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ABSTRACT. We consider the existence and multiplicity of riemannian metrics
of prescribed mean curvature and zero boundary mean curvature on the three
dimensional half sphere (Si,gc) endowed with its standard metric g.. Due to
Kazdan-Warner type obstructions, conditions on the function to be realized as
a scalar curvature have to be given. Moreover the existence of critical point
at infinity for the associated Euler Lagrange functional, makes the existence
results harder to be proved. However it turns out that such noncompact orbits
of the gradient can be treated as usual critical point once a Morse Lemma
at infinity is performed. In particular their topological contribution to the
level sets of the functional can be computed. In this paper we prove that,
under generic conditions on K, this topology at infinity is a lower bound for
the number of metrics in the conformal class of g. having prescribed scalar
curvature and zero boundary mean curvature.

1. Introduction. Let (M™, g) be n-dimensional riemannian manifold with bound-
ary, n > 3, and let § = u*/("=2)g, be a conformal metric to g, where u is a smooth
positive function, then the scalar curvatures Ry, R; and the mean curvatures hg,
hg, with respect to g and g respectively, are related by the following equations:

n+2 o
—cpAgu+ Ryu = Rzu»—2 in M
P n=—g g 9= 1
(Frc,z1) %g—’; +hgu = hgu2 on OM, v
see e.g. [5]. In the above equation, v denotes the outward unit normal to OM, with

respect to the metric g.

In view of the above equations the following natural question arises:
Given two functions K : M — R and H : M — R, does there exist a metric §
conformally equivalent to g such that B; = K and hy = H?
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The answer to this equation is equivalent to finding a smooth positive solution u of
the following equation

—cpAgu+ Ry = Ku 5 in M
(Pr,m) > on n
2 ov +hg'u = HU"72 on 5‘M

We observe that the above problem is a natural generalization of the well known
Scalar Curvature Problems on Closed manifolds: to find a positive smooth solution
to the following equation:

(SC)  —ecpAgu+ Ryu= Ku"t/=2) 4y > 0 in M

and to which much works have been devoted (see [1], [3], [4], [6], [8], [9], [LO],
[12, [14], [15], [19], [20], [22], [23], [24], [25], [32], [40], [45], [40] and the references
therein).

When K and H are constants, the problem is called The Yamabe Problem on Man-
ifolds with boundary. It has also been studied through the works [18], [29], [30], [31],
[33], [34], [35], [36] and the references therein.

This problem was first studied by P. Cherrier [26] in 1984, who proved regularity
up to the boundary of weak H'! solutions. For further works on this equation and
related ones please see [2], [16], [17], [27], [29], [31], [35], [36], [37], [39] and the refer-
ences therein. The main analytic difficulties of our problem are due to the presence
of critical exponents on the right hand side of our equation. Indeed due to the fact
that the embeddings H'(M) — L>*/("=2(M) and H'(M) — L>»=1D/(=2)(9 M)
are not compact, the Euler-Lagrange functional J associated to our problem fails to
satisfy the Palais Smale condition. That is there exist noncompact sequences along
which the functional is bounded and its gradient goes to zero. Therefore it is not
possible to apply the standard variational methods to prove existence of solution,
although the functional in the positive case has a mountain pass structure.

From another part, in the family of problems (Px ) we single out two extreme
cases. Namely the one where we prescribe the scalar curvature under minimal
boundary conditions which amounts to solving the following equations:

—cnAgu+ Ryu = Kuv%  in M
(PK) 2 Ou h _ OM

=3 ov + gu = 0 on .
The second one is when we prescribe the mean curvature of scalar flat metric, which
correspond to solve the following equation:

—cnAgu+ Rgu = 0 in M
(Pr) { %%—&—hgu = Hu"—=2 on OM.

Although these are particular cases they summarize somehow all the analytic dif-
ficulties of the family of problems (Pg ), in the sense that all intermediate cases
are interpolations between these two extreme ones. From another part these two
problems have different analytic features as far as the lack of compactness and ex-
istence results are concerned. While we can prove corresponding statements of all
the existence results for the prescribed scalar curvature problem on closed mani-
folds for the problem (Pp), this is no longer true in general for the problem (Pg)
and the problems (Pg m) which behave like (Pg). Indeed in this case we have
new solutions created by the boundary effect which have no equivalent on a closed
manifold from one part and from another part the boundary effect makes the blow
up picture more complicated because of the existence under generic conditions on
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K of bubbles having concentration points on the interior of the manifolds as well as
on the boundary. Such a situation which makes the blow up analysis much harder
cannot occur for the problem (Py). Such a consideration conducts us to focus in
the article on the problem (Pg). From a variational viewpoint the main difficulty
in dealing with the above problem lies in the lack of compactness of the flow lines of
the gradient flow and such a noncompactness is usually due to the invariance under
the action of a noncompact group. From another part we have proved that such
a noncompactness does occur only if the manifold is conformally equivalent to the
standard half sphere, at least in the three dimensional case.

1.1. The Case of the half sphere. In this case we are reduced to look for positive
solutions of the following problem:

— n+2 .

(Pre) { —Agu —gu"("Tmu = Ku»—2 in St 2)
B = 0 on 0S%,

where g is the standard metric of ST = {z € R""! /|z| = 1, 2,41 > 0}.

For the two-dimensional case, there are analogous equations on the 2-dimensional
half sphere Si involving exponential nonlinearities.

Problem (2) has not always a solution, indeed there are Kazdan Warner type ob-
structions just as it is the case for the scalar curvature on spheres.

Although problem (2) shares many common features with the scalar curvature prob-
lem on spheres, it has its own features as far as the lack of compactness is concerned.
Such a difference can be made clear if we look at the behavior of blowing up sub-
critical approximations to both problems. Indeed concerning the problem of the
prescribed scalar curvature on spheres, we recall that on S? and S® there is at most
one blow up point, a fact that has been proved by A. Chang and Paul Yang [21],
Bahri-Coron [12] and Chang-Gursky-Yang [19] and in [15], R. Schoen and D. Zhang
developped a Morse theory for the scalar curvature problem on S2. For S* there are
multiple blow up points but the points of concentration of the bubbles should sat-
isfy a balance condition as it has been shown by Ben Ayed-Chen-Chtioui-Hammami
[14] and YY Li [11]. In [10], Yanyan Li proved that there is at most one blow up
point on S™, n > 3, under the optimal (-flatness condition on K near its critical
points which is 8 > n — 2. Finally on any sphere S™, n > 5 and any Morse function
K satisfying that AK # 0 at its critical points there holds that for any p-tuple of
points (a1, - - ,a,) which are critical points of K satisfying that AK(a;) < 0 there
is a sequence of blowing up solutions concentrating at these points [10]. .
Regarding now our problem (2) and, for generic function K there are actually
multiple blow up points on Si’_, and there are blowing up approximate solutions
concentrating at any configuration of points (x1,--- ,xy) of critical points of K sat-
isfying AK(x;) < 0 for an interior point and (0K (z;))/(dv) > 0 at any boundary
point. Therefore the blow up picture is completely different and needs a more care-
ful analysis. Moreover the presence of the boundary creates a new type of solutions
which have no counterpart on S™.

In collaboration with Djadli and Malchiodi [27] the second author gave sufficient
condition on K (and more generally on the pair (K, H) for the problem (Px g))
to insure existence of solutions. See also Lei Zhang [49] for related existence and
compactness results. Our aim here is to give multiplicity results which include
already the existence results mentioned above but our approach here is drastically
different.
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1.2. Multiplicity Results for metrics of prescribed scalar curvature on Si.
To state our existence results we need to set the following notations:
Let G be the Green’s function of L, on S j_ under Neumann boundary condition and

K be a C? positive Morse function on E we say that K satisfies the condition
oK
(C1) if a € 053, VrK(a) =0, then 8—((1) # 0.
v
Moreover we single out the following subset of potential concentration points:

Foo i= {q € 9S3;VrK(q) =0, 2K(q) > 0} .

v
Now to (¢!, ,¢") C Fu, we associate a Matrix M = (M;;) defined by:
AK /) (¢’ .
Mj':(;g(/qj);gg)v . ]G{l,...,N} 3
G(d’) (3)

Mlj:*4\/§Wa l,jE{l,...,N}, l%]

Here G,i(.) denotes the Green’s function of the conformal Laplacian on S% with
pole at ¢'. See please its expression in the formula (41). Let p = p(q',...,q")
denote the least eigenvalue of M.

