v, satisfies the following conditions:

8P5(5($i,87/\i,5)
O\ e

OP.5(,.
€ ( 2,57>\1,s)> — 0 VZ,

> B <U€’ 8<$i,s)k

(‘/0) <U87P€5(1’i,5,)\i,g)> = <U€>
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where (z;.)j is the kth component of z; ., k € {1,2,3} and ;. satisfies :

J(ue)2ad. =1+ 0(1) Vj.

Je

To simplify the notations, we write a;, x;, Aj,d;, Pd; and 6; instead of v, @ic, Aie,d(
Ped(z, .2y and O, 5, ) respectively and we also write u. instead of ..
As a consequence of Theorem 3.1, it is easy to obtain the following result

xi,e)‘i,s)’

Corollary 4.1 For each i, we denote by B; :== B(x;,ad;/4). For i # j, we have

c 0€;s 1
(a) ey < Oadin ) 172 b N o, 2613(1 +0(1)), (¢) BinB;=0.
Proof. The proof is immediate since |z; — wj] > ae for each ¢ # j and d; < ¢ for each 1. O

Now, let us recall the estimate of the v.-part of u..

Proposition 4.2 [6] Let v. be defined by (4.2). Then, we have the following estimate

1/3
[|ve|| < CZ ﬁ + cZzsij (Loga;f) / .
i i#]

In the next propositions, we give useful expansions of the gradient of J which allows us to
characterize the concentration points given by Theorem 3.1.

Regarding the estimate of ||v.||?, it is negligible with respect to the principle part of Propo-
sition 3.2 of [6], however it is of the same order as the principle part of Proposition 3.3 of [6].
Following an idea introduced by O. Rey [18] and the fact that the balls B; are disjoints, we
are able to improve the terms which contain v, and therefore we can obtain the analogue of
Proposition 3.3 of [6].

Proposition 4.3 For each i, we have the following expansion

<VJ(U€)7 )\laai)\(j’> = 2J(u€)cl (-%m(l + 0(1))
deij 1 He(xi,25)
;ag‘ <)\i DA + 3 D)1/ > (I1+0(1)) +R>7

where ¢1 is a positive constant and R = O (sz Medi) ™2 + D ptr Eir (Loga;Tl)Q/?’).
Proof. It follows from Lemma 5.1, Proposition 4.2 and the fact that v, satisfies (Vj). O

Proposition 4.4 For each i, we have the following expansion

N\ B 4 i@siji 1 8H€(5Eia$j)
(V0 52 = s(ae)er 2o, (552~ 5o e

(67 8H€(xi7 .731) P 1
N o +0<Z Owdi)?/) )

1
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Proof. It follows from Lemmas 5.2, 5.3, 5.6, 5.7, 5.8, Proposition 4.2 and the fact that v,
satisfies (Vp). The negligible terms which appear in those estimates can be written as o((A1d;)~?)
since |z; — xj| > ae for each i # j and dj, < ¢ for each k. O

Now, we order all the \jd;’s : Aidy < Aada < ... < A\pd,,.
First, we introduce the set of indices ¢ such that \;d; and A1d; are of the same order. Let
C1 be a large positive constant and define

1= {1} U {Z/)\kdk < CiAp_1dp_q for each k < Z} = {1,2, ,l} (43)

Secondly, we define a subset of I such that the distance between the points is at most
comparable to their distances to the boundary. Let Cy be a large positive constant, we define

B={iel/3ki,..km € Is.t. ky =i,...kpm =1; |z, — x4, | < Comin(dy,,di,,,)}. (4.4)
Lemma 4.5 Let B be defined by (4.4). Then, {1} ¢ B.

