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ABSTRACT. We provide a variety of classes of functions which can be realized
as the mean curvature on the boundary of the standard n dimensional ball,
n > 3 with respect to some scalar flat metric. Because of the presence of
some critical nonlinearity, blow up phenomena occur and existence results are
highly nontrivial since one has to overcome topological obstructions. Our ap-
proach consists of, on one hand developping a Morse theoretical approach to
this problem through a Morse type reduction of the associated Euler Lagrange
functional in a neighborhood of its critical points at Infinity and on the other
hand extending to this problem some topological invariants introduced by A.
Bahri in his study of Yamabe type problems on closed manifolds.
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1. INTRODUCTION

The celebrated Riemann Mapping Theorem states that any simply connected
region in the plane is conformally diffeomorphic to a disk. This theorem cannot be
generalized in higher dimensions where very few domains are conformally diffeomor-
phic to the ball. Nevertheless, one can still ask whether a domain is conformal to a
manifold that resembles the ball in two ways: namely, it has zero scalar curvature
and its boundary has a constant mean curvature. Escobar studied this problem in
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[17]. He showed that most compact manifolds with boundary admit such confor-
mally related metrics. Escobar’s problem is equivalent to seeking a smooth positive
solution u to the following nonlinear boundary value problem on n-dimensional
Riemannian manifold with boundary (M, g), with n > 3:

_1 .
—4n—Agu—|—Rgu =0 in M

(L1) 2 .
n725+ng =cun2 on M

where, M=M \ OM denotes the interior of M, R, is the scalar curvature of M,
H, is the mean curvature of M, v is the outward unit vector with respect to the
metric g, and c is a constant whose sign is uniquely determined by the conformal
structure. Indeed, if g = = g, then the metric g has zero scalar curvature and
the boundary has a constant mean curvature with respect to g.

In view of the above equation, it is natural to consider the problem of prescribing
boundary mean curvature with zero scalar curvature, that is: given a function
H : OM — R, does there exists a metric ¢’ conformally equivalent to g such that
Ry =0and Hy = H? From equation (1.1), the problem is equivalent to finding a
smooth positive solution v to the following equation,

1 .
—4n—AgU +Ryv =0 in M

(1.2) MY N
n_25—|—Hgv = Hv»-2  on OM.

In this article, we are interested in the case where a non compact group of confor-
mal transformations acts on the equation so that Kazdan-Warner type conditions
give rise to obstructions as in the Nirenberg problem (see [27]). The simplest situ-
ation is the following one:

Let B™ be the unit ball in R” with Euclidean metric go. Its boundary will be
denoted by OB™ = S*~! and will be endowed by the standard metric go. Let H be
a function on S*~!. In this case, our problem becomes

Au = 0 and v > 0 in B™
1.3 0 -2 -2 n
(1:3) 8—1:4—712 U :n2 Huyn=2 on "1,

Our aim, is to give sufficient conditions on H such that problem (1.3) admits a

positive solution. It is easy to see that a necessary condition for solving the problem
is that H has to be positive somewhere.
Previously, P. Cherrier [12] studied the regularity question for this equation. He
showed that solution of (1.3) which are of class H' are also smooth. In [19], Escobar
has studied this problem (1.3) on manifolds which are not equivalent to the standard
ball. On the ball, sufficient conditions on H in dimensions 3 and 4 are given in
[20], and [15], and a perturbative results were obtained in [11]. In [2], the authors
of this paper developped a Morse theoretical approach to this problem in the 4-
dimensional case providing some multiplicity results under generic conditions on
the function H.
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Related problems regarding conformal deformations of Riemannian metrics on man-
ifolds with boundary have been studied in [3, 9, 10, 13, 14, 18, 21, 22, 23, 25, 24,
26, 27, 29, 31] and the references therein.

Assume that H is a smooth function having only non degenerate critical points
Yo, Y1,---,Ys with AH(y;) #0 for each i =1,...,s. Let

I={y;/ VH(y;) =0 and AH(y;) < 0}.

In the first part of this paper, we extend to our problem some topological in-
variants introduced by A. Bahri [5] in the framework of Yamabe-type problem on
closed manifolds, and we use it in order to give partial answer to the boundary
Mean curvature problem in dimension n > 7.

Let Z be a pseudo-gradient of H of Morse-Smale type, that is satisfying that the
intersection of the unstable and the stable manifolds of the critical points of H are
transverse. We assume that,

(Ro) Assume that W (y;) "W, (y;) = 0 for each critical points y;, and y; such that
yi €l and y; & 1.

Here W, (y;) is the stable manifolds of y; defined by the set of points 2 € S"~! at-
tracted by y; through the decreasing flow 1(., z) of Z; Wy (y;) = {z € S""1/n(s,z) —
y; when s — +oo} and W, (y;) = {z € S"7!/n(s,z) — y; when s — —oo} denotes
the unstable manifolds of y;. To proceed further we introduce some notations. For
Yi, a critical point of H such that AH (y;,) < 0, let

X = Ws(yio)'
We assume that

(R1) X is a compact manifold without boundary of dimension k € N*.
Let us define

By(X) = {010y, + @20,/ a1 + ag =1 and z; € X},

where ¢, denote the Dirac measure at x. For X large enough, we introduce the map

fr: Be(X) — 27

Oqgmm + Oézg(a;z,x)

0415371 + a2§r2 > ’ 9

‘Oqgmm + 0425(9,«2,,\)

where, S(G,,\) will be defined in section 2 by (2.1). Observe that By(X) and
fa(B2(X)) are manifolds in dimension 2k 4 1, in the sense that their singulari-
ties arise in dimension 2k — 1 and lower, (see [5]).

Let T be a tubular neighborhood of X in S*~!. We denote by v*(y), the fibre at
y € X of this tubular neighborhood.

For e > 0, 21,22 € X such that z1 # 25 and —AH(z;) > 0 for ¢ = 1,2, we introduce
the following set
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5 N

O(ziths \s

., = { § (‘+—h“)‘b)n;2 +uv/veE Hl(Snil) satisfying (1p),
i=1 H(zi + hi)

v — 9| <e1, |hi)?+ |ho)? < e1, i > &7t and by € vT(2;) for i = 1,2},

where v is defined in Proposition 3.6 (see below) and (V4) is defined in the next
section.
For ¢ a small positive real, the boundary of I'., (defined by |[v — @] = &1 or \; =

g7t or |hi|? 4 |ha|? = €1), does not intersect J ! (COO(Zl,ZQ) + 5), where J is the

Euler-Lagrange functional associated to the problem (1.3) and

2

Coo(21,22) = (SHZW> _ )

i=1 g

We then set

Cs=T.nN J ! (coo(zl,zg) + 6).

Observe that for 1 and ¢ small enough, Cs(z1, 22) is a closed fredholm noncompact
manifold without boundary of codimension 2k + 2.

For )\ large enough, we define the intersection number (modulo 2) of W, ( I(Ba(X )))
with Cs denoted by

r= Wu(f,\(BQ(X))>.C’5,

where W, (fA(BQ(X))) is the unstable manifolds of fy(Bz2(X)) for a decreasing

pseudo-gradient V' for J which is transverse to f)(B2(X)). By transversality argu-
ments, this number 7 is well defined (see [30]).
We then have

Theorem 1.1. Let n > 7. Under the assumptions (Ro) and (R1) , if T =1, then
(1.8) has a solution.

Besides Theorem 1.1, we have the following result based on another topological
invariant denoted by p. The relation between p and 7 will be explored in paper
to come (we will also derive a new proof of the existence of solutions of some
Yamabe-type problems on manifolds with boundary based on a deeper study of
this invariant).

Let, Cy,(X) the following set

Cyo (X) ={ady, + (1 —a)d,/ a €[0,1], z € X}.

where §, is the Dirac measure at x. For A large enough, we introduce a map
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f)‘ : Cyo(X) - E+
a(i(yo,k) +(1— a)ZS:(
lad(yo,2) + (1 = @)da )l

For X large enough, we define the intersection number (modulo 2) of fx(Cy, (X))
Wlth Ws (y07 yig )oo

z,\)

ady, + (1 — )b, —

n= fA(Cyo (X)) ’ WS(yOa yio)<><>7
where W (yo, ¥is )oo is the stable manifold of the critical point at infinity (yo, ¥io)oo
(see Proposition 4.2 below) for a decreasing pseudo-gradient V' for the Euler-
Lagrange functional associated to (1.3) which is transverse to fi(Cy,(X)). This
number is well defined (see [30]).
We then have the following result,

Theorem 1.2. Let n > 5. Under the assumptions (Ro) and (Rq), if p =0, then
problem (1.3) has a solution.