Before stating our first result, we will say that a solution w of (Pk) is nondegenerate
if 0 is not an eigenvalue of the operator —A, + n(n — 2)/2 — Kw*/ =2,

Theorem 1.1. Let Iy be the cardinal of Foo and m(q') :== Morse(Ki,q') where K;
is the restriction of K to 0S%.

We assume that K satisfies condition (C1) and that for any (¢, ...,q") C Fuo, the

matriz M(q', ..., q") is nondegenerate. We also assume that all the solutions of the

problem (Pk) are nondegenerate. Then the number of solutions is lower-bounded by

l

‘1 -y D) e >R

s=1 1o=(i1,...,i5)/p(7s)>0

Theorem 1.1 can be seen as Morse type inequality result in the sense that we give
here a lower bound for the number of solutions in terms of the topology at infinity
that is the total contribution of noncompact orbits of the gradient flow associated
to the Euler Lagrange functional (its critical point at infinity). Recall that Morse
inequalities give a lower bound on the number of critical points of a Morse function
in terms of the Betti numbers of the underlying manifold. In our case the space
of variation is contractible and hence has no topology. However due to the non-
compactness of the problem there are critical points at infinity whose topological
contribution to the difference of topology between the level sets of the functional
can be computed thanks to a Morse Lemma at Infinity which provides new coordi-
nates in which the gradient flow takes a quite simple normal form.

In the following we give a brief description on the main ingredients behind the proof
of theorem 1.1.

Our argument uses a careful analysis of the lack of compactness of the Euler La-
grange functional J associated to problem (2). Namely we study the noncompact
orbits of the gradient flow of J the so called critical points at infinity following the
terminology of A. Bahri [9]. These are noncompact orbits of J along which J is
bounded and its gradient goes to zero. These critical point at infinity can be treated
as usual critical point once a Morse Lemma at infinity is performed from which we
can derive just as in the classical Morse Theory the difference of topology induced by
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these noncompact orbits and compute their Morse index. Such a Morse Lemma at
infinity which is a cornerstone in our analysis is obtained through the construction
of a suitable pseudogradient for which the Palais Smale condition is satisfied along
the decreasing flow lines, as long as these flow lines do not enter the neighborhood
of a finite numbers of critical points of K such that the related matrix M (see (3))
is positive definite. Moreover along the flow lines of such a pseudogradient there
can be only finitely many blow up points. Furthermore if some blow up points are
close and the interactions between them is large, then the flow lines starting from
there will enter the zone with at least one less blow up point.

Similar Morse Lemma has been established for the prescribed scalar curvature prob-
lem on the spheres 52, S% under the hypothesis that the problem has no solution by
A. Bahri and J. M. Coron [12], see also [14]. Since our aim is to prove multiplicity
rather than only the existence we have to perform our Morse Lemma without such
an assumption, a situation which creates a new difficulty namely to deal with the
possibility of existence of a critical point at infinity of new type consisting of a
sum of bubbles plus a solution of (Pg). By performing a Morse Lemma and by
constructing a pseudogradient near an e-neighborhood of such a potential critical
point at infinity, we rule out such a possibility on Si. Moreover in our case the
presence of the boundary makes the analysis more involved. Indeed it turns out
that the interaction of the bubbles and the boundary creates a phenomenon of new
type which is not present in the sphere’s case.

Finally we notice that similar statement to Theorem 1.1 for the prescribed curva-
ture problem on the 3-dimensional sphere has been obtained by R. Schoen and D.
Zhang [45], where due to the fact that in their case only single blow up occurs,
the formula is much simpler. Their proof which is drastically different from ours
involves a refined analysis for blowing up subcritical approximations.

Now we give another multiplicity result under more general assumptions than the
ones of Theorem 1.1. To state it we need to introduce new conditions and notations:
Assume that K7 = K 952 has only nondegenerate critical points yo, y1, ..., ys, and
set the following notations:

ey ={y/ VEi(y) =0 and Z2(y) > 0},

ov
N oK
Cy ={y/ VKi(y) =0, E(y) =0and AK(y) < 0},

Fo ={ (a1, ran) € (C4)N /g; # q; for i # j}.

To each (¢1,...,qn) € FsolV, we associate as we did before an N x N symmetric
matrix M = M(qy, ...,qn) defined by (3). We assume that
(A1) For any N < card(C4) and any (g1, ...,qn) € Fao'", the associated matrix
M(q, ...,qn) is nondegenerate.
Furthermore, we assume that
(A2)  For each critical point y of K3 such that (0K/0v)(y) = 0, we have AK (y) #
0 and near y, 0K /v and (—AK) have the same sign.

Now, we are able to state our second multiplicity result.
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Theorem 1.2. Under the assumptions (A1) and (Az), if all the solutions of (Pk)
are nondegenerate, then the number of solutions is lower-bounded by

#Cy
[ SRV S S S
yect N=17n=(yjy s Yjn ) EFcN /p(Tn)>0

Here, m(y) denotes the Morse index of K1 at y.

Actually theorem 1.2 shows that instead of assuming that all critical points of K3
are nondegenerate in the sense that (0K)/(9v) # 0 it is possible to allow some flat-
ness. Namely let us assume that at any critical point ¢ of K with (0K (q))/(0v) =0
there exists some real number 3 := 3(q) € [2, 3) such that in some geodesic normal
coordinate system centered at ¢ (recall that the boundary is totally geodesic) it
holds:

(A;) K(y) = K(0) + bilya]® + boly2l” + bslys|® + R(y),
T\ #0Vi, X305 #0andif Y2 by <0 then by <0,

8]
where Z IVER(y)||ly|~#~* = o(1) as y tends to zero. Here V* denotes all possible
s=0
derivatives of order s and [(] the integer part of 3. We introduce now a new subset
of critical point of K7 namely:

3
CJT ={q/ VK(q¢) =0, and ij(q) < 0}. (4)

Now, we are ready to state a generalization of theorem 1.1.

Theorem 1.3. Under the assumptions (A1) and (Ay), if all the solutions of (Pk)
are nondegenerate, then the number of solutions is lower-bounded by

#Cq
1— Z (—1)3—4@ — Z Z (—1)3N-1=Eil mlws)
qEC;' N=1 TN:(yjl """ yjN)e}-OON/p(TN)>O

Here, 1(y) = #{bj(q);q € Cy,b;(q) < 0}.

Now we introduce a new assumption: we say that K satisfies (Ag) if :
(As)  For each critical point y of K7, we have (0K/0v)(y) < 0.
We derive then the following multiplicity result:

Corollary 1. Under the assumptions (As) and (As), if all the solutions of (Pk)
are nondegenerate, then the number of solutions is lower-bounded by

1% e,

yecy

where m(y) denotes the Morse index of K1 at y.

2. Variational Structure and Preliminaries. In this section we recall the func-
tional setting and the variational problem and its main features. Problem (P ) has
a variational structure. The functional is

[Jul[?

J(u) = (fsjlr K|u|2”/(”*2))(n

-2)/n
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defined on H*(5%,R) \ {0} equipped with the norm

-2
i = [ wup M2
sn 4 s

"
We denote by X the unit sphere of H'(S%,R) and we set 7 = {u € X : u > 0}.
The Palais-Smale condition fails to be satisfied for J on ¥*. In order to charac-
terize the sequences failing the Palais-Smale condition, we need to introduce some
notations.
For a € S and A > 0, let

/\(n—2)/2
A2+ 1+ (1— M) cosd(a,z))n—2)/2
where d is the geodesic distance on (S, g) and cg is chosen so that

—A(S(a)\) + Té(a)\) = 5((17)\) mn S+.