Proof. First, we remark that Proposition 4.3 implies immediately that p > 2. To prove our
lemma, we argue by contradiction. We assume that B = {1}.
Using Proposition 4.3, and the fact that H.(z;, ;) ~ ¢/d; (see [1]), we derive

0= (VJ(u), \ 8@];?1) <_ (Alcdl) + O(kzyél E1)- (4.5)

Two cases may occur. If k > [ where [ is defined by (4.3), then by Corollary 4.1, we have

g1 < ¢ < L L =0 <L> ( for Cy large enough).
(AkdrArdy)1/? 011/2 (Nidy)(Mrdy))1/? A1dy

In the other case, we have |z1 — x| > Cp min (dy,dy), then

. <<;>1/2< 2 1 _0<L> ( for Cy large enough)
1k = Al)\k’xl - .’Bk’2 - 03/2 ((Aldl)(Akdk))l/Q )\ldl 0 g gn).

Thus (4.5) yields a contradiction and the result follows. O

Next, our goal is to prove the following crucial result:

Proposition 4.6 Let x1.,..., x,. be the points given by Theorem 3.1. Then, we have p > 2
and there exist k € {2,..,p}, i1,..., i € {1,...,p} such that

dpe(Tiy ¢y Tipe) — 0 and dQVpg(xihg, e Zipe) — 0,  ase—0,

where d = miny <, <j, d(z;, ¢, 0A:). In addition, we have Vm, r € {1,...,k} |z, - — xi, | < Cld,
where C, is a positive constant independent of €.
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Proof. Let k = card B that is B = {4y, ..., }. By Lemma 4.5, we have k > 2.

Let Mp = (mjj)i jer be the matrix defined by (2.3) and let pp = p-(2i, ¢, ..., Ti, ) be the least
eigenvalue associated to Mp. We denote by e the eigenvector associated to pp whose norm is
1. We know that all components of e are strictly positive (see [4]). Let n > 0 be such that for
any 7 belongs to a neighborhood C(e,n) C {y € (R%)*s.t. ||y|~ty — e| < n}, we have

T 2 _ €2 12 r_ OMp dpp 1 2
Mp~y — < = d 4.
YMpy — pBl7y|” < dlwl and Ty =y = <8 +o0 (d2) 7] (4.6)

and for v € (R%)*\ C(e,n) , we have
TyMpy = pply? > esyPd . (4.7)

First, we study the vector A defined by A = ()\;11/2, o )\;/2)
Claim 1. We have A € C(e,n).
Proof of Claim 1. We argue by contradiction. Assume that A € (R%)*\ C(e,n). Let

A =DA+tAle y()
A(t) = Al (1= t)A+t|Ale]  Jy(e)|

From Proposition 4.3, we derive

(VJ(uz), Z)j1—0 = _C% ( A(H)MpA(t)) + O Z S (/\11d1)
i€B,j¢B

where Z is the vector field defined on the variables A along the flow line defined by A(t).
Observe that

d d (TA)MgA

Y
— A <>|2d (p3+“ ) <TA<0>MBA<0>—pB|A<o>|2>>

i O]
— AQ)P (2,2(t)|? ("AO)MpA(0) — pslAO)2)(—(1 — HIAD)] < e, AD) > —t|A\2>) |
Thus
(V7(0e). Z)im0 = = r("AMsA = polAP)IA] < e, A(0) >)
1
+0<)\1d1> —|—O<A Z 61-3-).

1€B,j¢B

Since |e| = 1, then there exists m such that e;,, > +. Thus

< e, A0 ZeZA > A
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Using (4.7), we obtain

ccy 1
I Dimo = Sl o ()10 X =)
i€B,j¢B
c 1
. (wa) ol 2, )
= iz T
(MdiNi, i)Y i€B, j¢B
As in the proof of Lemma 4.5, we have
1 . .
€ij =0 (Aldl)\ 4 )1/2 Vi€ B, V] ¢ B. (48)

Thus

02— o ) 2 g o)) >0
= adihi, di )12 O\ Nidi ) = adi \ o2 7 :

This yields a contradiction and our claim follows.
Now, we will prove that
dpp — 0, ase — 0. (4.9)

Using Proposition 4.3 and (4.8), we have
OP¢;

0= Z(Vj(ug),)\iW)
i€eB v
xl,xz B ”_H(ajz,x]) .
= Z L+o0(1) = > (& )1 +0(1)+00) &)+ R
i€B j#i,jEB ()‘i/\j)Q j¢B
=T AMgA +o0 ( All d1> (4.10)

We assume, arguing by contradiction, that dpp #/— 0, when ¢ — 0. Therefore, there exists
C4 > 0 such that d|pp| > C4. Now, we distinguish two cases
15tcase: pp > 0. In this case, we derive from (4.10)

1 A2 1
O>pB|A\2+o<)\d>>Cu+o<)\ldl>>0

This yields a contradiction.