Remark 1.3. To see how to construct an example of functions H satisfying the
assumptions of Theorem 1.1 and Theorem 1.2, we refer the reader to Theorem 1
and Theorem 2 of [5] (page 344-346).

Remark 1.4. The choice of X, to be built out of the stable manifold of critical points
of H is useful only when we combine Theorems 1.1 and 1.2. Such a construction is
necessary for Theorem 1.1 but for Theorem 1.2, X could be general stratified set.

In the second part of this paper, we single out the three dimensional case. With-
out lose of generality, we can assume that

H(yo) = H(y1) = -+ = H(ys).
We then have the following result

Theorem 1.5. Letn = 3. If
(Hl) Y1 € I.
(Hz)
1 1 1
> + Yy € I\ o, 15,
)~ ) T Ay S e
then (1.3) has a solution of Morse index k or k + 1, where k = 2 — ind(H, y1).

Beside the above result, we point out that our method enables us to reprove
a multiplicity result obtained by Escobar-Garcia in [20] using blow analysis & la
Schoen et Yanyan Li. Our approach is completely different from the one used in
the above mentioned paper and relies on a suitable use of the method of critical
points at infinity of Bahri [4]. Namely, we have

Theorem 1.6. On B2, under the assumption that all the solutions of (1.3) are non
degenerate, the number of solutions of (1.3) is lower bounded by

yjel
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We notice that the last statement of Theorem 1.6 regarding the number of solutions
can be seen some sort of Morse Inequalities at Infinity giving a lower bound to the
number of solutions of the problem (1.3) in terms of the topology induced by the
critical point at Infinity.

Corollary 1.7. On B3, under the the assumption that all the solutions of (1.3) are

non degenerate, if
Z (71)27ind(H,yj) ?é 1

y; el
then (1.3) has a solution.

We organize the remainder of our paper as follows. In section 2, we recall
some preliminaries. In section 3, we perform an expansion of the Euler functional
associated to (1.3) and its gradient near critical points at infinity. Section 4 is
devoted to the Prescription of the mean curvature on higher dimensional ball. In
section 5 we give the characterization of the critical points at infinity in the case of
three dimensional ball and lastly in section 6, we give the proofs of Theorems 1.5
and 1.6.

2. PRELIMINARIES

In this section, we recall the functional setting and the variational problem and
its main features. Problem (1.3) occurs as the Euler equation of the variational
functional

2
n

n
1

2(n—1)

J(u) = ( Huy »== dagg>
S§n—1

defined on H'(B") equipped with the norm

ll? = [ 1Vudug, + "2 [ o,
Bﬂr 2 Sn—l

where dv,, and dog, denote the Riemannian measure on B™ and S"~! induced by
the metric go. We denote by 3 the unit sphere of H!(B") and we set,
Yt={ueX/u>0}
The exponent 2:’:21) is critical for the Sobolev trace embedding H!(B") — L4(S"~1).
This embedding being not compact, the functional J does not satisfy the Palais-
Smale condition. For this reason standard variational methods cannot be applied
to find critical points of J.

In order to characterize the sequences failing the Palais-Smale condition, we need
to introduce some notations.
We will use the notation x for the variables belonging to the unit ball B™ or to the
half space R’} defined by R’} := {z € R", x, > 0}. We will also use the notation
xr = (2',z,) for x € R
It will be convenient to perform some stereographic projection in order to reduce
the above problem to R”. Let D"?(R") denote the completion of C°(R7), with
respect to the Dirichlet norm. The stereographic projection 7, through an appro-
priate point ¢ € S"~! induces an isometry i : H'(B") — D'?(R") according to
the following formula
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) 2 N 2z |2|? + 2, — 1
zu(m):( 2 2) “( 2 20 T2 2)’
|2 + (zn + 1) 2 + (20 +1)%7 22 + (20 + 1)
where 2’ = (z1,...,2,-1). In particular, we can check that the following relations

holds true for every u € H(B"),

-2
/ |Vu|? + r / u? = / |Viul|? and
B 2 Sn—1 R

n
+

/ Mis=2 :/ i 252
sn-1 oR?

In the sequel, we will identify the function H and its composition with the stereo-
graphic projection m,. We will also identify a point « of B™ and its image by .
These facts will be assumed as understood in the sequel.

For a € OR"} and A > 0, we define the function:

Sanr(z) =& A —

2
<(1 + Azn)? + N2z’ — a’|2>

where z € R}, and ¢ is chosen such that J, \ satisfies the following equation,

Au =0 andu>0in R}
0 n
_a—xt =un-2 on JR"}.
Set,
(2.1) Oax =171 (a.0)-

For € > 0, p € N* and w either a solution of (1.3) or zero, we define

w€Xs. tIag,...,a, €S Jap,aq,...,a, >0 and

<eg, €5 <eVi#j,

p
Vip,e,w) = A, A > e~ with Hu — apw — Zaiéai)\i
i=1

no1 -2 B n_
and ‘J(u)maﬁﬂ(ai) - 1‘ <eVij=1,...,p, and agJ(u) "7 — 1| <e

Ai A
€ij = (}\—J )\—Z + /\2/\]|a2 — (1j2>

If u is function in V(p,e,w), one can find an optimal representation, following the
ideas introduced in [5] and [6], namely we have

where,

2—n
2

Lemma 2.1. (see [5], [6]) For any p € N*, there is €, > 0 such that if ¢ < ¢, and
u € V(p,e,w), then the following minimization problem

min {

P
u— Zai(?(ai,,\i) —ap(w+h)
i=1

ya; >0, >0,a, €S he Tw(Wu(w))}
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has a unique solution (&, A, a, B). Thus, we can write u as follows:

P
u = Zozi(s(ai,)\i) +ag(w+h)+v
i=1
where v belongs to H*(B™) N T,,(Ws(w)) and satisfies (Vy), where T,,(W,(w)) and
Tw(Ws(w)) are the tangent spaces at w of the unstable and the stable manifolds of
w, and (V) is the following condition:

<v,p;> =0 fori=1,...,p, and @; = 6;, 851-/5&-7 8&-/8@1-,
(Vo) : < <v,w> =0
<v,h> =0 forall heT,(W,(w)).

where, 0; = 04, n, and < .,. > denote the scalar product defined on H'(B"™) by,

-2
<u,v >= / VuVv dvg, + nT uv dog,.
n S§n—1
Notice that Lemma (2.1) is also true if we take w = 0 and therefore h = 0.
We are ready now to state the characterization of the Palais-Smale sequence failing
the P. S. condition, taking on to account the uniqueness result of Li-Zhu [28] and
the idea introduced in [5], as follows.

Proposition 2.2. Let (uy) C X7 be a sequence satisfying J(ur) — ¢, a positive
number and 0J(ug) — 0. Then, there exist an integer p > 1, a positive sequence
(ex)r (ex — 0) and an extracted subsequence of (uy), again denoted uy such that
up € V(p,ex,w), where w is either zero or a solution of (1.3).

Following A. Bahri [4], [5] we set the following definitions and notations

Definition 2.3. A critical point at infinity of J on LT is a limit of a flow line
u(s) of the equation:
{z—: = —J(w)

u(0) = ug
such that u(s) remains in V(p,e(s),w) for s > sq.

Here w is either zero or a solution of (1.3) and &(s) is some function tending to zero
when s — co. Using Lemma 2.1, u(s) can be written as:

P
u(s) = Z Q4 (s) (5((11.(5)’/\1.(5)) + ao(s)(w =+ h(S)) + ’U(S).
i=1
Denoting a; := limg_, o a;(s) and «o; = lims_ o a;(s), we denote by

p
(alu"' 7a'p7w)oo or E aid(ahoo)—"_aow
i=1

such a critical point at infinity. If w # 0 it is called of w-type.