6(0,,)\) (3?) = Co(

For a € @, we define ¢, ) to be the function defined on S” by
n(n —2) ntl 9,0

T‘p(a,)\) = 5(;?)2\) in Si, o =0 on 351

It is easy to remark that ¢, x) = d(q,») if the point a € 95T .
For € > 0 and p € N*| let us define

V(p,e) ={ueX: Ja1,...,a, € @,3)\1, v dp >0,301,.,0p >0
P 4/(n—2)

o K(a;)

s.t. H’LL— ZOQQOlH < £, ZZLT

i=1 aj/( )K(aj)

A > 671,51']‘ < e and \d; < € or \id; > s’l}

_A(p(a)\) +

—-1| <e, (5)

where i = g, x5 €5 = (Ai/Aj + A /A + Ay (1 = cosd(ag, a;))/2)*7™/ and
For w a solution of (Px) we also define V (p, e, w) as

{fue¥/Fag>0s. t. u—aow € V(p,e) and |agJ(u)® — 1| < €}. (6)

The failure of the Palais-Smale condition can be described following the ideas in-
troduced in [12], [12], [48]. Such a description is by now standard and reads in our
case as follows. Let VJ be the gradient of J.

Proposition 1. Let (uj) € ¥ be a sequence such that VJ(u;) tends to zero and
J(uj) is bounded. Then, there exist an integer p € N*, a sequence €; > 0, ¢; tends
to zero, and an extracted of u;’s, again denoted uj;, such that u; € V(p,e;j, w) where
w s zero or a solution of (Pk).

If a function u belongs to V(p,e), we assume, for the sake of simplicity, that
\id; < e for i < g and \jd; > 7! for i > q. We consider the following minimization
problem for u € V(p,e) with € small

q p
u— 20@‘5(%)\1-) - Z QiP(bi,\i)
i=1

i=q+1

. (7)

min
a; >0, ;>0, aieasi, biESi

We then have the following proposition which defines a parametrization of the set
V(p,e). It follows from corresponding statements in [9], [12], [44].
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Proposition 2. For any p € N*, there is ¢, > 0 such that if ¢ < ¢, and u €
V(p,€), the minimization problem (7) has a unique solution (up to permutation).
In particular, we can write u € V(p,e) as follows

q P
= Zaia(flm;\i) + Z @i(p(@u;\i) +v,
i=1 i=q+1
where (A1, .oy Ay @1y ooy Apy M1y -oey Ap) 48 the solution of (7) and v € HY(S%) such
that
00; 06; 0p; 8%}

< = 5ia—7 sTay 0 9.
0i) ol <e o =oforwe ) {o. 50 e 520,22
1<q,J>q

In the following we will say that v € (V) if v satisfies (V). We have also the fol-
lowing proposition whose proof is similar, up to minor modification to corresponding
statements in [9] (see also [14])

Proposition 3. There exists a C' map which, to each
(QU1y ees Ay A1 ey Ay A1y ooy Ap) SUCh that i aud; + Zf:qH ap; € V(p,e) with
small €, associates U= "0(q, q;\,) Satisfying

Za,cs + Z ;i +T :vren(l‘% J Za,cs + Z a;p; +v

1=q+1 1=q+1

Moreover, there exists ¢ > 0 such that the following holds

— |VK (a;)| 1/3
I[o]] <c Z( by Jrz )\d +Z€kr log( sk

i<p

Let w be a nondegenerate solution of (Pk). The following proposition defines a
parameterization of the set V(p, e, w). Its proof follows closely a similar statement
in [10].

Proposition 4. There is g9 > 0 such that if ¢ < g9 and u € V(p,e,w), then the
problem

q P
min{Hu — Zai S(as i) — Z Qi P(a; n) — co(w + h)H, a; >0,
1= 1=q+1
Ai >0, a; €08 (fori<q),a; €St (fori>q), h€T,(Wy(w))}

has a unique solution (&, \,a,h). Thus, we write u as follows:

@id(z, x,) T Z @iP(z, x,) T @(w+h) +v,

i=q+1
where v belongs to Hl(Sﬁ) N T (Ws(w)) and it satisfies (Vo), Tw(Wy(w)) and
T, (Ws(w)) are the tangent spaces at w to the unstable and stable manifolds of
w.

i M@

Following A. Bahri we introduce the following definitions and notations



PRESCRIBED CURVATURE 9

Definition 2.1. A critical point at infinity of J on 7T is a limit of a flow line u(s)
of the equation:

e}

Ge = —VJ(u)
u(0) = ug

such that u(s) remains in V(p,e(s),w) for s > sq.

Here w is either zero or a solution of (Px) and £(s) is some function tending to zero

when s — oco. Using Proposition 4, u(s) can be written as:

u(s) = > ai(s) Pla;(s) i) + @0(s)(w + h(s)) +v(s).

i=1

Denoting a; := lims_,o a;(s) and a; = lims_, o a;(s), we denote by

p
(alu to vap»w)oo or E A5 P(a;,00) + apw
i=1

such a critical point at infinity. If w #£ 0 it is called of w-type.

For such a critical point at infinity stable and unstable manifolds are associated
and they are easily determined once a Morse type reduction is performed, see please

[10].

3. Ruling out the existence of critical point at Infinity in V(p,e, w) for w #
0. In this section, for u € V(p,e,w), we will write u = > 1 _, Qi (az,0,) Fao(w+h)+v
and for simplicity, we will assume that for i < ¢, we have a; € 851 and therefore
w; = 6; and for i > q, we have a; € Si and this implies by the definition of V(p, e, w)
that \;d(a;,05%) — oc.

Proposition 5. Fore > 0 small enough and v = Y""_| @i, r,) +0(w+h)+v €
V(p,e,w), we have the following expansion

S3/2) S pia? + ad||wl|? 2 w(a;
J(U,) — ( 3/ 1)) ’L—l:;t O||6 H T 1— 202060 Z,Uzaz (1/2)
((53/2) 252y paoi K (ai) + agl|w][?) = =N
H(a;,a;
— Co Z M )00 E4j — 2co Z aiaj% + f2(h) + O‘%QQ(hv h)
i#] 4,J>q v

p
1 1
+ fi(v) + Q1(v,v) +o Zgij +Z}\—% +ZW + |l + ||RI1?

i#] i=1A] >



10 MOHAMED BEN AYED AND MOHAMEDEN OULD AHMEDOU

where p; =1 fori < q, p; =2 fori > q, puj = 1ifi,5 < q, and p 5 = 2 if not
and

1 2 5 4 4.2
v,v) =—I|[v||* — — K «@ - —« Kw*v
Q1(v,v) 71|| | Z ipi)* 5% s
1 1 dx
Qa(h,h) =—||h 2——0/1/ Kw*h?, c :7c6/ —
2(h, h) %H I 8,70 s 27 9% RS (1—|—|x|2)%

2 P dx
V) =— — K a; i), S::cﬁ/4
fi(v) 3 ~/S3 (;_ i) 3T | T PP
20&0/ 5
2— a; (i, h K a;0; + agw)°h,
E (i 5 ) (E_ @i + apw)

53
b= Zﬂza K (a;)) + agl|w|]?, 71— Zuz )+ agl|w][*.

=1 1=1
Proof. Before starting the proof, we mention that it will be convenient to perform
some stereographic projection in order to reduce our problem to R%. Let D'2(R%)
denote the completion of C2°(R3) with respect to Dirichlet norm. The stereographic
projection 7, through a point a € 857 induces an isometry i : H'(S%) — DV2(RY)
according to the following formula

9 1/2
(Z'U)(],') = (TW) U(Tra_l(x))v Ve Hl(Si), T e sz_
In particular, the following holds true, for every v € H'(S3)

/(|VU|2+§’U2):/ |V(iv)]* and / |v\6:/ |iv]©.
53 4 RY 53 R?

