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DIRECTIONAL DECAY OF THE GREEN’S FUNCTION
FOR A RANDOM NONNEGATIVE POTENTIAL ON Z¢

MARTIN P. W. ZERNER

ABSTRACT. We derive a shape theorem type result for the almost sure exponen-
tial decay of the Green’s function of —A+V, where the potentials V(z),x € ze,
are ii.d. nonnegative random variables. This result implies a large deviation
principle governing the position of a d-dimensional random walk moving in the
same potential.

0. INTRODUCTION AND NOTATIONS

We consider the following model of a random walk evolving in a random environ-
ment on Z¢ (d > 1). Let (S,)nen, be a time discrete, symmetric, nearest-neighbor
random walk on the hypercubic lattice Z¢ with start in = and denote by P, and
E, the probability measure and the expectation, respectively, of the underlying
probability space.

The environment is assumed to be independent of the random walk and is
given by the potentials w(z), = € Z4, which are supposed to be independent and
identically distributed nonnegative random variables. Then for a fixed realization
w of the environment the Green’s function of z,y € Z¢ is defined as

exp (— Z w(Sm)) . 1{Sn=y}] .

m=0

(1) g(w,y,w) :ZEz
n=0

This is the Green’s function of —A+V in the usual sense, if w(z) = In(V(z)+1) for
all z € Z¢ (see (6) below). Here Af(x) = (Z|e|:1 flz+ e)) /(2d) — f(z) denotes

the discrete Laplacian on Z¢. We want to stress at this point that it is no loss of
generality that we used a discrete time random walk instead of a continuous time
one for the representation of the Green’s function as will be shown below.

We are mainly interested in almost sure decay rates of g(z,y,w) when |z — y|
tends to infinity. Exponential decay properties of Green’s functions have been
studied before in the context of random Schrodinger operators and localization
theory, see for instance Carmona-Lacroix [CaLa, Ch. IX.1] and Molchanov [Mo,
Ch. II]. Our problem here has different motivations, since we investigate the di-
rectional exponential decay rates of the Green’s function and work “below the
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spectrum” of —A + V', as our potentials are nonnegative. We also stress the fact
that unlike localization type results, we need little assumptions on the distribution
of our potentials.

Our first main result is the following theorem.

Theorem A. (Shape Theorem). Let w = (w(z)),cza be a family of i.i.d. nonneg-
ative random variables such that w(zx) is not concentrated in zero and has finite
d-th moment. Then there exists a non degenerate finite norm o(-) on R¢ such that
for almost all configurations w

lim = In g(0, z,,, w)

=1
n—00 a(a:n)

for all sequences x, € Z¢ with |z,| — co.

Thus the constant a(z) governs the almost sure exponential decay of the Green’s
function in the direction z. Hence it can be viewed as a higher dimensional
analogue of the Lyapounov exponent in the one-dimensional situation (see [CaLal).
This result is in some sense the discrete space counterpart of Sznitman’s shape
theorem for a Brownian motion evolving in a Poissonian potential [Sz1]. However,
as far as the proof is concerned, it is slightly closer to the shape theorem of
first passage percolation (see e.g. [Du], [Kel], [Bo]). Here the random function
—Ing(-,-,w) corresponds to the point-to-point travel times and the Lyapounov
exponent a(z) to the time constant in direction z. The main difference between
first passage percolation and our model is that in first passage percolation the
random distance between two points is the infimum of the passage times of all
paths connecting these points whereas in our model a weighted average over all
these paths is taken. We shall show that for large potentials the Lyapounov
exponent approximates the time constant of the corresponding first passage model
(cf. [Sz1, p.1657)).

Besides Theorem A we prove a new type of shape theorem which we call “uni-
form shape theorem”. It generalizes Theorem A except in the case d = 2.

Theorem B. (Uniform Shape Theorem). In addition to the hypotheses of Theo-
rem A assume that the support of w(zx) does not contain zero if d = 2. Then for
almost all configurations w

lim —lng(xn,yn,w)

=1

for all sequences x,,y, € Z% such that cmax{|z,|,|ys|} < |Tn — yn| = o0 as
n — oo for some ¢ > 0.