2" case: pp < 0. In this case, using Claim 1, we derive from (4.6) and (4.10),
A? 1 |A]? 1
0< pulAl2+ 2 < d
< pulAl d o \dy) T d (ppd+ca) +o Ady
[AP 1
< C .
= —(=Cs+c2) +o Nt

If we choose ¢y < 1C4, we obtain a contradiction. Thus, (4.9) follows.
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In order to complete the proof of Proposition 4.6, it remains to prove that:
d’Vpp — 0, ase—0. (4.11)

We assume, arguing by contradiction, that d?Vpp #A— 0 when ¢ — 0.
For i € B, using Proposition 4.4, we derive

oM 0e;; 1 OH, 1 1
=T AT B g = (i, @ W R

Observe that |0H/0z;(x;, ;)| < c(di|z; — xj|)~!. Thus, as in the proof of Lemma 4.5, we prove
that, for ¢ € B and j ¢ B,

861']‘

al’i

1 |0H.
(Airj)1/2

Therefore, by (4.6), we have
oM ! 0 A2 1 |
_T B . ﬁ 9
0="A oz, A+O<d()\1d1)) = (amid +0(1)) 7 + 0 I0nd) . Vi€ B.

0> (|Vpgl|d* +o(1)) AP +o0 ! > Cs A +o0 ! > 0.
- d? d()\ldl) - d? d()\ldl)

This yields a contradiction. Hence (4.11) follows.
The proof of Proposition 4.6 is thereby completed. a

Thus

Proof of Theorem 1.1 Arguing by contradiction, we assume that (P-) has a solution whose
energy is bounded. Using Theorem 1.5 of [6] and Proposition 4.6, we deduce Theorem 1.1. O

5 Appendix

In this section, we collect some estimates needed to prove Propositions 4.3 and 4.4. Here we
will denote by u. := Z?:l @;jPo(;; x,) + Ve the function defined in Theorem 3.1. Thus, we have
|z; — x| > ae for each i # j and \jd; — oo as ¢ — 0 for each i. In the sequel, we denote by
@ik = \; TOPS;/0(x;)x where (2;);, is the kth component of z;, k € {1,2,3}.

Recall that B; denotes B(z;, ad;/4) and we have, for each ¢ # j, B; N B; = 0.

Furthermore, all the estimates needed in this Appendix will be done in the balls B; and in
A:\B;. The integral over the ball B; is computed through rescaling while for the integral on the

complement, using the fact that \;d; — oo as ¢ — 0 we have the following estimate

56..§/ 56__:/ 68 < 5.1
/AE\Bi @2 = feav g, @) T ooy poands /ey O T (Nidi)3 (5:1)
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where ¢ is a positive constant independent of e.
Another fact which we use in this Appendix is the estimate of the function Pd(, ). In fact,
using the maximum principle, Pd(, ) can be written as

H.(a,x
Pégn(7) = CO% + flan) (@)

where f(, ) satisfies

c
— \5/244’

fan = < 1575 23

¢ |9fan
— \7/243° Oa

c ’ 9 fan)

Loe Le°

where c is a constant independent of €.
For the integrals in the ball B;, in the final step, we compute the integral in R? and another

integral out side of the balls as in (5.1).
Hence all the constants and the O which we will obtain are independent of ¢.