+ +

In the sequel, we will identify the function K and its composition with the stere-
ographic projection m,. We will also identify a point b of S’i and its image by
m4. These facts will be assumed as understood in the sequel. We need to estimate
N(u) = ||ul|?> and D3 = fsi K(z)ub

Expanding N (u), it is equal to

p
> aflleil P + 2aia0(ps,w + h) + ag([|h]]* + [[w][*) + [[v]]* + D aa; (i 05)
i=1 i#j

Observe that

H(ai, a:) Ly Gfi>q)

Ss ...
H%.H?:??’(lfzgq) ||<Pz|| = 53+ 2co A © Aid; ¥

2eaziy F 262H(/—a“a1) +olei + X xg) fii>a
(sza(pj) = { AiA k (9)
1i,jyc2€i5 (1 + 0(1))  if not,

where p; 5y = 1if4,j < qand pg ;) =2ifior j > g, and

9017 / 55w = MiC2 \}—) +o (\/1)\—)7 (10)
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where p; =1if i < qand p; =2 if i > g. Thus

P
wla;
N =v1 4+ 2«9 Z CQILLiOé»L‘\ﬁA_? + ai(pi h) +c2 Z g yEij + ]| hl[?
i=1 v i#]
(11)
+ 2¢9 Z a-a-iH(ai’aj) + ||v||2+o<zp: ! + ! +Z€-->
iy 7 ij
i,5>q VA = VA Aidi i#j
For the denominator, we write
P p
D? :/K(Zam)f‘+a8/Kw6+6ao/K(Zam)5w
i=1 i=1
P P
—|—6a8/K(Z i) w® +6/ K(Z ;i + agw)®(agh + v)
i=1 S — (12)

P
+ 15/ K(Z aipi + apw)* (a2h? 4 v? + 2aphv)

S
+00 " [ whe? +we}) + 0|0l + [|h]*).
Observe that

p p
S3
/‘ K(Z aiSDi)G = Z CY?K(CLi)?Mi + 602 Z a?ajK(ai)u(M)sij
st = i=1 it (13)

H(a%a') 1 1
+ 12¢ Z aba;K(a;)—~—= + O(=) + o(cij) +0(Z )-
i.5>q VAid Ai i Nidi
; 1
I B = N (¥
/Si S REEVERRY
w(a;) 1
K Qi Sw=r¢ ,uia?K a; +o , 15
/Si (g =0 3o mol K@) T +ol 75 (15)
1
[ et gtut =05, (16)
53 i

+

/K(Z aipi + agw)*vh = O (/(Z aipi)t|vl|h| + (Z aigai)3w|v|h|) an
= O (lvll* + 1Bl + 1/53)

where we have used that h € T,,(W,(w)) and v € T,,(W,(w)) and the fact that h
belongs to a finite dimensional space which implies that ||h]| s < c||h]-
Concerning the linear form of v, since v € T,,(Ws(w)), it can be written as

/K(iaigpi+aow)5v—/K(iaiw)5v+0<§: /(<P?w+%w4)|”|)

nw+o ().

(18)
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Finally, we have

p
[ R s+ aqu)i = ap [ Kw'n + of ) (19)
i=1
P p
/K(Zaigoi + aqw)tv? = Z/K(ai¢i)4vz + g /Kw v? +o(|Jv]|?).  (20)
i=1 i=1
Combining (11),...,(20), the result follows. O

Lemma 3.1. We have
(a) Q1(v,v) is a quadratic form positive definite in
E, ={ve H'(S?)/v e T,(Ws(w)) and v satisfies (Vo)}.
(b) Qa2(h, h) is a quadratic form negative definite in T (W, (w)).
Proof. Claim (a) can be proved following the proof of Lemma 6 of [10]. Regarding
Claim (b), it follows from the fact that h € T,,(W,(w)) and agy; = B +o(1). O

Corollary 2. Let u = >" | @@, r;) + @o(w + h) +v € V(p,e,w). There is an
optimal (U,h) and a change of variables v — T — V and h —h — H such that J
reads as

P
J(u) =J (Z QiP(a; 2i) T 0w + R +v> +IIVIE — =P
i=1

Furthermore we have the following estimates

- c _ c c Cind
2y ond W1 250 2 G +e 2w bossia)”

Hence

S3/2 a2 + ad||w||?
. T
((S3/2) 32—y miaf K (a;) + ag|[w||?)3 A

2 a’“aJ)
— C2 Qi Qg (5, 5) €ij — aC2 oo —F————

i#£] 1,5>q V)\)\
o e+ Y s +Z 1/2 VI AP

i#] i>q

Proof. The expansion of J with respect to h (respectively to v) is very close, up
to a multiplicative constant, to Qa(h,h) + fa(h) (respectively Q1(v,v) + f1(v)).
Since @ is negative definite (respectively @y is positive definite), there is a unique
maximum 7% in the space of h (respectively a unique minimum 7 in the space of
v). Furthermore, it is easy to derive ||h|| < c||f2|| and ||T| < ¢||f1|. The estimate
of T follows from Proposition 3. For the estimate of h, we use the fact that for
each h € T, (W,(w)) which is a finite dimensional space, we have ||h|ls < c||h]|-

Therefore, we derive that || f2]] = O(3C A, 1/ %). Then our result follows. O

Corollary 3. Let K be a C? positive function and let w be a nondegenerate critical
point of J in X with a finite Morse index. Then, for each p € N*, there is no
critical points or critical points at infinity in the set V(p,e,w), that means we can
construct a pseudogradient of J so that the Palais-Smale condition is satisfied along
the decreasing flow lines.



PRESCRIBED CURVATURE 13

The proof of this corollary is immediately from the above corollary and the fact
that w > 0 in S3.

4. A Morse Lemma near critical points at infinity. In this section we perform
a Morse type reduction in a neighborhood of critical points at infinity following the
original ideas introduced by A. Bahri and J. M. Coron [12] and then refined devel-
oped and adapted to variational problems on manifolds with boundary through the
works of A. Bahri and his students see [10], [14], [15], [16], [17] and the references
therein .

Such a normal form for the gradient flow is then used to characterize the critical
points at infinity of J and to compute the difference of topology they induce be-
tween the level sets of the functional.

Performing such a reduction relies on the construction of a global pseudogradi-
ent flow for the functional J. Such a pseudogradient is constructed so that along
its flow lines there can be only finitely many isolated blow up points. Outside of
(UpV (p,e/2)), we use —VJ which satisfies the Palais-Smale condition in this set.
In V(p,e), we construct a vector field W. Such a flow is defined by combining two
basic facts. On the one hand, the first one comes from the Morse Lemma at infinity
which moves points and concentrations as follows: points move according to VK,
concentrations move so as to decrease the functional J. On the other hand, there is
another pseudogradient when the «;’s are not in their maximum values. We need
to convex-combine both flows to keep the pseudogradient property, to avoid the
creation of new asymptotes.

We will prove that the first pseudogradient and the second pseudogradient will com-
bine to increase the total interaction ), 25 €ij when the points are very close. Now
we proceed with our construction.

In the sequel we denote by V;(p,e) the subset of V(p,e) such that all the concen-
tration points are on the boundary.

Proposition 6. Assume K satisfies (C1). For any p > 1, there exists a pseudo-
gradient W so that the following holds:

There is a constant ¢ > 0 independent of w=Y_"_, a;0; € Vy(p,€) so that

(0)  (=VJ(u),W)

ZCZ<)%8I25/04)+ |vTi(az)| "Fl_J(U)Ba?K(ai”‘i‘ZEkr)

i1 k#r
() (VI W+ 2wy
v wry) a(ai7ai7>\i)
" (1 0K (a;),  |VrK(a)| 3.4
Zc;<)\—i o | + Y +[1 = J(u) aiK(ai)|+;5kT)

(iii) |W| is bounded. Furthermore, the only cases where the mazimum of the A;’s
is not bounded is when the concentration points (a1,--- ,ap,) satisfy: each point a;
is close to a critical point y;, of K1 with j; # ji fori # k, (0K/0v)(y;,) > 0 and
P(Yiys - ¥i,) > 0, where p(y;,, ..., y;,) denotes the least eigenvalue of M (yi,, ..., ys,)-

Before given the proof of this Proposition, we derive from it a precise character-
ization of the critical points at infinity and compute their Morse Index. This is the
content of the following corollary.
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Corollary 4. Assume that K satisfies (C1), then the only critical points at in-
finity of J correspond to > b, K(y)*l/‘lé(yj_m) where p > 1 and the y;,’s satisfy
(OK/ov)(y;,) > 0 and p(yj,, ..., yj,) > 0. Furthermore such a critical point at infin-
ity has a Morse index equal to (3p—1— E§:1 index(K1,yi;)), where index(K1,y;;)
is the Morse index of K1 at y;; .

