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Abstract. Presented at the conference “Fractals in Graz 2001” on June, 4th,

2001 as contributed talk.
Let F be an overlapping self-similar set in R

2. We are interested in the case that
all similarities {φ1, . . . , φn} of F have the same contraction factor and all overlappings
corresponds to an equation of the form φi1 ◦· · ·◦φik

= φj1 ◦· · ·◦φjk
for a fixed value of k

in oder to assure a certain degree of regularity in the overlapping structure. Furthermore
we require that the set F can also be obtained by cutting out scaled versions of some
open set.

Under some additional technical assumptions we present a method for calculating the
Hausdorff dimension of F . Combinatorics on words is used in connection with the set of
algebraic equations for the similarities in order to apply well known results on cut-out
sets.

1. Introduction

Suppose that F ⊆ R
2 is a self-similar set and let φ1, . . . , φm be its similarities. We

assume that all similarities have the same contraction factor s > 0. Furthermore we
require that all overlappings of F are produced from a finite set of equations of the form
φi1 ◦ · · · ◦ φiℓ = φj1 ◦ · · · ◦ φjℓ

for a fixed value of ℓ. For i 6= j either φi(F ) ∩ φj(F ) = ∅ or
there is an equation with i = i1 and j = j1, such that

φi(F ) ∩ φj(F ) = φi1 ◦ · · · ◦ φiℓ(F ) = φj1 ◦ · · · ◦ φjℓ
(F ).

Last but not least we require that F can also be obtained by iteratively cutting out similar
versions of some fixed set.

The following notation will be used frequently: Let A = {1, . . . ,m}. For n ∈ N let
Wn = An the word space consisting of all words over the alphabet A of length n and let
W0 = {ǫ}, where ǫ is the empty word. Furthermore we define W =

⋃

n≥0 Wn. For a finite

word w ∈ W of length n we write w1, . . . , wn for the letters of w and denote by |w| the
length n. We write in for the word of length n ∈ N consisting only of the letter i ∈ A.
The concatenation vw of v = v1 . . . vn and w = w1 . . . wk is the word v1 . . . vnw1 . . . wk of
length n + k. We call u a factor of w if there are v, v′ ∈ W, such that w = vuv′. The
composition of the similarites φw1

◦ · · · ◦ φwn will be written as φw. Especially let φǫ be
the identity map.

We will demonstrate our method on the basis of a modified Sierpiński gasket given by
three similarities φ1, φ2 and φ3 with overlap. The similarities shall have the fixed points
(0, 0), (1, 0) and 1

2 (1,
√

3) and the same scaling factor 1
2 ≤ s ≤ 1 and shall satisfy the

equations
φ12ℓ = φ21ℓ , φ13ℓ = φ31ℓ and φ23ℓ = φ32ℓ
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for a fixed ℓ ∈ N. This implies that the scaling factor s is a root of

sℓ + sℓ−1 + · · · + s = 1.

From this equation we can get an asymptotic estimate for s by bootstrapping:

s = 1
2

(

1 + 2−ℓ−1 + (ℓ + 1)4−ℓ−1
)

+ o(4−ℓ)

The following picture shows the asserted structure of the self-similar set:

In this example we see that we have to cut out open triangles in every step. Such an
open triangle has at least one address in the word space. In the first ℓ steps every triangle
has exactly one address. In the (ℓ + 1)-th step there are three triangles which have two
addresses coming from the equations for the similarities.

In order to calculate dimensions we need to know how many triangles we have to cut out
in every step. To be precise we only need the exponential asymptotic behaviour.

From the geometry of the set and the equations of the similarities it is clear that we have
to count words of length n over the alphabet A = {1, 2, 3}, which contain no word of the
following set as a factor:

U = {21ℓ, 13ℓ, 32ℓ}
Therefore we need combinatorics on words.

2. Combinatorics on words

We use a method developed by Guibas and Odlyzko [GO81] to solve our combinatorial
problem. Because their original work is more general than we need, we will demonstrate
their method in a simplified way.