Like a usual critical point, it is associated to a critical point at infinity o, of the
problem (Px ), which are combination of classical critical points with a 1—dimensional
assymptote, stable and unstable manifolds, W (z+,) and W°(zs). These mani-
folds can be easily described once a Morse type reduction is performed, see [5], [8].
The stable amnifold is, as usual, defined to be the set of points attracted by the
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asymptote. The unstable one is a shadow object, which is the limit of W, (zy), z
being the critical point of the reduced problem and W, (z,) its associated unstable
manifolds. Indeed the flow in this case splits the variable A from the other variables
near ..

In the following defiition, we extend the notation of domination of critical points
to critical points at Infinity.

Definition 2.4. z., is said to be dominated by another critical point at infinity
;.
zlo it

W (25) N Wi(2e0) # 0.
If we assume that the intersection is transverse, then we obtain

index(z,) > index(zo0) + 1.

3. EXPANSION OF THE EULER FUNCTIONAL

In this section, we will give a useful expansion of the functional J and its gradient
near a critical point at infinity. Then, we deal with the v-part of u. In order to
simplify the notations, in the remainder we write d; instead of (4, »,)-

3.1. The functional and its gradient. First we deal with the functional J as-
sociated to problem (1.3).

Proposition 3.1. Fore > 0 small enough and v = Y"%_, a;0(4, x,y+oo(w+h)+v €
V(p,e,w), we have the following expansion

J(u) = SnEY_10f + agw] . (n—2)
oln=1) g (n=1) n-l (n—1)p
Sp¥Y oy "7 H(a;) +ag "7 w2
c;;AH(ai) . .
zp: 2 (=) T logh; ifn=3 o o
i AH(a; ‘ - 10
i=1 04/\72(6” an > 4 Y iti>1
g o= wla) 1 o2
-2 022+~ (Quw,0) = F1(0)) + 22 (Qa(h, ) + ()
L Al v 8
3 10g /\1 inf(3,2 (nil)) inf(3,2 ("71))
o Yoeiy+ Y = | + O Io BT 4 ufrret= )
i#j i=1
where,

2(n-1) dx _2(n-1) dx
S, = ¢ n-2 — cp=¢C n2 T
-1 1 2
= (e ) = (o)
2(n—1)

v ¢ 2 / |z|?dw
> a= —
2 2(n—1) Jans (1 N IxIQ) T

a positive constants independents of u and where,
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I TE B L S 5 2 2
Q1(v,v) = |v]| R (;/gnl H(al@) ve 4+ /an H<a0w> v >,

2

B - nry n—2 )
Qa(h ) = I = =5 San(amu) n,

po =3 (Zaz >_

9 2 R 2y =}
N < b — h
” ZOZ@ < 05, h > ao ) /Sn ) (Zaz z) )

n
-2

2(n—1) p
Za "% H(a;) —i—ao = ||w||2 and vy =Sy, Za? + ad|Jw]|?.
i=1

Remark 3.2. Regarding the expansion of J, we observe that for n > 7, any configu-
ration containing a solution w of (1.3) and a collection of critical points y;, having
—AH(y;,) > 0, gives rise to a critical point at infinity of J. This is not true for
n < 5. In dimension 6, we have a balance phenomenon; that is, the self-interaction
of the functions failing the Palais-Smale condition and the interaction of one of
those functions with the solution w are of the same size.

Proof. Let us recall that

/ |Vu|?dv, + (n ; 2) / u?do,
J(’u) _ B” S§n—1 .

2(n—1) mt
Hu =2 do,
Sn 1

‘We need to estimate

P ) . -
N(u) = ||ul* = H > aid; +vH and D3 :/ H(x)u? =,
=1

S§n—1

Using the fact that v satisfies (V4), We derive,

Za% I+ agllwl® + > eiay < i, >
i#]

+ 2Zaiao < &jw+h > +o]|* + of|IAlf*.
i=1

An easy computation shows that

(3.1)

5 (n-1) d
12 = 162 = 5, = &5 / —
]R?L—l (1 + |1’|2>
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Using Lemma 3.3 below, we derive that

ZaQS + o ||wl? +clza10@€” —‘y-QClZOQOéO )

(3.2) # i
1
+a2||h|12 + |Jv]|? + Za ag < 8;,h > +0<st + Z = m)
i=1 i#£] i=1

For the denominator, we have

2 (7171)
i=1

(3.3) /Sn_l H(iai& + ap(w + h) + v)

2 (n—1)

+al ;)/ alwen) +27(n_1)a0/ Z ""2( +h)
%o sn—1 v n—2 §n—1 al ’ v

n

+2—(Z:;) /SHIH(ZQiSi“rOZO(w-Fh)) 7 v+nH/San<;ai5i

i=1

_2 n
n—2

+a0(w+h)> v2+2%/sn ) <Zal 1)( w+h)> o
;b n_z.in @;b;), w 2 inf(3, 22550))
(/S B (Z zéz> £ ((Saudy), +h)> o(llwl )

i=1

We also have,

P N n=2 2(n=1) <2 (=D
( ) ~/S" 1H Zaiaz - Zal Snle(Si
3.4 i=1 i=1
_ 1 n .2 -
2(Z — 2) ol a - H§25; + 0(2 /S 62 mf((szaj)?)
i#£] i#]

(3.5) /Sni1 6, % inf(3,0;)% = O(sf log 5;1)

and
(3.6)

n—2 P
5 ' 5 2 _ inf(3,25=5") b
/Sni1 (Zal(51> inf (Ba;é;),w+h)” = O<||h|| > +O(Z )\n72/2)'

i=1 7\¢

Using (3.5) and Lemma 3.3, we derive that
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i=1 i#j
csAH a; lo %
P 2(n—1) 3 )\2( )1 )\i+0( §2 ) f’l’L:?)
+Q 0 T H@)Se + 4 AR @) 1 '
i=1 : (=) ifn>4
A A

Since h € T, (W, (w)), we derive that

9 (n=1)

mn—2
n 2 - ]. n
/ H <w + h) - Huw?5=2 o 2n—1) Huw=h
§n—1 §n—1 n—2 §n—1

—1 . e
(3.8) n % Huwiez b2 _|_O<||h||mf(372(n_§))>
- S’rt,fl

n(n_ 1) _2 in (n—1)
= ol + g [ Hu +O<||h| f243 >>.

Using again Lemma 3.3, we obtain

/sm 1H<§p:aigi>n_ﬁ2(w+h /Sn | (Zaz Z>+2h

a; 1
+C]_Z n— 2 ”( )+O<—1_L>-

)\ n—2

7

(3.9)

%

Since v € Ty (Ws(w)) and h € Ty, (W, (w)), the linear form on v can be written as

n

p n—2 p s
/ H(Zai&—&—ao(w—i—h)) v:/ H(Zai&) v
snt i=1 sn—t i—1
+/ H( (w+h) v+0<2/ w+h||v|+/ 5¢|w+h|n22|v|>
Sn—l S —1 —

= éfl( )—I—ozé‘%( Huwi=y + — Hw%hv>
§n—1 n—2 sn—1

+0 (Ivll 12 )

(310) &fl( )_;'_O(”,Umf(?)?" 2)_’_||h||1nf(32 ))

Furthermore, we have



PRESCRIBED BOUNDARY MEAN CURVATURE PROBLEM 13

(3.11) = 7t
+/ H(ao(w-l-h)) v+ o([|lv]® + ||A]1?).
Sn—l

n—1 2
Combining (3.1),...,(3.11) and the fact that J(u)T—;ai""QH(ai) =1+ o(1), for
each i, and apJ(u)"z =1+ o(1), the result follows. O

Lemma 3.3. Fori€ {1,...,p} and j # i we have the following estimates,

(3.12) < Si, (Sj >=ci1&;5 + O(Eij)
T 1
(3.13) H6 205 = c1H(ai)ei; + O(Eij + _2)
S§n—1 )\1,
AH (a; log \; .
s C?’)\iia)log)\l&ro( O§2 ) ifn=23,
3.14 Ho;"* = H(a;)Sn ;
B14) - HO, (a:)Sn + C4AH(a¢)+O(i) -
A2 A2 T
. ; 1
(3.15) < g, w >= Clwgi) + 0(ﬁ>
A2 Al

7 %

Proof. The first estimate is similar up to minor modifications to the one given in
[4] (page 4), so we will omit it here. The second estimate also is very easy using
(3.12), arguing as in [4] (page20).