Proof. jFrom Proposition 6, we know that the only region where the \;’s are un-
bounded is when each point a; is close to a critical point y;,, with j; # ji for ¢ # k
and p(yi,,-..,¥i,) > 0. In this region, arguing as in [10] and [I4], we can find a
change of variable

(@1, eeey Ay ALy ooy Ap) = (@1 ovey iy ALy ooy Ap) i= (@, A)
such that

p
J(Z aidi -+ E) = 1/)(6%, d, 5\)
=1
55/3 P 2

= A R ) (14 (Z %) h A1)

i=1

(21)

where o = (a1,...,qp), ¢ is a positive constant, n is a small positive constant,
A =20, Tp = (Yjis s ¥j,) and Sz =[5 60, ).

This yields a split of variables a and A, thus it is easy to see that if @ is equal to
(Yjy s+ ¥j,), only A can move. Since p(yi,,...,%:,) > 0, in order to decrease the
functional J, we have to increase A, and we obtain a critical point at infinity only
in this case.

It remains to compute the Morse index of such a critical point at infinity. In order
to compute such a Morse index, we observe that M(7,) is definite positive and
the function v possesses, with respect to the variables «;’s, an absolute degenerate
maximum with one dimensional nullity space. Then the Morse index of such a
critical point at infinity is equal to (p — 1 — >_7_, (2 — index(K71,y;,))). Thus our
result follows. O

Proof of Proposition 6. The construction of our pseudogradient with the required
properties will be constructed by distinguishing different regions in V;(p, €). In each
of these regions an appropriate pseudogradient will be constructed. Then our W
will be a convex combination of all cases.

Claim (i7) relies on Claim (i) and the estimate of || V.J(u+7)||?, |[0]|? and J” (u)vW
(see Lemma B.4 of [11]). We prove that they are very small with respect to the
lower bound of (¢). Hence, once Claim (4) is proved, Claim (4¢) follows.

Without loss of generality, we can assume that A; < ... < A,. For M and C} large
positive constants and n a small positive constant such that nM is large, we define

D :{1} @] {Z/)\k < MM _1VEkst. 2<k< ’i},
& ={i/d(a;,y) > g Yy s.t. VoK(y) =0},
Cr ={i/d(a;,yr) < n}, where y; is a critical point of K7,

L= {i/|1 —J(u)ai K (a;)| > Cy (Wiﬂ + %) } .

1st case. There exist 4, j € D such that d(a;,a;) < 47.
Let 4o be the least index in D such that there exists jo < iy satisfying d(a;,, aj,) <
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4n. Tt follows then that we have \;, < A;, and for any %, j < i, we have d(a;,a;) >
4n. Now we define

P
- Z 2kak)\k% and Y, = — Zsign (1—J(u)’efK(a;)) 6. (22)
k=ig aAk €L

Using Proposition 10 of the appendix and the fact that C is a large constant, we
derive that

(-V Ya) =) 1= J(w)ia}K (a;) |+O(Ze;ﬁ) (23)

i€l ki

Furthermore some computations show that

Oeij e Aj O Oe;
—\i 837 = %ﬂ <1 —2A—{s$j> -2\ ;AJ — 20\ ;AJ >e(1+0(1).  (24)

Thus, using again Proposition 10, we derive that:

(~=VJ(u),Y1) =c Y Zekr+0< ) o> e (25)

k>io \r#k r#l

Now notice that 1/X;, = o(€4,j,), indeed from the fact that: A\;, < A;,, we obtain

10
that:

1 1 No N
2N By + /\é 2, (1 - cosd(asy,aj,)) <o(l)+4n* =o(1).  (26)

%0 "toJo

Thus, since for k > ig we have A\, > \;,, (25) becomes

(~VJ@ V) e S et Ai + O(Z 5”). (27)

k>ig,r#k o I#r

Using the fact that igp € D, then we can make 1/\; appear in the lower bound of
(27) and therefore all 1/);. Furthermore, for 4, j < i, we have d(a;,a;) > 47, then
from 1/)A; and 1/X; we can make ¢;; appear in the lower bound. Thus, we derive
that

P
10K (@), | |VrKa
(~VI( Y1) = e | 5 8(;)| | Txa +§:5kr . ()
i=1 l k#r

Now, define Wy = M1Y; +Y,, where M is a large positive constant, we obtain the
desired inequality in (i) with Wy instead of W.

2nd case. For each i, j € D we have d(a;,a;) > 4np and DNE # 0.

In this case, we define

1 88 VrK(a
2 i Oa; |VTK ”122“

i€DNE
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where 1 is a large positive constant. Using Proposition 10 of the appendix, (24)
and the fact that, for i € £ we have |V K (a;)| > ¢, we obtain

(VI ze Y (o Zlag”wzew

i€DNE v JED

71
—&-7104 Z _Eij+0< /\—k>+0(25lr)'
i¢D,jAi k¢D l#r
Observe that, for k ¢ D and ¢ € D, if we choose y; so that v, /(nM) is small,
we derive that v1/A\p < v1/(MX;) = o(n/\;). Furthermore, for i,j € D, since
d(a;,a;) > 4n, we derive that

1 Oeyj 3 c ]

1 < erjd(an,a)ed < S — = o L),

)\i| 94, | < edjd(ai, aj)ey; )\;_3/2/\;/2772 0 <)\1,
Thus, (29) becomes

(=VJ(u),Ys) > Z — + > e+ 0<Z sl,n). (30)
ZGDOS i¢D,j#1 I#r
As in the first case, we obtain (28) with Y5 instead of Y7 and defining Wy = M;Ys+
Y., we derive the desired inequality in (i) with W5 instead of W.
3rd case. For each i,j € D, we have d(a;,a;) > 4n and DN N_ # 0, where
N_={i/Jyst. VrK(y) =0, (0K/0v)(y) < 0 and d(a;,y) < n}.
In this case, we define

(29)

Z )\ ZTazz i.

i€DNN_

Using Proposition 10 of the appendix and (24)7 we derive that

(—VJ(U),YE;)ZC- Z —1—1—25” +cZEkJ+O<Z>\k>
i€DNN_ jE€D kgD kgD

As in the first case, we obtain (28) with Y3 instead od Y; and we define W3 =
M;Y5; + Y, thus we derive the desired inequality in () with W3 instead of W.

The Last case. For each i,j € D, we have d(a;,a;) > 4n and D C Ny, where
Ny ={i/Fyst. VrK(y) =0, (0K/0v)(y) > 0 and d(a;,y) < n}.

In this case, we have, for each k, B(yx,n) contains at most a point of the a;’s for
i € D. Let us denote by y;,, ..., y;, the critical points such that a; € B(y;,,n), where
q = card(D). The vector field will depend on the sign of the least eigenvalue p of
M (yi, s -y Yi, ), where M is the matrix defined in (3). Two subcases may occur.