Let v,w ∈ W be finite words over the alphabet A = {1, . . . ,m}. The correlation Cor(v,w)
of v and w is defined as follows: The integer n ∈ N is a member of Cor(v,w) if n ≤ |v|
and v|v|+1−k = wk for 1 ≤ k ≤ min{n, |w|}. In other words, if we place w under v so that
the leftmost letter of w is under the n-th letter of v counted from the right and all pairs
of letters in the overlapping segment are identical, then n ∈ Cor(v,w). Furthermore we
introduce the overlapping polynomial

pv,w(z) =
∑

k∈Cor(v,w)

zk−1.

Look at A = {1, 2} and v = 121221 and w = 12212. Then we get Cor(v,w) = {1, 4} and
pv,w(z) = z3 + 1.
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121221 k

12212 1

12212 2
12212 3

12212 4

12212 5
12212 6

12212 k

121221 1
121221 2

121221 3
121221 4

121221 5

Because Cor(w, v) = {2} we see that Cor(v,w) 6= Cor(w, v) in general!

Suppose U ⊆ W be a finite set of forbidden words. We assume that the U is reduced in
the sense that no forbidden word is factor of another forbidden word. Let f(k) = f(U ; k)
denote the number of words in Wk that do not contain any forbidden word as a factor.
Similar we denote by fu(k) = fu(U ; k) for u ∈ U the number of words in Wk that end
with u and do not contain any forbidden word as a factor except the single appearance of
u at the end. Furthermore we write

F (z) =

∞
∑

k=0

f(k)z−k resp. Fu(z) =

∞
∑

k=0

fu(k)z−k

for the generating functions of f(k) resp. fu(k) for u ∈ U . Then the generating functions
satisfy

(z − m)F (z) + z
∑

u∈U

Fu(z) = z and F (z) − z
∑

u∈U

pu,v(z)Fu(z) = 0

for all v ∈ U . These are |U |+ 1 linear equations for the |U |+ 1 generating functions. The
assumption, that U is reduced, guarantees the existence and uniqueness of the solution.

We will give a survey of the proof: If we append a letter to a word counted by f(k), the
resulting word will be counted by either f(k+1) or fu(k+1) for exactly one u ∈ U . Hence

mf(k) = f(k + 1) +
∑

u∈U

fu(k + 1).

Because of f(0) = 1 and fu(0) = 0 for all u ∈ U we obtain

mF (z) = z(F (z) − 1) + z
∑

u∈U

Fu(z)

by multiplying the last equation by z−k and summing over k ≥ 0.

Let u ∈ U and suppose w ∈ Wk is counted by f(k). Then there is a first occurence
of a forbidden word in wu; say v ∈ U is this first occurence ending at position t > k,
because w does not contain v as a factor. So the first t letters of wu are counted by fv(t)
and the last t − k letters of v coincide with the first t − k letter of u. Hence we obtain
t − k ∈ Cor(v, u). Conversely, if t − k ∈ Cor(v, u), then any word counted by fv(t) arises
from the concatenation of a word counted by f(k) and the word u. Therefore we get
following equation for all k ≥ 0:

f(k) =
∑

v∈U

∑

r∈Cor(v,u)

fv(k + r)

Since fv(k) = 0 for all k < |v| and r ∈ Cor(v, u) implies that r < |v|, we have
∞
∑

k=0

∑

r∈Cor(v,u)

fv(k + r)z−k = z
∑

r∈Cor(v,u)

zr−1
∞
∑

k=0

fv(k + r)z−(k+r) = z pv,u(z)Fv(z)

and obtain the remaining equations.
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We turn now to our example: Remember that A = {1, 2, 3} and U = {21ℓ, 13ℓ, 32ℓ} for a
fixed value of ℓ ∈ N. For the correlations and overlapping polynomials we get:

Cor(21ℓ, 13ℓ) = Cor(13ℓ, 32ℓ) = Cor(32ℓ, 21ℓ) = {1}
Cor(13ℓ, 21ℓ) = Cor(32ℓ, 13ℓ) = Cor(21ℓ, 32ℓ) = ∅

Cor(21ℓ, 21ℓ) = Cor(13ℓ, 13ℓ) = Cor(32ℓ, 32ℓ) = {ℓ + 1}
p21ℓ,13ℓ(z) = p13ℓ,32ℓ(z) = p32ℓ,21ℓ(z) = 1

p13ℓ,21ℓ(z) = p32ℓ,13ℓ(z) = p21ℓ,32ℓ(z) = 0

p21ℓ,21ℓ(z) = p13ℓ,13ℓ(z) = p32ℓ,32ℓ(z) = zℓ

Therefore we have to solve the following linear system of equations:








(z − 3) z z z

1 −zℓ+1 0 −z

1 −z −zℓ+1 0
1 0 −z −zℓ+1

















F (z)
F21ℓ(z)
F13ℓ(z)
F32ℓ(z)









=









z

0
0
0









From that we can easily compute the solution and by replacing z by 1
z we get the usual

generating function F
(

1
z

)

for the numbers f(k):

F (z) =
1 + zℓ

1 − 3zℓ−1 + zℓ
and F

(

1
z

)

=
1 + zℓ

1 − 3z + zℓ

By an application of Rouché’s theorem we see that there is exactly one root of the denom-
inator 1 − 3z + zℓ inside the unit circle. By α we denote the modulus of this root. Hence
we obtain

f(k) = Cα−k + O(1)

for some constant C. From the equation of 1− 3z + zℓ = 0 we can get the asymptotics for
α by bootstrapping:

α = 1
3

(

1 + 3−ℓ + ℓ 9−ℓ
)

+ o(9−ℓ)

3. Cut-out sets

We will need some further notation: Suppose that A ⊆ R
2 is a subset of R

2. We denote
by Ar the r-neighbourhood of A:

Ar = {x ∈ R
2 : d(x,A) ≤ r}

Moreover we define A+
r = Ar \ A and A−

r = Ar ∩ A. By λ1 resp. λ2 we denote the 1-
dimensional resp. 2-dimensional Lebesgue measure and by p(A) = λ1(∂A) we denote the
perimeter of A. Let φ be a similarity of R

2 with scaling factor t ≥ 0. Then we have
λ2(φ(A)) = t2λ2(A) and p(φ(A)) = t p(A) for all suitable sets A ∈ R

2.

We follow a method of Falconer [Fa97] in order to calculate the box dimension of cut-out
sets in R

2. In our setting the cut-out set F is obtained by removing similar versions Ek

(k ∈ N) of one fixed open and bounded set E ⊆ R
2 from a given compact set G ⊆ R

2.
We denote the contraction factor of Ek by tk and assume, that the sets Ek are sorted in
descending order of tk. We require that the sets Ek are pairwise disjoint. Thus we have

F = G \
⊎

k∈N

Ek.

We assume the following two conditions:

(1) The perimeter p(G) and the area λ2(G) exist and λ2(G
+
r ) = p(G)r + c(G)r2 for

sufficiently small r > 0 and a constant c(G).
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(2) The perimeter p(E) and the area λ2(E) exist and there is a constant c(E) ∈ R,
such that λ2(φ(E)−r ) = t p(E)r + c(E)r2 holds for every similarity φ with scaling
factor t > 0, if φ(E)−r does not cover φ(E).

The condition on the set E holds for example for convex polygones and for convex sets
whose boundary is twice continuously differentiable and has bounded curvature.

Under these assumptions we can proof the following statement: Write

a = − lim inf
k→∞

log(tk)

log(k)
and b = − lim sup

k→∞

log(tk)

log(k)
.

If 1
2 < b ≤ a < 1, we obtain 1

a ≤ dimB(F ) ≤ 1
b for the box dimension of F .