For the proof of (3.15), using the fact that w is a solution of the problem (1.3)
or zero and an easy computation, we derive the desired estimate. We focus now
with the estimate (3.14). For n > 4, the proof is very standard and similar to the
analogue in [4] (page21).

For n = 3, we have

HE = / H(2)5*(x) da
2 2
(3.16) — /K H(z)6* () dz + H(z)6*(x) dx
B(a,1) B(a,1)©
= Il + IQ.

For the second member we have,

2
IQgc/ 64(x)dm§C/ Adr
B(a,1)¢ B(a,1)¢
1+ A2z —al?
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If we set y = Az — a), we have

12<c/
B(0,\)¢

[

+oo
QSCH/ _rdr
A

1+ |r[2

1+ yIQ]

Hence

(3.17) I =0( !

)

It remains now to estimate I; which is equal to

4 — H(a " )gsl—a 4(z) dx
/B<a,1)H(x)5 (z’dI‘H”/B(a,l) z)d +/B(a1 oz, - ) (@) d

Z 9°H (a) / 254 / 244
+-= T —a 1) fEdlL’+O Tr; —a 0% (x) dx

i=1

—_

6H
By oddness, we have / (a )(xz —a)6*(z) de = 0. Using (3.1), we derive
B(a,1) ;4 axz

that

2 o2
— SyH(a)+ 1 aHg“)/ |25 —a|26% () da+o / s —a|26%(z) dz |.
24 027 U B(a,1)

=1

As usual, to estimate

)\2
(3.18) / s — af26%(2) d = / i — af? dz,
B(a,1) B(a,1)
1+ A2z — al?
we set y = Az — a). Thus, (3.18) will be equal to
1 dy 1 9 dy
(3.19) —/ il —"—5 = —/ ly|*———=3
A2 B(0,)) 2 2)2 B(0,)) 2
L+ [y[? 1+ [yl?
X3
™ rdr 1
== _— " log M| 1 .
/\2/0 2= N2 08 ( +0(log/\)>
1472

Finally

(3.20) 0(/3(1171) |z; — a|254(aj) dac) = 0(10)%2)\)

Thus, using (3.19) and (3.20) we derive that

(321) 11 = SgH(a) + c;;AH(a)
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Summing up (3.17) and (3.21), the proof of (3.14) is completed. O
Proposition 3.4. For any u = Eleozigi € V(p,e), we have the following expan-

siom,

651 (961‘3‘
(3.22) < VJ(u), \; o, >=2J(u) l - Zaj)\i DA,

LAH(%) log \; + o(i log )\j) if n =

in—92 _n A2 22

INTLS Lkl S = o S

TN Y aat@) | 1 | ; ’

22 + 0( Z F) ifn>4 J
(] ]:1 ]
Proof. We have,
< VJ(u),h >=2J(u) l <uh > —J(u)iz Huth
Snfl

Thus,

< VJ(u) A-a—gi>—2j( ) <§p: 5 A.a_gi>_J( =
u), ’La)\l - u j:ICYJ s ZaAl u

n

p n—2 <
~ 00

X/ H(Zaj6j> )\Z—Z‘|
Sn—1 j:1 aAZ

Observe that,

P n—2 < D ~
N 857/ n712 ~7L22 851
(3.23) /an H( 2 aj5j> )\ia—)\i = ngl a; H5j )\ia—)\i

n—1
j S

n 5 e 96, 3 =25 s =02
+n_2§;/Sn1H<ai6i> Ai%(ajéj)—FO(;/S”léj inf (53-,51-) >

A computation similar to the one performed in [4], shows that,

~ 5.
24 8iy i o >=
(3 ) < 8)\1 > 0
N 852 857;'
(3.26)
. csAH (a;) log \i\ ..
HS%)\ (%i_ n—2 TlOg/\i—FO( )\12 ) ifn=23,
n=1 ‘ 28_/\2 T 2(n—1) csAH (a;) 1 .
S ( ) T O(F) if n > 4.
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TS 851 8ai~ 1
L]

n —

n 225 851 0€;5 1
(3.28) 5 /S\nfl H(Sjéi i oA, = ClH(ai))\iE)_)\j + O(Eij) + 0<W> .

n—1 _2
Using (3.5), (3.23) ...(3.28), and the fact that J(u)"—2a;" * H(a;) = 1+ o(1), for
each 7, the proposition follows. O

Proposition 3.5. For any u = Eleaigi € V(p,e), we have the following expan-
ston,

1 99, o Ogij

2 — 1 >=2 — -

(3.29) < VJ(u), SV J(u) clzi N Ta
n—1 J V

—J(u)"=2caa"” (ZEU +Z )\2>
i#]
ey

where ¢y = 0= 2); ) Jgn— 1+‘w|

Proof. As in the proof of Proposition 3.4, We have,

1 86 P = 1 857] n—1
< V) y Be ~ =2 W [ <2500y g, > 0
T ? ]=1 i i
N R )
X/Sn,l H( a J) )\—Zaaz
Jj=1

Observe that,

j=1 j=1
n <\ n3 1 99 s T x2
+n722/sn711{(a, ) 3 (aj(sj)+o< ;/S 5 Zinf (8;,6;) )
A computation similar to the one performed in [4], shows that

(3.31) <6

(3.32) <9 —,; >= 5o +o(ey)

(3.33) / pirr L0 VH@) O(%)
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1 851 N H(aj) 6sij

34 mr? 2% _ 3

(3:34) AL v ol s VR s o(eis)
n <21 9 H(a;) Oei; 1

. H§ 72—y =c—2 Y ” — .

<3 35) n—2 §n—1 g )\1 Gai J “ )\,‘ (9ai +0(EJ> +O</\71;r2/\7122>
i 7Y
ne1 2

Combining (3.5), (3.30) ... (3.35), and the fact that J(u)ﬁai"’2 H(a;) =140(1),
for each i, the proposition follows. O

3.2. The v-part of u. In this subsection, we deal with the v-part of u, in order to
show that it can be neglected with respect to the concentration phenomenon.

Set
E. = {ve H'(B")/v € Tw(W,(w)) satisfying (Vp), and |v|| < €}

Proposition 3.6. For any u = >"_, wib; € V(p,e,w), there exists a unique U =
v(a, a, \) which minimizes J(u + v) with respect to v € E. and a unique h =

h(av, a, \) which mazimizes J(u+ h) with respect to h € T,,(W,(w)). Moreover, we
have the following estimates:

, n — .
_ |VH(a;)| 1 el loge, 2"V ifn >4,
|“”§Clz< 5 ) T2 g 2 ifn=3

Before giving the proof of this result, we need to prove the following Lemma
adapted from [16]:

Lemma 3.7. The following Claims hold true:
(1)  Qi(v,v) is a positive definite quadratic form in E..
(2)  Qa(h,h) is a negative definite quadratic form in T, (W, (w)).