Lemma 5.1 For i # j, we have the following estimates

8P51 _a Hg(aiaai) 1
1) <P67,7)\Za—)\i> T VN © <()\idi)2>

0Py, Oeij 1 H:(a;,a;) _1\2/3 1
9) (P8 by — J 4 e\t 2 (Loget
) (Pdj, A O\ )= ()\ O\ + 2 (A)))1/2 ) +O<€” ( 09%4 > * Z (Ardp)? >

k=i,j
OPY; 0PY; 1
5y . v Y. ¢
) /AE Pos OAi 2P OA; )+0 (()‘idi)2> 7
d) )

2/3
5) /P55)\8P5 (P(Sj,)\aP5>+O< (Loggi_jl)

B o\ 5y
Ps, OPs;
, 4
5) 5/5P5J <P5 . ) (Poi, N7 >+O< (Loge ) >
6) [ 6363 =0(chLog="),

R3
where c1 = ¢y [ps 5(50 1) where co is defined in (2.4) and O is independent of €.
Proof. For the proof, we argue as we exlpained in the introduction of this section to take

care of the dependence with respect to €, then the remaining estimates are very similar to those
performed in [2], [17] and [18]. O
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Lemma 5.2 Fori € {1,...,p} and j # i, we have the following estimates

¢y OH. 1
1) (P, pir) = —2—;2 a(m)k(%,ﬂfi) +0 <m> )

Log()\idi)
2 Pl = 2(P6;, ¢; ZORATH )
) /AE 62801716 < 67(10,k>+0< ()\zdz)3 )

—C1 8H5 C1 6517

3) (Péj, i) =

i 7

1
1) / P3jpik = (Pdj, i) + O <W> ’

€

1
5 5P8:P6to; 1 = (PS5, ¢; ol —).
) / sPO ik = (P0j. o) + <()\1d1)5/2>

€

Proof. Claims 1, 2 and 3 are proved in [2] and [17]. We will prove Claim 4. We have

P8 = / (67 + O(66;))pik = (P, i) + O (/ 50514 | +/ 5?&') :
B; A\B;

Ae Ae

For the second integral, using Holder’s inequality, we obtain

1
626 = O
/R3\B]- ! ((A d; )5/2)

By Corollary 4.1, we have B; N Bj = () and therefore, for any « € B;, we get

1 1
<Csup| ———1]=0 ;
B; (/\5’/2\56—%‘!2) (/\?/Qmax2(di,dj)>

1 86 C 1

sup| — < sup; = O :

B; | Ai O(Ti) Aid; B; ()\?/2(11' HlaX(dz‘»dj))
I8 C

1 94
i O(x4)

sup

Thus we obtain

51010 ] < < :
/Bj 777 )\?/2/\?/2didj maX(di,dj) ()\1d1)3

Combining (5.5) and (5.2), the claim follows.
It remains to prove Claim 5. We have

1 86 1 06
5| P8Pl :5/ 6} — 4630; + O (6202 Pé-(— T >
/AE 3 170i Pik " ( (6567)) P9, Ai O(@i)k A O(wi)k

1 06; 1 96;
(Péj,pir) + O (/ 0;0; N 0@ ) O/ 5,650 )\ ( A

+0</ 5§9§5j+/ 5?@).
B; R3\B;

1
\3/2,1/2 i) T Nilzg —ziled ),
)\3/2)\1/2 a(l‘z)k (55],33 ) + Ai 6(1’1)k +0 ((Aldl)g + ]|:C ‘TJ|51]>
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Observe that

C c
sup | Do;| < - Sup 0; < N supd; < 7z , (5.6)
B; t Bj A d B; )‘j max(di,dj)
C C
sup |[DP6;| < sup |DJ;| + sup | D] < 7 + 57 (5.7)
B; B; B; AT max?(di, dj) A} 7d; max(d;, d; )
Thus we derive Log(Mds)
3925 2 3 < cLog
/Biaiei51<|59!mo/ 57 < o2 Ondi T (5.8)
1 00; c
504 = ¢ 5.9
/Bi TN O(@)i | T (Ndy) 2 (Nidy)S2 59
1 85¢ Log(Aid;)