1st subcase. If p > 0. In this case, we define

Zaz W 221041 l—i.

i€D
Observe that, for i, k € D, we have d(a;, ak) = d(yj,,Yj.) +o(1). Thus, (24) implies
2 1 2 Y
A 351k — \/_+0( ) — \/_G(yjmy]k) +0(€ik)- (31)

ONi 2N e(1 —cosd(yy,, v5,))]Y2 2(Nie)Y/?
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Using Proposition 10 of the appendix, (24), (31) and the fact that
J(u)3aiK(a;) =1+ o(1), we obtain

7T\/§ <i %%(yh) 4\/§G(yji7yjk) 1 )
i,keD

(=VJ(u),Ys) >

T 2J(u)? NiK(y;): (K (y;) K (y;,)) (Aide)?
1 1
+o Zs“ﬂLZI +e Y ekr+0(z/\—>
i kED iep k@D, k#r kgD
/3
> - AtM(yjl, e Yi A+ Z Ekr (32)
2J(u)> kéD k#r
1 1
“+ o0 Zé‘ikﬁ‘Zr +O(Z/\—>
i,keD ieD 7" k¢D k

where A = ()\._1/2 )\-_1/2)t. Using the fact that p > 0, we obtain

i1 ) Ny

(~VJ@),Y) =3 Ai te Y e (33)

iep " k¢D, k#r

Now, we define W} = MY + Y, and we conclude as in the above cases.

2nd subcase. If p < 0. We denote by e the eigenvector associated to p, we choose it
to satisfy ||e|| = 1 and all the components are positive. Now, as in [14], we introduce
a small neighborhood of e by: for v5 > 0 small,

Ble,y2) ={z € ST7" i |lz —el| <72}
Ti(e,72) ={x € (R1)I\ {0} : [|z]| 'z € Ble,72)}.

We will choose 72 so that, for each x € B(e,v2) we have 2'Mxz < p/2. Two cases
may occur.

- If A € Ti(e,y2). In this case, we decrease the \;’s that is we define ¥ =
- ZieD az)\laél/ﬁx\z

- In the other case, we define Y by moving the vector A to the vector e on the
sphere of radius ||A|| (see the vector field X3 of [14]).

Now, define Y =Y — \/MZ%D 2ta;A\;00;/0);. Using [11] and Proposition 10 of
the appendix, we obtain

(—VJ(u),Y2) > Z(; +o(Y W) +VMeY (Z eij + 0(i)>

i€D k¢D igD Nj#i
; ¢ ¢D (34)
1
zcz/\—iJcmskr
i=1 k#r

We conclude as in the above cases by defining W& = M YZ +Y,.

The vector field W will be a convex combination of the above vector fields. Clearly
it satisfies the claim (i). It remains to prove claim (7i:). Observe that, in the cases
1, 2 and 3, the \;’s are decreasing functions along our vector field, while in the
last case, the maximum of \;’s increases only if D¢ = () and p > 0. The proof of
Proposition 6 is thereby completed. O
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5. Ruling out existence of interior or mixed blow ups. The aim of this
section is to rule out the existence of critical points at infinity with interior con-
centration points or consisting of a mixed configurations of interiors as well as
boundary points. The idea is that in a neighborhood of such possible critical
points at infinity to construct a pseudogradient of J along which the concentra-
tion Amax = max(A1,---,A,) is decreasing. We remark that we can separate the
variable v from the other variables using Corollary 2 with w = 0. Hence we only
need to construct a pseudogradient W on the variables «;, a; and ;.

We consider first the case of a configuration of purely interior blow up points.

5.1. Ruling out interior blow ups. In this subsection we consider an e-
neighborhood of p bubbles ¢(,, ), denoted as before V(p,e) := V(p,e,0). In
this case Corollary 2 implies that J(u) is expanded as

52/ a? H(ai,a;)
J(u) = =1 1—-2c €ij — 2c — v
=1 i;la@K(ai))% 12 s m 2 )

1
+o ZSij-FZW +||V||2.
Thus, we can remark that: to decrease J, we need to decrease the \;’s. Precisely

we have the following result

Proposition 7. For e > 0 small enough and p > 1, there exists a pseudogradient
W so that the following holds:
There is a constant ¢ > 0 independent of u =Y "_, a;p; € V(p,e), (with X\;d; — oo

for each i) so that
D ewr

) (VI W) =Y 1
() VI g s W) 2 e e e

(iii) |W| is bounded. Furthermore, the \;’s are decreasing functions.

Proof. Without loss of generality, we can assume that A; <--- < A,. Let us define
dpi
W = Z 2\ ('0

It follows then from Proposition 11 of the appendix that:

(=VJ(u) Zaz _Clzaj + 22%%

i< E)
=p 7 (35)
+o0 Z
k<p k#r

From (24) and the fact that H(a,.) > C/dist(a,dS%), (35) becomes

(—VJ(u chAk k+c§skm
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which implies Claim (7).
Regarding Claim (74), it relies on the estimates of ||V.J(u+7)||?, ||9]|? and J” (u)oW
which are very small with respect of the lower bound of (¢) (see Lemma B.4 of [14]).
Hence claim (i) follows.
Concerning Claim (4i7), it follows from the definition of W and the fact that
[IA;0p;/OX;|| is bounded. O

As a consequence of the above Proposition, any vector field consisting in
decreasing the concentrations A; will decrease the functional bringing wu(s) :=
P ai(s) @ai,n, outside V(p, o) for some &g very small. Hence we have:

Corollary 5. Let V;,(p,e) to be the subset of V(p,e) such that \;d; — oo for each
i. For each positive function K, in Vi, (p,€), the functional J has no critical point
or critical point at infinity.

5.2. Ruling out mixed blow ups. Now we come to the case of mixte blow up
consisting of a configuration where we have boundary concentrations as well as
interior concentrations.

Proposition 8. Assume that K satisfies (C1). For e > 0 small enough and p > 2,
there exists a pseudogradient W so that the following holds:
There is a positive constant c¢ independent of u = 3:1 «;0; + Zf:qH Q;p; 1N

V(p,e), (with a; € 983 for i < q and N\id; — oo for each i > q) so that

i>q Aidi kA

(i) (=VJ(u),W)> CZ w 1= TPl K (a;)] + 4 e ek

Jv (
a(ai7 ag, )\1)

p
K(a; 1
EC;WTEG’)'#—H—J(uPafK(aiH—FCZ +CZE;€T

(1) (=VJ(u+7),W+ W)

i>q Aid; ktr

(iii) |W| is bounded. Furthermore, the maximum of the \;’s is a decreasing function.

Proof. Without loss of generality, we can assume that Ag41 < --- < A, and as in
the proof of Proposition 7, we define

P A 9p;
F1 = - Z 2 Oéi)\ia_/\i,
i=q+1
Then we derive
P
1
(-VJ@),F) >c Y (m Jcmekr)Jro(st). (36)
k=q+1 r#k i#ET
Now, ordering the \;’s for i < ¢: A\ < --- < A, and for a large fixed positive
constant M, setting

D={1}uU{2<i<q A\ < MM for each k < i}

which implies that, if i € D, then \; and \; are of the same order. Two cases may
occur.
case 1: There exist ig € D and jo > ¢ such that \;; < MM\,
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Then from 1/()\;,d;,) which appear in the lower bound of (36) we can make appear
all the variables 1/);, for i < q. We define

, 09;
Wi = Fy +mY, — i gt
1 1+ m mz2a)\ I,
1<q
where m is a small constant. As before we deduce
3 4
(—VJ(u), W1) >CZE’”+ZM +|1 (w) e K (as)])-

i>q z<p

Hence Claims (7) and (4¢) follow for this pseudogradient.

case 2: For each i € D and each j > ¢ we have M\; < A;.

Let uy = > ,cpaidi. We have u; € Vy(card D,¢). In this set we constructed a
pseudogradient, we will denote it by F5, by Proposition 6. Thus we define Wy =
Fy + F,. This pseudogradient satisfies the claims (¢) and (i7). It remains to remark
that the index of the maximum of the A;’s does not belong to D. Hence Claim (i)
follows.