Proof. The second claim follows immediately by the definition of Q(h, h) and the
fact that h € Ty, (W, (w)). Next, we are going to prove the first claim. We split
T (Wy(w)) into E., & F, where E., and F’, are orthogonal in the sense of the scalar
product defined before and as well as for the quadratic form associated to w and
such that

(3.36) |v]|? — % /Hwﬁv2 > (1 —7)|[v||* on F, and dim(E,) < oo,

where 7y is chosen small enough such that 0 < v < @/4, and @ is the first eigenvalue
of

~_2
n n—2

A= 30%

(v is independent of 5(&)\)).
Now, we split v in two parts v; € F, and vy € F, such that, v = vy + vy. Thus,
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p

2
ny “\7-2/ o o
= |U1 2—1— ’U2||2— S / H(Ozi(si) (U + v +2<U1,1}2>>
| H H ; (n—2)ﬂ1 - 1 2
2
7—(71 n’;)ﬁ / H(ozow)w2 (vf+v§+2<vl,v2>)
- 1 §n—1
P
2 4 flog? naiy siZa (2 2
= ||v1||” + [|v2|]” — S HY; (v v )
|| 1” H 2” ; (n_Q)ﬂl < gn—1 1 2
2
ny =
- oy [ (e0w) ™ (43 403) + ol )

Since dim(E,) < oo, then
(3.37) /5" >vf = o(||v]|?) Yv1 € By and Vi =1,...,p

(3.36) and (3.37) implies that

p
e ) N~ Ny 2z
Qu(0,0) = o1 |[* + (1 = ) s Z(n_m< [ w5 )

=1

nop?y _2
o o oot ool + )
p
na;y =25
(338) >a'||v1|2+(1—y>|vg|2_zm< [ i 2@)%("@2”2)'
i=1 -

It remains now to study the term in ve. First, we observe that v is orthogonal to
span{él, i 03, 1 99 1 < i < p} but not vs. Furthermore since v1 belongs to a

TN N Oag?
finite dimensional space, and for all f € Uigp{él, A gf\ , j o) }, we have
(3.39) <oy, f>< o]l / IV£1? = o([[r]])-

Now, for all v, € F, there exists v2 € span{él,)\l g‘;\ ,%a(aji)_, 1<p, j<n-— 1}L
i 9(ai);

such that,

aéa S L an,
(3.40) 02—U2+ZA Y +ZBA o S22 Cuy 8(a1-7)k;’

i=1 j=1
Observe that the famrly of functions (5a, A is the solution of the Yamabe problem on
R?, that is the functional,

1 n—2 n—1
I(u) == Vul? - — = 252
() 2/]1%1 KT /]R _, lul
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has only the family of §,_ as critical points. Those critical points are degenerate and
of index 1. The nullity space is of dimension n and is generated by the derivative of
dq,» With respect to A and a. Furthermore, the set of negativity is generated by the

function ¢4 x. Thus, on the orthogonal of span{él, i gi , )\1 6(8;5) i<p, j<n-—1},

the second derivative of I on §, » is positive definite. Therefore, we deduce that

there exists & > 0, such that for any 5 € span{&,)\l gf\ ,)\1 8([?1) ,i < p, j<

n — 1}+, we have

P no;y a
3.41 R e ve H67 203 > 2oy 2
(3.41) ol =30 555 > 2
Using (3.39)-(3.41) we derive that

p noyy 2 B p
||U2||2—;m - Hé; v = ||v2|2+0<;<A2+B2+Z ))

J

- nao;y 52
-y Hé; 7?03
Z (n—2)B1 Jonr 0

T O<||172(Ai| B Y |Cw")>

P
_ nogry P _
= ol =3 i L HO e ol
271 n—
a, _
(3.42) > S o2 + o(l[ml]).

Combining (3.38) and (3.42), we get

Q| _ _
Qu1(v,0) = o[[or]|* = Allva* + 1151 + ol [I* + [[5a]1%)

a ) _
> o fouf* + (5 - V) [z + o[[oa[I* + fl21?).

Since v < @/4 the claim (1) follows. The proof of Lemma 3.7 is thereby completed.
O

Proof of Proposition 3.6 First, we focus on the estimate of v. Let v € E. where
¢ is a fixed small positive constant depending only on p. Using the Lemma 3.7, we
derive that

(3.43) 1]l < cll A1l

where ¢ is a positive constant. It remains now to estimate || f1||. We have,
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Expanding H around a;, we obtain

(Zwﬂm |/ 2 — |57 v |+” H+Z/ 577 inf (3 Nj)v>

VH (a) ST P loge, T ifn > 4,
(3.44) < el [z ( ) s %f N
X2 =3,

i=1 i#]

Using (3.43) and (3.44), the estimate of ||o|| follows. For the estimate of ||h|| we use
again Lemma 3.7. Since Q2(h, h) is negative definite quadratic form in T, (W, (w)),
then there exists a unique maximum h in the space of h satisfying

(3.45) Il < el f]-

1
n=2 J°*
2

Using (3.45) and (3.46), the estimate of h follows and the proof of the Proposition
3.6 is thereby completed. O

Proposition 3.6 implies the following consequence whose proof is very easy so we
omit it.

Furthermore, we have

(3.46) Ifall = 0(2
i=1 A

Corollary 3.8. For the optimal (U, h) defined in Proposition 3.6, there is a change
of variables

v
S H

—N—
>
[
> <2

such that,
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J(u) = Sp2y_iaf + aglwlf? S (n—2)
n—1 (n_ 1)ﬁ1
2(" 1) 2(
<5n25’_1 " H(ai) +og " 2 ||w|2>
03AH((11) . -
ey [T lEA =8
i AH (a; ) - 1&gy
i=1 Q}\# ifn>4 T i1
c « og \;
- OZ = +O<ZEU+Z 2 ) + VI = 1H|?.
=1 i#£] i=1 ’

Proposition 3.9. On B3 let H be a C? function and w be a nondegenerate so-
lution of (1.3), then there is no critical points neither critical points at infinity in
V(p,e,w). That means that we can construct a pseudogradient of J such that the
Palais Smale condition is satisfied along the decreasing flow lines

The proof of this Proposition follows easily from the above corrollary and the
fact that w > 0 on B3.

4. PRESCRIBING MEAN CURVATURE ON HIGHER DIMENSIONAL BALL

In order to give the proof of the results concerning higher dimensional case, we
have to characterize the critical points in this case.

4.1. Characterization of the critical points at infinity. We give here the
characterization of the critical points at infinity in the case of higher dimensional
ball.

First, we construct a special pseudo-gradient W for the associated variational prob-
lem for which the Palais-Smaile condition is satisfied along the decreasing flow lines,
as long as these flow lines do not enter in the neighborhood of critical points y;, of
H such that —AH(y;,) > 0. As a consequence of this construction, we are able to
determinate the critical points at infinity associated our problem.

Proposition 4.1. Letn > 5. For anyu =) ", ®;0; € V(p,e) with p > 1, there
exists a pseudo-gradient W so that there is a constant ¢ > 0 independent of u such
that,

(1) < =VJ(u),W >zc<z(|wﬁ‘” )+ > 5”>

i=1 i#£j>1

(2) < VJ(qu@),WJr%(W) >2 C(Z (WH)\iicler%)Jr Z €ij>

i=1 i£j>1
(3) W is bounded
(4) the only region where the mazimum of the \;’s increases along the flow
lines of W is the region where a; is near a critical point y;, of H with,
—AH(y;,) >0 and j; # j, fori#r.
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Proof. For the sake of simplicity, we can order the \;’s and we assume that
A < <A Let,

n={ie{2....p}/ MIVH(e)| = €1}
I, ={1}uU {z €{2,...,p}/ \i < MMA;_q, foreachj< i},

where C{ and M are two positive large constants. Set

1 05; VH(a;) B i)
ZAGMVH ATk =—Mi ) 2 mlz’\w

iZI2 i€l

where M is a large constant and m; is a small constant.
Using Proposition 3.5, we derive that

< =VJ(u),Z; > ZCZ (W—FO(Z 1 861‘7' ))
(41) i€l jel
+O<Z +ZE”>+O<ZE’W+Z )
i€l JE12 k#r

Using the definitions of €;; and I3, we have

Using the fact that ¢ € I, then (4.1) becomes

< =VJ(u), Z; > 282(%@ >+O<Z€U>

(43) i€l J€Is

+o<Zakr+Z >

k#r

For the second vector Zs, we use Proposition 3.4 and we derive

< =VJ(u),Zy > >cM Z (ZE” +O()\2) +0(Z‘€’”

i€l \ j#i k#r

(4.4) +Z)\1]2€)>+mlcz(Zslj+0<)\2+z<€w>

i€ly \jel2 J€12

+O<Zk7§r Ekr + Dhet %

Now, we define Z3 = Z; + Zs, using (4.3) and (4.4), we derive that
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VH
< VW) Zs> >eY ( Wvatedl v) FeY ey
i€l ¢ VED
(4.5)
my
+o<z Ly ) +o<zgkr+zv>
iZls l i€l Z k#r
To continue the proof, we have to distinguish two case
casel. I) NIy # (. In this case, we can make 1/)@ appear, for kK € Iy in the

lower bound of (4.5) and therefore all the 1/\%. Notice that for i ¢ I;, we have
Xi|VH(a;)| < C1. Thus, if we choose M7 < M and m; << MP, then (4.5) becomes

(4.6) < V() Z5 >> c<zp: (w + %) + 3 sij>

i=1 i i#i>1
case2. I; NIy = (. In this case, for each i € I, the point a; is close to a critical
point yi, of H. If we suppose that there exist 7,5 € I such that a; and a; in
B(y, p) for p small enough, then |VH (ax)| > c|y — ag| for k = i, j, since y is non
degenerate. Therefore, A;la; — a;| < ¢ (we assume that A\; < X;). This implies

n—2

A\ T

that g;; > c(/\—l) : , which is a contradiction with the fact that A\; and A; are of
J

the same order. Thus, our suppose is false. We conclude that each neighborhood

B(y, p) contains at most one point a; close to y, with k; # k; for ¢ # j and i € I».