P5;630;— =0 D (6 / 5t lz — . (5.10
Using (5.2), (5.8), (5.9) and (5.10), the lemma follows. O
Lemma 5.3 For each i, we have

P 5 P 1
P ) i =23 a;(Ps;,0ix) +0 [ ——r ).
/AE(X;O‘J ]) Wi,k Z;a3< js Pik) T ((A1d1)9/4>
j j
Proof. Notice that
P 5 P
<Z ajP5j> = Z<ajP5 > + 5(a; P6;) <Z a;j Pé; ) +10(a; P5;) (Z a;j Pé; >
J=1 J=1 J# JFi
+ O(Z Y 5;*@). (5.11)
J#i ‘]Q{Z,T}
Since B; N B; =0 and B; N B, = (), using (5.3) and (5.4), we derive
c c
< 61 < (5.12)
A2 max(dy, dj)AY?d; max(d;, d;) /B 1= dh)®
5452 g/ 55+/ D i — 5.13
/As\Bj ’ ang; 7 Jans T T (Aady) (5.13)

Now we will estimate the third term. Using (5.6) and (5.7), we obtain

J () e (Sovr) o0 [ 8 000 5 (525 - 525

J#i J# v

2
Log()\idi) 1
<ﬁgi% 5J> /Bi(mx $‘> O(j;éi )‘jmaXZ(dudj)A?dz’) o1

+0 <Sup
B;
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Combining (5.11),...,(5.14) and Lemma 5.2, the result follows. O

To improve the estimates of the integrals involving v., we use an original idea due to Rey
[18], namely we write

p
Ve = va + w, (5.15)
=1

where v denotes the projection of v, onto H}(B;), that is
Av;i =Av, in B;; v; =0 on 0B, (5.16)

where B; = B(z;, ad;/4) is defined in Corollary 4.1. v§ can be assumed to be defined in all A,
since it can be continued by 0 in A\ B;. We have

ve =v{ +w in B;, with Aw=0in B;. (5.17)
We split vf in an even part v and an odd part v with respect to (z — x;)j, thus we have
ve =0, +0v;°4+w in B; with Aw=0in B;. (5.18)

Lemma 5.4 We have

;1o ol
3 _ ‘?70 €
[, s = 0 (Ib el + s )

Proof. Using (5.18) and the fact that the even part of v? has no contribution to the integrals,

we obtain
/ 52 / 5L —w)w+ O ([0 [[05])) (5.19)
2 8)\ a () )\ a 7 ) ° .
Let ¥ be the solution of
1 .
A = 6; )\_8(66);9 (2ve —w) in B;; v =0 on 0B,
Thus we have L 85, &b
63— 20, — = [ AYw= —= 2
/ SWIERN (20 — w) w /Bi Yaw o ¥ (5.20)
Let G; be the Green’s function for the Laplacian on B;, that is,
1 Oé(Sdi
Gz(xay) = |.CC— | - (adds) (xay) eBzz
Yy 4|£E'Hy— 16\w|2 ’
Therefore v is given by
1 99;
/ Gi(x,y) 23)\—8(8 (2v; —w)dx, y€ B; (5.21)
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and its normal derivative by

2 = - v
3Vy_ BiaV

(2ve —w)dx, y € IB;.

Notice that:

for x € B; \ B(y,ad;/8), we have 9G; (x,y) =0 <i> ,

v d?
for v € B;N B(y,ad;/8), we have aacj (z,y) =0 <|$ —1y|2> ,
for x € B; N B(y,ad;/8), we have 5?)%8?;3k =0 ﬁ)
Therefore
9 54 20, —
‘a_f(y)‘ = Jontesizats BT L pamsiadss A?’d;ﬂf —wy’|2
< Il Vo€ 0B,

K3 K3

Using (5.26), (5.20) becomes

1 95 [[ve|
3 Q. — = = / )
/Bl- g Ai O(x:) (20 ~w)w =0 (A}/2d? 0B; el

To estimate the right-hand side of (5.27), we introduce the following functions

0(X) = (ad; /) ?w(z; + adi X /4);  0.(X) = (ad;/4) v (z; + ad; X /4).

w satisfies
Aw=0 in B:=B(0,1); w=v. on JIB.