We will give a short outline of the proof: There is a constant C1 such that tk ≤ C1k
−b

for sufficiently large k. Let r > 0 then there exists an integer n = n(r) and a constant C2

such that C2tn+1 < r ≤ C2tn and the set Ek is covered by (Ek)
−
r if and only if k > n.

Now we can estimate the area of the r-neighbourhood of F as follows:

λ2(Fr) = λ2(G
+
r ) +

n
∑

k=1

λ2((Ek)
−
r ) +

∞
∑

k=n+1

λ2(Ek)

= p(G)r + c(G)r2 +

n
∑

k=1

(p(E)tkr + c(E)r2) +

∞
∑

k=n+1

t2k λ2(E)

≤ p(G)r + c(G)r2 + c(E)nr2 + C3 r

n
∑

k=1

k−b + C4

∞
∑

k=n+1

k−2b

≤ p(G)r + c(G)r2 + c(E)nr2 + C5 n1−br + C6 n1−2b

Here we denote by C3, C4, . . . some constants. Because of n ≤ C7 r−1/b for sufficiently
small r > 0 we obtain

λ2(Fr) ≤ p(G)r + c(G)r2 + C8 r2−1/b ≤ C9 r2−1/b

for small values of r > 0. From the definition of the box dimension we end up with
dimB(F ) ≤ 1

b . A similar argument yields the lower bound.

4. Collecting the pieces

By a theorem of Falconer [Fa97] the Hausdorff dimension is the same as the box dimension
for every self-similar set. From this and the last two sections we are ready to calculate the
Hausdorff dimension of our example.

We know that the contraction factor s is given by the unique root of sℓ +sℓ−1 + · · ·+s = 1
in the intervall

(

1
2 , 1

)

. Furthermore we know, that we have to remove f(k) = Cα−k +O(1)

triangles of size sk in the k-th step, where α is the unique root of the equation αℓ−3α+1 = 0
in the intervall

(

1
3 , 1

)

.

Let g(n) = f(1) + · · · + f(n) and g(0) = 0, then the contraction factor tk of the k-th
removed triangle is given by tk = sn if g(n − 1) < k ≤ g(n). Since there are constants C1

and C2 sucht that C1α
−n ≤ g(n) ≤ C2α

−n, we obtain

a = − lim
k→∞

log(tk)

log(k)
= − lim

n→∞

log(sn)

log(α−n)
=

log(s)

log(α)
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and

dimH(F ) = dimB(F ) =
log(α)

log(s)
.

We will now write Fℓ, sℓ and αℓ in order to emphasise the dependency of these objects
from the value of ℓ. First we remark that sℓ tends to 1

2 and αℓ tends to 1
3 as ℓ → ∞, so

that dimH(F ) tends to log(3)
log(2) . The following picture shows the Hausdorff dimension as a

function of the scaling factor s. The points represent the dimension of Fℓ for some values
of ℓ:

0.46 0.48 0.52 0.54

1.5

1.6

1.7

1.8

Furthermore we can show using the asymptotics of sℓ and αℓ that the limit of the difference
quotients

lim
ℓ→∞

dimH(Fℓ) − log(3)
log(2)

sℓ − 1
2

is the same as the right derivative at 1
2 of the Hausdorff dimension of the Sierpiński gasket

with contraction factor less than 1
2 .

5. Remarks

The presented method do not allow a fractal boundary of the cut-out set. But we can
make a similar analysis for the box dimension if we cut out pieces from the boundary. As
an example we mention a modified Vicsek set with same type of overlap:

Also the structure of sets which have to cut out may get more involved. In the following
example there are three similarities with three equations which are almost the same as for
the Sierpiński gasket:
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For this example one has to find out a rule, how to cut out the small triangles exactly once.
The combinatorial problem is a little bit more complicated as bevor, but our method is
still applicable.

If we drop the condition that all similarites have the same contraction factor the size
of a set, which have been cutted out, does not only depend on the number of applied
similarities but also how often one similarity is applied. Thus both the sorting of these
sets and the counting problem are more difficult, and further work is needed to handle
this case.
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