Let us now introduce the following subset,
I3 = {Z S IQ/AH((I,) > O}
subcase2.1. I3 # (. In this case, we define

Z)\ Mle

i€l3 iZ1a

Using Proposition 3.4, we derive

(4.7)
< =VJ(u), Zs > ZCZ (%‘FO(Z&E]’))
Jj€Els i JE12
P
e (e 0(sp) ) v ot X )
igly \ j#i k#r k=1 "k

Observe that for ¢, j in I, we have |a; — aj| > ¢ and since n > 5 then

(4.8) O(Ag + %)

Using (4.3), (4.7) and (4.8), for the vector Zs = Z4 + Z1, we derive that

(4.9) < =VJ(u), Zs >= C<Z (miﬂ + %) + Z 5ij>.

i=1 1 i£j>1
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subcase2.2. I3 = (). In this case, we define

;i ;
ZGZAiMMliQZbQ A

Using Proposition 3.4 and (4.3), we derive that

dé;
o, + 7.

(4.10) < =VJ(u), Zg >> C<Zp: (w + %) + ) a;j>.

i=1 i£§>1

The vector W will be built as a convex combination of Z3, Z5 and Zg and using
(4.6), (4.9) and (4.10), the proof of claim (1) is completed.
From the construction, W is bounded and we have |d\;(W)| < ¢); for each i.
Observe also that the only case where the maximum of the \A;’s increase, is when
I, ={1,...,p} and I} = Is = (. In this case we have a; is close to a critical point
y;, of H with j; # ji for ¢ # k and —AH(y;,) > 0 for each i. Hence claim (4)
follows.
Finally, arguing as in Appendix B of [8], claim (2) follows from claim (1) and
Proposition 2.3.5. O

Using Proposition 4.1 and Corollary 3.8, and arguing as in [5] and [8], we can
deduce the following two Propositions.

Proposition 4.2. Letn > 5. Assume that J does not have any critical point in ©T.
Then, the only critical point at infinity of J in V(p,e) for e small enough correspond
to Z?:l 5(yij,oo)7 where y;, is a critical points of H satisfying —AH (y;;) >0 and
Ji # jrk for i # k. Moreover, the Morse index of such critical points at infinity, is
equal top — 1+ Z?Zl n—1—ind(H,y;,), where ind(H,y;,) is the Morse index of
H at y;;.

Proposition 4.3. Let n > 7. Let w be a nondegenerate solution of (1.3). Then
(Yirs -+ Yi,,w) is a critical points at infinity for each (yi,,...,y;,) critical point of
H such that AH (y;;) <0 and y;; # ys, for each j # k belong to {1,...,p}.

4.2. Proof of Theorem 1.1. In order to give here the proof of Theorem 1.1, we
have to give some notations and definitions that will be useful later.

In the sequel, we denote by A the set of w such that w is a critical point or a
critical point at infinity of J in ¥ not containing yo in its description. We also
denote by A, the subset of A such that the Morse index of the critical points (at
infinity) is equal to q.

Definition 4.4. Let F be the family of pseudo-gradient V associated to J satisfying
the following properties

(1) the set of critical points at infinity of J on 3% do not change if we replace
—VJ by the pseudo-gradient V,
(2) the pseudo-gradient V' is transverse to fi(Bz(X)),
(3) for any w € A, we have (yp,w)o is a critical point at infinity satisfying
(Y0, W) oo, W) =1 Yw e A
(Yo, W) oo, W) =0 Yw' € A, w' # w, ind(w') = ind(w)
(Y0, W) oo, (Y0, W )oo) = i(w,w’) Yu' € A, ind(w') = ind(w) — 1
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where i(w,w’) is the Morse-Smale boundary operator used in [5] and defined in
[30].

Definition 4.5. Let V a decreasing pseudo-gradient for J. We denote by (s, .)
the associated flow. A critical point at infinity z., is said to be dominated by
a(B2(X)), if

(4.11) U (5 /2 (B2(X)) ) N Wiz200) # 0.

s>0

Near the critical points at infinity, a Morse Lemma can be completed (see Corol-
lary 3.8 and Proposition 4.3) so that the usual Morse theory can be extended and
the intersection can be assumed to be transverse. Thus, arguing as in sections 7
and 8 of [7]), (4.11) is equivalent to

(4.12) U ¢(s: /2 (B2(X)) ) nWi(z00) # 0.

s>0

Definition 4.6. A critical point at infinity z., is said to be dominated by another
critical point at infinity 2/ if

(4.13) W (2L) N Wi(z00) # 0.

If we add that the intersection is transverse, then ind(z.,) > ind(z) + 1.

For V € F and wak41 € Asky1, we denote by

(4.14) (yo, wart1) - Cy

the intersection number (modulo 2) of Wy, ((yo, war+1)ec) and C (see section 1).
In order to compute this intersection number, one can perturb V' (not necessary
in F) so as to bring Wu((yo,w2k+1)oo) N C, to be transverse. This number is
the same for all such small perturbations (as in degree theory). Observe that the
dimension of W, ((yo7 w2k+1)oo) is equal to 2k+2 and the codimension of C. is 2k+2.
Then, (yo, w2k+1)oo. C, is also well defined, since the closure of Wu((yo, w2k+1)oo)
only adds to Wu((yo, w2k+1)oo), the unstable manifolds of critical points of Morse
index less than equal to 2k + 1. These manifolds are of dimension 2k + 1 at most.
Since the codimension of C,, is 2k + 2, these manifolds can be assumed to avoid C,.
Now, for V € F and wap+1 € Aszk+1, we denote by

(415) f)\ (BQ(X)) L W2k41 = f,\ (BQ(X)) WS (w2k+1)7

the intersection number of f (Bg (X)) and Wy (w2k+1). We notice that the dimen-
sion of f (Bg (X)) is equal to 2k + 1 and the codimension of W, (w2k+1) is 2k + 1.
Then the intersection number defined in (4.15) is well defined since V' is transverse
to fa(B2(X)) outside f(By(X)), which cannot dominate critical points of Morse
index 2k 4+ 1. Furthermore, the closure of W (w2k+1)) only adds to Wy (U}qurl)),
the stable manifolds of critical points of Morse index larger than equal to 2k + 2.
Since f (Bg (X )) is of codimension 2k + 1, these manifolds can be assumed to avoid
it.
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Lastly, for each V € F, we set

416) IV)=7- Y <((y0,w2k+1)oo.CV)(f)\(Bg(X)).wng)).

wakt+1€A2k+1

We notice that (4.16) was first introduced by Bahri in [5], where he proved that
I(V) is independent on V' € F. Precisely, he showed that I(V) =0 for each V € F
for the scalar curvature problem on S™ with n > 7. We will prove that the same
holds for the mean curvature in B".

In order to prove Theorem 1.1, we have to start by proving the following results.

Proposition 4.7. Letn > 7. Let z1, 29 in X satisfying (R1), such that —AH(z;) > 0
fori=1,2, and z1 # z5. If we assume

Ss Oz
(1) J| i + 2 ) > e, 22) + 6,
H(z1)" =  H(z) =z

3 3
s | )
op \H(z)=  H(z)™ -\

then I(V) =0 for any V € F.