[mze(fea) "o (f o)
/83 |w] :/é)B(adi/4)1/2\w(xi+adiX/4)\ :W/%i .

1/2
/ |w|§cd§’/2</ wﬁ) .
8Bi Bi

Using (5.19), (5.27) and (5.31), the lemma follows.

We deduce that

But, we have

Thus

dzx

17

(5.22)

(5.23)
(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)



18 BEN AYED, EL MEHDI, HAMMAMI & OULD AHMEDOU

Lemma 5.5 For e small, we have

[ 30 ol el
[ 6)\ 8 )\Zl/Z )\Zdll/Q .

Proof. Lemma 5.5 can be proved in the same way as Lemma 5.4. So we omit its proof. O

Lemma 5.6 For e small and i # j, we have

P 4
/ (ZajPéj) vggoi’k:O<Hfuf’o
A\

Proof. We notice that

<Z a; Pd; ) (@i P&;)" + 4(c; PS;) (Z a; P, ) + 0(52 > 67+ Za‘*) (5.32)

JFi JFi J#i

(%

1
A1dy (A1d1)3/2)‘

For the last term in (5.32), we have, using (5.2) and (5.3),

Jjv ‘Pik:/ 5v %‘/H-/ §jvepif = O e + o] . (5.33)
/Ag T e T S, T NP2, max(dy, d)A? T ()

For the third term in (5.32), we use Holder’s inequality and we obtain

< 3 52 < 2 ,,1 < 76 .
/As 51 ‘UEH(pl K / o; 5 ve| < C||U€H5zg (LOgE” ) = C()\ldl)g/g (5.34)

Regarding the first term in (5.32), we write
d6; 06;
P Z._/ 51 — 4630, + O (6207 ( - >
[, potvegua= [, 0 ( ))Az ) O
[|vel|

1
—40;(x; / 5o a O((Aidm)'

Using Lemma 5.5, we derive that

€,0
Ptv.0; = [l ||ve ]| ' '
/AE i VePi O< N T Oud) (5.35)

Finally, we deal with the second term in (5.32)

00; 00;
PSP PS 001 r — Poi(2n 5 29y U= (0% _ 00
/Bi i P = POy )/B (% + 0 (5:0:)) Ai \O(zi)r Oz

i

+0 (Sup |DP5J~\/ S el — acz|> . (5.36)
B; B;
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Observe that, by (5.6), we have

1, 00; l|vel|
P5~(a:,~)/ 53 <9i + — |> lv-| = O . (5.37)
’ B; N Ok ) )\;/2di maX(di7dj)A?/2
Using (5.7), we derive that
[lvell
sup yDP5-|/ M ualle — i = O . (5.38)
B; ! B; ) )\;/zdl max(di, d]))\::/2

By Lemma 5.5, (5.37) and (5.38), (5.36) become

1 0Pd; [lv; [lvel
/ P53P5jv€— =0| ————= + Z —— |- (5.39)
i . . 1/2 3/2
B; Ai 8(x2)k ((/\Zdl)\jd]) / refig) (Ardr) /
For the integral on R3 \ B;, we use Holder’s inequality and obtain
. 1 0Pé; l|vel]
P3PS |ve| — < 5}0;|ve| = O == . 5.40
/]R3\Bi ’ ]‘%‘)\i INzi)k — /Riﬂ\Bi Ol (()‘idi)Q (5.40)
Using (5.33), (5.34), (5.35), (5.39) and (5.40), the lemma follows. O

Lemma 5.7 Fori # j we have

/ S 055, 2 = O (gl + el
A =i 7+ Y e Pik i 5 (Aldl)l/Q .