Therefore along such a pseudogradient the maximum of the \;’s is decreasing. Hence
such a mixte configuration cannot be a critical point at infinity. O

6. Proofs of the Theorems.

Proof. Proof of Theorem 1.1 First of all we assume that the solutions of (Pg) are
of finite number, otherwise we are done. Let K denote the set of critical points of
J and K., denote the set of critical points at infinity.
Let J? := {u € ¥T : J(u) < 8}. Observe that, it is well established that if z is the
only critical point of J in the set J¢*¢\ J¢~¢, assume that there are also no critical
point at infinity, then

JTE o~ JTEUW,(2),
where ~ denotes the retraction by deformation and W, (z) denotes the unstable
manifold of the critical point.
Now we want to extend such an argument to the case where there is only one critical
point at infinity zo, in J¢T€\ J¢ ¢, Recall that a critical point at infinity under the
assumptions of Theorem 1.1 is one to one correspondence to p-uple (y1,...,yp) of
critical points of K such that p(y1,...,yp) > 0 (see Corollary 4). A neighborhood
of (2s0) is & subset of V(p,e) (see definition 5) such that each a; is close to some
Yji-
Now recall that in such a neighborhood the following asymptotic expansion holds
(see (21) and Corollary 2)

(Zaz (as,00) —i—v) =g(a, a)<1+0(z K(l ))_1tAM(Tp)A> + V|

Yji
where ‘A = ()\1_1/2, s /\51/2), T (Yiy s -, ¥i,) and
} Sg/?’ 1(12

Q,d) = .
o8 = S ot R )

It follows from the above expansion that there is a split of variables a, @, A, v. Mini-
mizing with respect to v, the problem is reduced to a finite dimensional one. More-
over observe that, since the matrix M is positive definite, the expansion gives us an
asymptote in the A-variable. Finally the function g(«, @) (which is homogenous with
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respect to a-variable) possesses a degenerate absolute maximum @ in the a-variable
and one critical point ¥ := (¥;,,...,%;,) in the a-variable. Therefore the unstable
manifold of (z) can be defined as

W (@,7) x [A, 00)
where W, (@,7) is the unstable manifold of (@, 7) for the function g.
Therefore we have also that
Jre = JTEU W, (200)-
Let Cy be large such that K UKy C J. Without loss of generality we assume

that there exist 0 < ¢; < ... < ¢y < Cp such that each level ¢; contains only one
element of L UK. It follows from the above that

JCO =~ UZE’CWU(Z) Uz eko Wu(zoo)
Now using the Euler-Poincare characteristic (denoted by x), it holds that

1= x(T) = 3 3T (e,

z€EK Zoo €K o0

where m(z) (resp. m(zo)) denotes the Morse index of z (resp. zs,). Hence

1o T e s | D) < g (37)
Zoo €K 0 z€K
where #K denotes the cardinal of /.
Finally, using Corollary 4, the proof of Theorem 1.1 is completed. O

Proof. Proof of Theorems 1.2 and 1.3 The proof of Theorems 1.2 and 1.3 goes along
with the proof of Theorem 1.1. As in this proof we have to construct a pseudogra-
dient near infinity whose stationary points are the critical points at infinity. To do
so we need to prove the equivalent of Proposition 6 under the Assumptions (A;)
and (Agz) or (A1) and (Ay). Namely we want to prove:

Proposition 9. Assume that K satisfies (A1) and (Az) (resp. (A1) and (Ay)).
For p > 1, there exists a pseudogradient W so that the following holds:
There is a constant ¢ > 0 independent of w=Y_"%_, a;6; € Vy(p,€) so that

() v w) 2 eS0Ty Lo etk + Ya

i=1 k#r
.. _ ov
(’LZ) (—VJ(U+U),W+ W(W))
p
[VE(ai)| 1 3 4
202( N, —l—)\—z—l—\l—J(u) aiK(ai)|+’§€kr

where v = 2 if K satisfies (A2) and v = B if K satisfies (Ay).
(i1i) |W| is bounded. Furthermore, the only cases where the mazimum of the \;’s is
not bounded are when

- p = 1 and the concentration point a is near a critical point y of Ky with
(0K/ov)(y) =0 and —AK(y) >0 (resp. > b;(y) <0).

- p > 1 and each concentration point a; is close to a critical point y;, of K1
with j; # ji for i # k and p(y,, ...,yi,) > 0, where p(ys,,...,ys,) denotes the least
eigenvalue of M (i, ..., Ys,)-
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Proof. We argue in a similar way as we did in the proof of Proposition 6. As our
assumptions (A1), (A2) and (Ay), we have more cases than what we had. In the
following we consider those cases:

1st new case. For each 4,5 € D, we have d(a;,a;) > 4n, DNE =0, DN N_ =0,
D # {1} and DN Ny # 0, where Ny = {i/3y s.t. VK (y) =0 and d(a;,y) < n}.
Observe that, since D N & = () then D C UC,. Furthermore, using the
fact that d(a;,a;) > 4n for each i,j € D, then we conclude that d(a;,a;) >
s min{d(yx,yr),k # r}. Moreover, the fact that D # {1} allows us to prove that
for i € DN Ny, the following holds true: \; '0K/dv(a;) = o(e;;) where j =i — 1 or
j =1+ 1. In fact, notice that since 0K /v (y) = 0 we get 0K /Iv(a) < cn for each
a € B(y,n). Furthermore, for i € D N Ny, either ¢ — 1 or 7 + 1 belongs to D. As in
(26), it easy to see that 1/\; < C\/M&ij where j =i—1ifi—1 € D, if not j =i+ 1.
Thus, if we choose 1 small enough (7v/M small), our claim follows. Moreover, for
k ¢ D, we have 1/\, < 1/(MX;), where i € D N Ny.

In this case, we define

Z /\ ZTO@ i3 i.
i1€DNNy

Using Proposition 10 of the appendix, (24) and the above arguments, we derive that

(-VJ(u),Y) >c Y. %+Zezj te Y ey (38)

i€DNNy Y jep k¢D,j#k

Now, we conclude as in the second and the third cases and we define W, = MY, +
Y,.
2nd new case. D = {1} C Nj.

In this case, a; is near a critical point y of K which satisfies (As) or (Ay).
First, we deal with the case where (As) is satisfied. Let us define

. 00 ¢ 061 VrK(a i 96;
Ys = Slgn(_AK(y))Ala—)\ll + )\11 (90,1 |VZ:K ai 22 oG 1 )

where ¢; is a small positive constant. Using Proposition 10 of the appendix, (24)
and assumption (As), we derive that

VK@) e 1
7 — +c g Ekr + O(—). 39
)\1 )\% o k (>\2) ( )

As in (26), since 2 ¢ D, it is easy to see that 1/A2 = o(e12). Now, define W5 =
M,Ys + Y, and we conclude as in the above cases.
Now, we need to construct the vector field when (Ay) is satisfied. We define

Z 1 8(51 / b |£L‘i+)\1(a1)i|5 x; di
A1 0 g (L4 Adf(an)i)P=1 (1 +[xf?)t

(=VJ(u),Ys) > ¢

i=1,2
3
061
Ve = (=) bi)hig- o x(Atlazl),
=1

where x is a cut off function defined by x(¢t) = 1 if t < £ and x(t) = 0 if ¢ > 2¢,
where £ is a small positive constant.
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In this case, the vector field will be defined by
00;

o— 1 2 i . L
Yy :i=Yd 4+ Y2~ ZQ’al)\laAi.

i>2
As in (25) and using Proposition 10, we get

3 2 o
(=VJ(u),Ys) >c25kr+0( )+X Ailag|) (Z@) )\iﬁ)

k#r i=1

2
|z + A1 (ar);|? T
d .
F 3 </ T+ Ml(an): )P0 (L + o3

1=1,2

(40)

Observe that, if x(A1|a1]) = 1, then Ai]ai| < 2¢ and therefore from 1/A? we can
make appear |VK (a1)|/A1. In the other case, that is x(A1]a1|) # 1, we have Ai|aq| >
¢ and therefore by Lemma 7.1, we have

lz; + A1(a1)q)® ; 2
Z </]R§_ (1+)\1\(a1) |)5 1)/2 (1+| ‘ dz) >c>0.

i=1,2

We remark that if Aj]aq| is very large, let ¢ so that A1|(a1);| > cA1]ay|, then

z;dx z;dx

T4 aliﬁiz 16111'6 i g
iyt o G = Oalta” [ 1+ 5 G
= el (1 + o(1)) = eX{~ VK (an)]

Hence, as in (25), (40) becomes

(=VJ(u),Ys) ZCZ&‘kT B +Z_+ Z |VK a;)|

k#r i>2 Ai i>1

Now, define W5 = M1Y5 + Y, and we conclude as in the above cases.