Proof. First, we notice that a topological argument used in [5] (page 358-369),
show that I(V') is constant for any V' € F. We want to extends this argument to
our framework. Let ¢ > 0 and H. = 1+ eH. Let J. be the associated variational
problem, that is as € tend to zero, j. tends to Jy in the C' sense, where Jy is the
functional defined replacing H by 1 in the expansion of J.

Using Proposition 3.1, we derive that

5 +06).

where ¢ is independent of €. Thus, we can assume that € is so small that all
critical points at infinity of J. ( of two masses or more) are above fy(Bz2(X))

(4.17) Je (Oqg(al,)\) + Oégg(a2,,\)) < 25’71/”—1 (1 _

since 255/" " is the level to which a critical point at infinity of two masses of H.
converges when ¢ tends to zero. On the other hand, for ¢ small enough, C, (21, 22)

is above (255! +~/2). Hence,

(4.18) We ( fA(B2(X))> Ly (21, 2) = 0.

Observe that, decreasing A\ we can complete an homotopy of f)(Bz2(X)) that in-
crease the intersection of any masses and therefore, remains below C., (21, 22). Thus,
for each p € [1, A], we have

(4.19) We (f#(Bg(X))).C,Y (21,22) = 0.

Regarding (4.16), in order to compute I(V'), we have to compute fy(B2(X)). wag41
for any wak41 € Aggy1. Let
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A
F= U f#(BQ(X))'
pn=1
We can assume that F' is a compact manifold in dimension 2k + 2. The singularity
of F is Uﬁzlfu(Bl(X)) which is of dimension_less than k 4+ 1. This singularity
cannot dominate wogr1. We deduce that F N W g(wak11) is a compact manifold of
dimension one. Thus, the cardinal of 8(F N Ws(w2k+1)) is equal to zero, where 0

is the same operator defined in Milnor [30]. Observe that

(4.20) OF = fi(B2(X)) + fa(Ba2(X)).
It follows that

(421) 15 (BQ(X)).w2k+1 =f1 (BQ(X)) wak+1 + F. o7t (Ws(wngrl)).

Along this homotopy, the trace of f,,(Bz(X)) might intersect 0~ (W (wap41)) for
some values, where 07! (W (wa41)) is made of stable manifolds of critical points
of Morse index 2k + 2. Therefore, The topological argument of [5] (see pages
358-369) applies. Thus the invariant I(V') remains unchanged for V' € F. For
@ =1, at the end of homotopy, By(X) is mapped onto a single function and then
f (Bg(X)). wag+1 = 0. Hence, I(V) at the end of the homotopy is equal to zero
and the result follows. 0

Proof of Theorem 1.1 Arguing by contradiction, we may assume that J has no
critical points in ¥*. It follows from Proposition 4.7 that Asiy; = (0. Therefore,
combining (4.16), Proposition 4.7 and the fact that 7 = 1, we derive a contradiction.
The proof of our result is thereby completed. O

4.3. Proof of Theorem 1.2. Arguing by contradiction, we assume that (1.3) has
no solution. Let

u=ady, ) + (1= )o@ € MA(Cy (X)),

the action of the flow of the pseudo-gradient defined in the Proposition 4.1, is
essentially on . Three case may occur,

If « < 1/2, then u goes to Wy (y0), = {yo}-

If o > 1/2, then u goes to Wy (¥iy) oy = Xoo-

If o = 1/2, observe that only x can move and then yo remains one of the points of
concentration of u and z goes to W(y;), where y; is a critical point of H dominated
by v, (see definition 4.6 below). Thus, u goes to

Walyovi)U | | Wulwo,wi) |
Y €X\ {yio}
We denote 0 = U, c x\¢ vio} W (Yo, y:), where o is a manifold in dimension at most
ko—1 (ko = 2—ind(H,y;,)). Therefore, XUW, (yo, y;,)Uo contains a strong retract
of fa(Cy,(X)). Since = 0, this strong retract does not intersect Wy (yo, ¥s, ), and
thus it is contained in X Uo. It can be written as X UZ where Z C ¢ is a stratified
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set (see [8], Proposition 7.24), and hence of dimension at most kg — 1. Therefore,
H,(XUZ)=0 for all x € N*, since f1(Cy,(X)) is a contractible set.
Using the exact homology sequence of (X U Z, X), we have

. Hk0+1(XUZ) — Hk0+1(XUZ,X) — HkO(X) — HkO(XUZ) — ...

Since H, (X UZ) =0 for all * € N*, then Hy, (X) = Hpy41(XUZ, X). If (XUZ, X)
is a stratified set of dimension at most ko, then Hy,4+1(X UZ, X) = 0 and therefore
Hy, (X) =0 a contradiction. Then the result follows. O

5. CHARACTERIZATION OF CRITICAL POINTS AT INFINITY ON THREE
DIMENSIONAL BALL

We give here, the characterization of the critical points in the case of three
dimensional ball. First, we claim that there is no critical points in V(p,e) with
p > 2. Second, we construct in V(1,¢) a special pseudogradient W for which the
Palais-Smaile condition is satisfied along the decreasing flow lines, as long as these
flow lines do not enter in the neighborhood of critical points y; of H such that
AH(y;) < 0. Finally, if w is a nondegenerate solution of (1.3), we prove that there
is no critical points at infinity in V(p, e, w).

Proposition 5.1. Let n = 3. For € > 0 small enough and v = Y7_, ozig(aw\i) €
V(p,€), we have the following expansion

J(u) = Sz

P42 1 Y. AH(a;
i=1% c3 Z a? (a:) log \;
i=1

1—
l A7
(ratmor) | o[z

— C—l Zaiajaij + f(’U) + Q(U,U) + 0(25@' + 10§2)‘1 + |U||3>‘| )
S;;( ) , i

=

a2 i# itj
where
2
1 2 3 < 2
Qv,v) = [lv]|2 = S2H > aidi | v?
Sg( - af) S3< - afH(aJ) i=1
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Proof. Proposition 5.1 is a particular case of Proposition 3.1 for n = 3, so we omit
its proof here. O

Proposition 5.2. There is a C'-map which to each (c,a,\) such that For any
uw=> ", a;0; € V(p,e), associates a unique v = v(a,a,\) satisfying

p p
J(Zai& + 17) = min {J(Z ;id; + v) v satisfies (VO)}
i=1

i=1

Moreover, we have the following estimates:

P
_ VH(a;)| 1 _
o] < ch (—' )\E I —)\2> +) e logsijl/Q].

i=1 i#j

Proof. The proof of Proposition 5.2 is similar to the proof of Proposition 3.6 for
n = 3, so we will omit it. O

Proposition 5.3. Let n = 3. For p > 2, there exists a pseudo-gradient W so that;
there is a constant ¢ > 0 independent of u such that,

(1) < =VJ(u),W >> c(Zi# i+ 30, IVH(a s v)

(2) < -VJ(u+0),W+ m(w) >>C<Zi;ﬁj5ij+2f \VH(az)\ +A2>

for allu=>3"_, ;0; € V(p,e). Furthermore, |W| is bounded and the \;’s decrease
along the flow lines.

Proof. For sake of simplicity, we can assume without any inconvenient that A; <
Ay <-+- <\, Let N ={i/X\;|VH(a;)| > 1} and we set

) _
95 1 95 VH(a;)

— 2 s Ns —
; AP ZA da; [VH(a;)|"

Using Propositions 3.4 and 3.5, we derive that

p .
(5.1) < -=VJ(u),Z; >> CZEij +O<Z 10§;”> —ko(lOgA1 +0<25”>

i#] i=2 i#]

(5.2) < =VJ(u), Zs >>cZ|VI§al <Ze”>+0<z )

i€EN i#£] i€EN

For any critical point y of H, we set u > 0 such that if d(a,y) < 2u then |AH (a)| >
¢ > 0 Two cases may occur,

Casel. Xy < \? or d(ay,y) > p for any critical point y of H.

In this case, we set Wi = M Zy + Z5 where M is a large constant. Observe that in
the case where d(ai,y) > p, we can appear 1/\; in the lower bound of (5.2) and
therefore all the 1/);’s. Combining (5.1) and (5.2), we derive
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(5.3) < =VJ(u), Wy >> c(Z ('Vfi(“ ) + st>

i=1 Z 2]

In the other case, that is Ao < A2, we can prove easily that 1/A? = o(e12). Therefore
we can also obtain (5.3) in this case.