Proof. We have
» 3
(Z ajp5j> = a8} + 0 (676;) + O (Z (676; + 5;?)) .
1 G
We now observe that

1 1\ 1/3
/. 5 (5?ei+2(6?5j+5§5i)) 0( (Ai 7 e (Looey!) )) (5.41)

i i
4 2 HUEHQ
/Rs\B,. SHu.2 = O <(Aidi)2 , (5.42)

195 1 06 e 2
5?1}? <— - — > =0 ( v’

—_— ), 5.43
o] + uidi)w) (5.43)
where we have used Lemma 5.4 in the last equality. Clearly, (5.41), (5.42) and (5.43) imply our
lemma. O
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Lemma 5.8 For ¢ small, we have

1
/U?’O = O _— .
|| 7 || <()\1d1)9/8)

Proof. We write

W50 — 5 + aPs; + br 2L 23: Al ‘9P‘5 (5.44)
with Ps, Ps.
(09, Po;) = (07, 8AZ> (09, 3(3?;)7»> =0 for each r = 1,2, 3.
Taking the scalar product in HJ (A.) of (5.44) with Pd;, \; ‘9;\5 , )\iiaa(% 1 <r <3, provides us
with the following invertible linear system in a, b, C, (Wlth 1<r<3)

(P8, v7%) = a(C" + o(1)) + b{P8;, A Gt} + Y0, C(PG;, 1= 2%

(8) § (%2 w5 = alPsi, M 2B + b(C" + o(1)) + Y5 10<Ax”51‘%%£ffi>

i O(xi)r
(% Bt 05) = alPoi, L 500) + bR 585 + 0 Gl e et

~

Observe that

0P; 1 oPd; 1 0P6; 1
<P5i7>\iW>:O<)\d'>3 N v a >:O( ) >;

1 9Ps; 1 1 9Ps; 1 9P " 1
5o xate) = (i) oty ot = o0+ (53

where 0, denotes the Kronecker symbol.
Now, because of evenness of ¢; and oddness of v;"* with respect to (z — ;) we obtain

(P(Si,vf’o>:/ VP(Si.va’O:/ VP(L‘.V’U?OZ/ 5205 = 0. (5.45)
€ B; B;

In the same way we have

oPs; ., 1 0P .o ,
i , 7 = (— s 2 g f h k
( o v;"") <)\i 2@, v;”) =0 for each j #

We also have
<Pz ks Vg / Vi k. V (ve — v —w) = / Vi k.-Vue / Vi r.Vw (5.46)
AE\Bi Bz’

v5¢ is even with respect to (z — z;)x and v;"° = 0 on B;. On one hand

1
2 C' v
< Cflvel| / Vs k| Cleell E” (5.47)
A\B; (/\ d;)?

since v, satisfies (Vp),

/ Vgoi,k.va
A\B;
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On the other hand, let 2 be such that

A¢2 = A(ka in Bi; wQ =0on 6BZ

Writing
Yo =ik +0, with A0 =0in B, (5.48)
we obtain ”
/ V (¢ik) Vw = / Vs Vw — / VOVw = — —w. (5.49)
Using an integral representation for 19, as in (5.22), we obtain for y € 0B;
8¢2 an 4
5, ) /B 5, (%:Y) (567 @ik) d (5.50)

In B; \ B(x;,ad;/8), we argue as in (5.26), using (5.23) and (5.24), we obtain

z,y) (507 pix) dz = O | ——— | .
/Bi\B(ruadi/& 5w @9 ) N2

Furthermore, since

0G; 1
‘V ey (x,y)‘ =0 (d—g)) for (x,y) € B(x;,ad;/8) X 0B;,

we obtain

le? ( L1965, > ¢ . 1
x,y) | 50; — da:g—/ Rle—xi| =0 | —— |-
/B(xi,adi/s) ov (.9) Ai (), 4 J B ,ads/8) | | A¥2 8

where we have used the evenness of §; and the oddness of its derivative. Thus

Oy, 1
5, W =0 (—A?/Qd?> (5.51)
so that on 9B;
00 Oy 0 (1 06 0 (1 096 B 1
v v ov <)\i 8(1’1)k> + Ov <)\i 8(1’1)k> =0 ()\3/2613) ) (5:52)
It follows from (5.46), (5.47), (5.49), (5.52) and (5.31) that
1 aP&z £,0\ __ HUEH
ot = (i) (553