The vector field W will be a convex combination of the above vector fields just
as it was the case in the proof of Proposition 6. Regarding the behavior of the
concentration speeds, observe that in the first new case, the maximum of the \;’s
is a decreasing function. But in the second new case, it increases only if p = 1 and
ay is near a critical point y of K7 with (0K)/(0v)(y) = 0 and —AK(y) > 0 (resp.
>.b; < 0). The remaining is just like in the proof of Proposition 6. The proof of
Proposition 9 is thereby completed. O

From Proposition 9 we deduce the critical points at infinity. This is the content of
the following Corollary whose derivation from Proposition 9 follows the same lines
as the one we did to derive Corollary 4 from Proposition 6.

Corollary 6. Assume that K satisfies (A1) and (Az) (resp. (A1) and (Ay)). Then,
the only critical points at infinity of J correspond to:
- O(y,00) Wherey is a critical point of Ky satisfying (0K /0v)(y) = 0 and AK (y) < 0
(resp. > bj(y) < 0). Such critical point at infinity has a Morse index equal to
2 — m(y), where m(y) denotes the morse index of K1 at y (resp. 3 — u(y) where
() = #{bi () : bi(y) < O}).

p VK (yi,)” 1/45(y1.j}oo), with p € N* and p(yi,, .-, yi,) > 0, where the y;’s are
nondegenemte critical points of K1. Such a critical point at infinity has a Morse
index equal to (3p —1 =325, m(y;,)).
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Now using Corollaries 4, 6 and (37), we derive Theorems 1.2 and 1.3. O

Proof of Corollary 1. Using the assumption (As), we derive that F,.” is empty for
each p. Using now Theorem 1.2, the result follows. O

7. Appendix: Expansion of the functional and its gradient in a potential
neighborhood of critical points at infinity. This Appendix is devoted to some
useful expansions of J and its gradient near a potential critical points at infinity
consisting of p masses. Those propositions are extracted from [16] (with some
change). In the sequel, we will write ¢; instead of (4, »,)-

Proposition 10. Let n = 3 and u = Y %_, a;0; € Vy(p,e), we have the following
exrpansions

00; . VrK(a; 4 VrK(a; Cs 2
(VI 3 o e ey 22 af (T D))

+o(%+zaw)+0 5 1 35”

i k#r j#i

(VI (u),)05;/0N;) = —c1J (u Zaj 85”
JFi

oK
+2J(u)'a? (—i—Q W( a;) + AK ) o( D ewr +
v k#r

(VJ(u),8;) = J(u)a; S5 (1 — J(u)*ef K (a;)) + O<; \%K )\2 + st>
J#i

where ¢y = [gq de =437, co = c§ ng %dw = \/5%,

|| (|z]>~1) olz? \II2

C3 = CO ng de, Cq4 = 5 ng, mdﬂf and Cy — f]R3 (1+| dl‘
If a; is near a critical point y of K1 such that (Ay) is satzsﬁed, then we can
improve the above formula and we obtain

(VJ(U), (51) = J(U)Ol153 (1 — J(U)SQ?K(G@)) + O(iﬁ + Z&fij),

i
1 96; a? Tk
U S (O e A Aa)]P—2k 4
(VJ(U)’M a(al)k) W) A? /]Ri’r el Aila)el (14 [z[?)* !
1 1 Oeij
o 2+ OO 3D
A kA g#i o T

where k € {1,2} and (a;)r is the kth component of a; in some geodesic normal
coordinates system.
Furthermore, if we assume that A\;|a;| < e, where € is a small positive constant, then

96, Ogii 1
(VJ(u)J\ia )= —c1J(u ZaJ J Fij +O(ZE’”+
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Proof. Observe that

/ (K(x) — K(ai))ég’)\i% = /VK(ai)(x — ai)éf)\i%
B(a;,1)NRY, o\ O\
1 9 5% 90; 1
+3 [ DK @) — 0w~ w)BAGE + ol5)
_gVEK(ai) [z —|z]*) | §AK(a) [ |zPO—|z) 1
= 7 T C 3 +o(13)-
2 N S 0+ 2P) 1202 Jpo (1+ |22 A2

For j = 1,2, we denote by (a;); the j* component of a;.

51 00; N agt i
/| o (5@~ K33 5 = [ VK@) - a)sis- 5

L 2 (o Ve — e w— ayg5 L 00 1
+2/D K(a;)(z — a;,x al)éi)\ia(ai)j—i—o()\%).

&
—
o5}
(=%}

Observe that
09;
d(ai);

1
DQK(ai)(x —a;, T — ai)éfy

3
R
and

5.5 SNz — a;);
VK(a;)(x—a;)2 /VK@Z — 07 J
/B(ai,l)mRi (a:)( Ai O )(1 + Aflz — ag]?)?

2
T, | 2
Ai B(0\)NEY (1+ [=[2)*

Following [106], the first part of the result is thereby completed.

Now to improve the formula when (Ay) is satisfied, we use the expansion of the
function K. In fact, for the second estimate it remains to expand the following
integral

K(x)é?%a( / O bjlz;1? + R ))(1+(A2|x£az}|€)) dx

=7 | brlre+ Ailai)k
A?/Ri o1+ A l?

=g
T 1

7d —).

AT e ™ o)

For the other estimate, we have

X 042
K ()55, 2% / " bjl1? + R >>X°’(11+;2|x—a||> o

R3
gLzl 1
)\ﬁzb / |z; + Ni(ai),] (1+|x\2)4dm+0()\iﬁ)
Observe that if A;|a;| is very small, it is easy to prove that
1—|xf? 1—|xf?
x-Jr)\,;ai"B—dx/ 2P —— _dx + o(1 <0,
/Ri J ( )J‘ (1+|.’17|2)4 Ri| ]| (1+|.’IJ|2)4 ( )

and the second integral in the above estimate is independent of j. Hence the result
follows. O
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Lemma 7.1. For eachn € R and i = 1,2, we have

) ﬁ#d =0 ; =0

Furthermore, for each € > 0, there exists a positive constant ¢ > 0 such that

p___ L
z; + 1| ——————dx
’AJ AT TPy

To give more expansions of the gradient of J near potential critical points at infinity,
we need to introduce the following notation:
Let G be the Green’s function of L, on Si and H its regular part defined by

{mam:u—mmeml+Hmw, 4
AH =0in S%, 0G/0v =0 on d5%

>e(l1+ \77|)B_1 for each |n| > e.

The following proposition gives an accurate expansion near a potential point at
infinity consisting of highly concentrated functions of the boundary as well as in
the interior.

Proposition 11. [I7] Forn = 3 and u = Y], a;di + Y7_ , aipi € V(p,e),
there exists two positive constants c¢; and co such that the following holds
aQOJ a/]a a/k
(VJ(u), A ]8/\ ) =J(u) clzak/\J 8)\ Z g —L—% IOWIE
k#j k=q+1

1
+o Zmﬁ-;i‘:kr

k>q

Regarding ¢(,,) we have the following lemma

Lemma 7.2. [17] For a € 5%, we have (06,,5))/(0v) = 0 and therefore g \) =
S(an)- Fora ¢ [“)S’i with \d large, we have

Ha,.
©(a,n) = O(a,n) + \(f)\ ) + fan)s

where f(, ) satisfies

c af 1
< —— 2\ -
[ flanlze = A3t ToA 0 <)\§d3>
and where d = d(a,dS?).
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