Case2. Ay > A\? and d(ay,y) < 2u for any critical point y of H.

96,

A , that is, we increase A\; if —AH (y) >

In this case, we set ZgZSigH<*AH(y))

0 otherwise we decrease it. Observe that

< =VJ(u),Z3 >> C( 3 +O<25U>>

i#]
We define Wy = MZ; + Z3 + mZ, where M is a large constant and m is a small
constant, we derive that

VH(a;
< =VJ(u), W2>>CMZ€”+O (1/2]) + )\2+O<ZEU> Z| (a:)

i#£] i#j i€EN
+o<ngij> Lo(™)
i#j 1
|VH (a;)
ZC(;( )\ia )\2>+§;€U>

The pseudo-gradient W will be built as a convex combination of W; and W5 and
W will satisfy the first estimate. Arguing as in Appendix B of [8], we derive that

% ) 5>

< -=VJu+v),W+ 73(%,%,)\1) >

(5.4) < —VJu),W > +0<Z (wi(a’ ) + Zzs”>

i=1 i#]

and therefore the Proposition 5.3 follows under (5.4). O

Proposition 5.4. Let n = 3. For any u = 045(@,,\) +v € V(l,e), There exists a
pseudo-gradient W so that; there is a constant ¢ > 0 independent of u such that,

VH(a)| ;)

(1) < =VJ(u),W >> c< 3 2

(2) < =VJ(u+09), W+ %(W) >> C(W + %)

(3) W is bounded
(4) the only region where A increases along the flow lines of W is the region
where a is near a critical point y of H with, —AH (y) > 0.
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Proof. Let p > 0 be such that, for any critical point y of H, if d(x,y) < 2p then
|AH (x)| > ¢ > 0. Three case may occur,

casel. d(a,y) > p for any critical point y. In this case we have, |VH(a)| > ¢ > 0.
Set

— 105 VH(a)
' X0a|VH(a)|

From Proposition 3.5, we have

|VH(a)| 1 |VH(a)| ¢
< =VJ(u),W; >>c¢ h —l—O()\Q) c h +)\2

case2. d(a,y) < 2p where y is a critical point of H with —AH (y) < 0. Set

90
Wy = —)\a + mp(AVH(a)|)W;

where, m is a small constant and ¢ is a C°° function which satisfies p(t) = 1 if
t > 2 and ¢(t) =0 if ¢t < 1. Using Propositions 3.4 and 3.5, we derive that,

< =VJ(u),Wy > > % +cm<m +O(i)>

) A2
\VH(a)] & ¢
>y
=T A2

case3. d(a,y) < 2p where y is a critical point of H with —AH (y) > 0. Set

93
Wy = A55 + mgo()\|VH(a)|>W1

We obtain the same equality as in case2.

Hence, W will be built as a convex combination of Wy, Wy and W5. The proof of

(1) is thereby completed. Claims (3) and (4) can be derived from the definition of

W. The claim (2) can be obtained using the claim (1.3) and arguing as in [5] and

[8]. O
Using Proposition 5.4 and Corollary 3.8, and arguing as in [5] and [8], we can

deduce the following two Propositions.

Proposition 5.5. On B3 the only critical point at infinity of J in V (1,¢) for e small
enough correspond to 8y o, where y is a critical point of H such that —AH (y) > 0.
Moreover, such critical point at infinity has a Morse index equal to 2 — ind(H,y).

6. PRESCRIBING MEAN CURVATURE ON THREE DIMENSIONAL BALL

This section is devoted to the proof of the existence and multiplicity results
concerning three dimensional ball. Before providing the proof of Theorem 1.5, we
state the following Lemma, the proof of which is very similar to that of [6].

Lemma 6.1. For u = 0415(111,)\) + QQS(Q%A), we have

1/2
J(u) < (ss(%yo) + ﬁ)) (1+0(1)) = Crar, a2)(1 +o(1)).
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Proof of Theorem 1.5 Arguing by contradiction, we suppose that J has no critical
points in £T. Let

) ) 1/2
000:51/2 — t+ = .
’ (H(yo) H(yl)

Using Proposition 5.5 and the assumptions of Theorem 1.5, we derive that the only
critical points at infinity of J under the level C; = Cy + ¢ for £ small enough
correspond to S(yom) and 5@1’00). The unstable manifolds at infinity W, (yo)oo
and W, (y1)c of these critical points can be described, by Proposition 5.5, as the
product of Wy(yg) and W(y1) (for a pseudo-gradient of H) with [A,+oo| (the
domain of the variable \) for some sufficiently large positive number A. Let

X = Wi(y1) = Wilyo) U W(y1).
Observe that X is a compact manifold without boundary of dimension k.
Since J has no critical points in X, it follows that Jo, = {u € X7/ J(u) < C1}
retracts by deformation on Xoo = Wy, (Y0)oo U Wa(y1) o (see section 7 and 8 of [7]),
which can be parameterized by X X [A, +00[.
On the other hand, X is contractible in J¢,. Indeed, let

h:[0,1] x Xoo —XF

(t,x, \) _
180505 + (1 =)0 |

1 -

Observe that h is continuous, h(0,z,\) = S_(s(z’)‘) € Xo and h(l,z,\) =
3

1 -

< O(yo,\)- Furthermore, using Lemma 6.1, we have

S3
- - 1/2
B BT il Gt LICEY < 53<—1 i L) (1 T 0(1)).
||t5(y0}>\) + (1 —=1)0(z,n) H H(yo) H(z)

Using the fact that H(x) > H(y;) for each z € X, we derive that the contraction
h is performed under the level C;. Therefore, X, is contractible leading to the
contractibility of X, which is a contradiction since X is a manifold in dimension k
without boundary. Hence (1.3) has a solution.

It remains to compute the Morse index of this solution. Using a dimension
argument, since h([0,1] x X ) is a manifold in dimension k +1, then the Morse
index of the solution provided by Theorem 1.5 is less or equal than £ + 1. On
the other hand, assume that the Morse index of the solution is less or equal than
k —1. Perturbing J if necessary, we may assume that all the critical points of J are
nondegenerate and have their Morse index < k — 1, and hence do not change the
k-dimensional homology group of the level sets of J . Since X, defines a nontrivial

homology class in dimension k in Jo_(y,)4e, but a trivial one in J¢, , our result
follows. |

Proof of Theorem 1.6 First, observe that we can assume that the solutions of
(1.3) are of finite number, otherwise we are done. Let H denote the set of critical
points of J.
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Let J# := {u € ¥/ J(u) < B}. It is well established that if z is the only critical
point of J in the set J°¢\ J° ¢ assume that there are also no critical point at
infinity, then J¢*¢ retracts by deformation on J¢~¢ U W,(z), where W, (z) denotes
the unstable manifold of the critical point.

Now, we claim that we have the same argument if z is a critical point at infinity
in Jet€\ J¢ ¢, Indeed, under the assumptions of Theorem 1.6, the critical points
at infinity of J correspond to 6(y;,00) where y; € I and j € {0,...,s}. In the
neighborhood of such critical points at infinity, we have (see Corollary 3.8)

+IVI2.

Sy AH (y;)log A

J(Oz(s(a)\)-l-v) = H(2)1/2 (1— (ij) ! )
Observe that we have a critical point 7 in the a-variable. Therefore, the unstable
manifold of (zo) can be defined as W, (g) x [A, 00), where W, () is the unstable
manifold of §. We deduce that, J¢T¢ retracts by deformation on J¢7¢ U W, (250)-
Let ¢g be large such that HU I C J. Without loss of generality, we assume that
there exist 0 < ¢; < --- < ¢ < ¢g such that each level ¢; contains only one element
of HU I. Tt follows from the above that J retracts by deformation on

U Wux)u [ Walzs)
ze€H 20 €1
Now, using the Euler-Poincare characteristic (denoted by x), it holds that

P CAIED DL DI
z€H Zo €1
where m(z) (res. m(z2)) denotes the Morse index of z (res. z,). Hence

1= 3 e < | 0| <o,
Zoo €1 z€H
the proof of Theorem 1.6 is thereby completed. O
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