Inverting the linear system (5), we deduce from the above estimates

azO(M),b:O<H0—5H7>,Ck:O(”U7€H3),CT:O<HU—EH7),T;£I€. (5.54)
(ANidi)2 (ANidi)2 (Nidi)2 (Nidi)2
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This implies through (5.44)

£,0 ~0 ||v€|| £,0 ~0 HUEHQ
[C —vi\|=0<m I =171+ 0 5555 ) (5.55)

We turn now to the last step, which consists in estimating ||0¢||. Since V.J.(us) = 0, we obtain

P 5
<Z o, Po, + va> v;° (5.56)

r=1

p
0= <Z a, Po, + UaaU?O> - J€(u8)3/

r=1 Ae

P P °
= Z ar/ 5205 + / Ve V% — Jg(ue)?’/ Z arPé, +v: | v
r=1 B; Bi Bi

r=1

Concerning the first integral, it is equal to 0 if » = i because of the oddness of v;* and the
evenness of §;. For r # ¢, using Holder’s inequality, we obtain

5 co _ vl

Let us consider the second integral. Using (5.18), we obtain
/ V..V ° :/ V (v;? + 05 +w) .V :/ Vo5 e|2. (5.58)

For the last integral, we write

P 5
(Z o, Pé, + v€> = (aiPéi)E’ + 5(0@P5Z~)4 (Z o, Po, + v5>

r=1 TG
+o<5§ <Za§ +v§> +) 8+ ]v5|5>, (5.59)
r#i r#£i

and we have to estimate the contribution of each term. We notice that

1
[ (8 +02) + st )il < il (3 e + 1) - 660
B; . Y]
g r#i

r#£i

Using (5.6), (5.7) and the oddness of §1v}’, we obtain for r # i

(67 +0(536;)) (P(Sr(aci) +0 ( lz = @il ))) v

/\711/2d¢ max(d;, d,

° xr — T vf’o
-0 / 570;6, v |+/ &} 1/‘2 [lv;”]
B; B N/ d;max(d;,d,)

0 <Hv§,o|! (Qizi)g + (Arier)) . (5.61)

P&} PS50 = /

Bi Bi
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Now, we write

/ P(S;ngvf’oz/ PS5 4 v5¢ + w)os O:/ Pd?(vf"]%—vf’e)vf’o—i—/ P&}wvs*
B; B; B; B;

For the first integral in the right side, we have

/P54( +v”)foz/ (6] + 0 (570;)) (v5° + v )5
B;

/54 o) +O<||v |vs||>' 5.62)

To deal with the term [ B P§lwv?, we introduce the following function

A3 = P&}vS% in By; 43 =0 on OB;.
As in (5.26), we obtain

o, || ,
E(y) =0 (W for Yy < 0B,;.

Using (5.31), we find

/ Ptuwn© :/ Adpsw = / s o <W> (5.63)
B B; oB; Ov (Nidi)V2 ) .
Lastly, we write

/ PP “—/ (67 = 5616; + O (5767)) v;

_ 1 0 302),60] | — 03]l

Using (5.57), ..., (5.64) and the estimate of ||v.||, (5.56) becomes

o o v;—:’o
0= /B Vo — 5J5(u5)3af/3’ 5} (0] + 0 (Z 7(A!dr)11‘/8> : (5.65)

Since Jz(u:)3af = 1+ o(1) and the quadratic form

v»—>/ Vv]2—5/ Siv?
A A.

oPs; oPs; +
is positive definite on the subset [Span (Pé,, D I )’ 1<5< 3)} 14 we obtain

0 €

/AE Vo7 [? — 5/AE 5 (#9)? =0 <Z W) : (5.66)

where we have used (5.55), (5.65) and Proposition 4.2 and therefore our lemma follows. O
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