The reason for the restriction that the distance between z, and y, must grow
at least as fast as their distance from the origin is that in almost all configurations
w there is somewhere far from the origin an arbitrary large region in which the
potentials are rather untypical, e.g. very large. If x,, and y, were located in such
a region then the random walk on its way from z, to y, would mainly see this
untypical environment and thus make g(zy,, yn,w) deviate from its usual behavior.
The condition cmax{|zy|, |yn|} < |Tn — yn| ensures that this can not happen.
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The idea of the proof of Theorem B is also applicable e.g. to first passage
percolation. It is based on an upper bound for the variance of —Ing(z,y,w). An
equivalent estimate of this kind is known to hold also for first passage percolation
[Ke2].

Theorem C. (Upper Bound on Fluctuations). Under the assumptions of The-
orem B there is a constant C just depending on the distribution of w(x) and the
dimension d such that

Var (—Ing(z,y,w)) < C- |z —y| for all z,y € 7.

Theorem B enables us to study the large deviations of S,,/n, where the random
walk is governed by the random path measures

1 n—1
Qn,m,w = Zn,x,w €xXp <_ Z w(Sm)> : an

m=0

for z € R?% and typical w. Here Z, ; ., is the normalizing constant and the random
walk is supposed to start at some neighboring lattice site [nz] of nz if nz ¢ Z9,

Theorem D. (Large Deviation Principle). Under the assumptions of Theorem A
for almost all configurations w

— 1
— inf Iy —2) < lim —InQp 5, € nA] < —inf I(y — )
yEA° n—oo 1 yeA

for any © € R% and any Borelian subset A of R%. Here the rate function I is given
by

I(z) := sup (ar_p(z) — A).
A>0
where o, denotes the norm according to Theorem A that belongs to the potentials
w~+ A and v is the minimum of the support of w(x).

In the case d = 1 this is reminiscent of ideas of Gartner and Freidlin (e.g. [Fr]).
Sznitman considered the corresponding problem for a Brownian motion starting
at = 0 in a Poissonian potential [Sz1, Th. 2.1]. Thanks to Theorem B we are
able to simplify Sznitman’s method and extend it to all z € R%.

Theorem D can be used to compute the Lyapounov exponents if the potentials
are equal to a nonrandom positive constant A. In this case the Green’s function is
essentially the generating function of the site occupancy probabilities, a compre-
hensive account of which is given in [Hu, Ch. 3.2, 3.3, A.3]. However to the best
of our knowledge the exponential decay rate a(z,dy) of g(0, kz, A) for kK — oo has
not yet been determined explicitly in the literature except for directions z along
the coordinate axes, see [MaSl, Theorem A.2]. We give a fairly explicit expression
for a(z) for arbitrary directions, which also shows that at least in this case a(x)
is analytic in x # 0.

We already mentioned the relations of this model to first passage percolation.
In order to give some further applications and to clarify the meaning of the Green’s
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function we shortly describe two models that give different interpretations on this
quantity.

1. Random Walk with Random Killing. Fix w € Q and consider a Markov chain
with state space Z¢ U {1} and transition probability

exp(~w(z))/2d if |z —y| =1
pw(m,y) = } o eXp(—w(g;)) if‘i i L i:{;

0 otherwise

It can be shown that g(x,y,w) is the expected total number of visits to y provided
the Markov chain starts in x (cf. [Hu, section 3.2.4] and [La, p.34] for constant
nonrandom w).

2. Random Electric Network. This interpretation is in the spirit of [DoSn].
Turn the lattice Z¢ into an electrical network by replacing each edge by a resistor
of size 2d. Furthermore fix w € ) and ground each lattice site via a resistance of
size (exp(w(r)) — 1)~!. Now inject a unit current at site y and denote by U(z)
the resulting voltage at the site . Then U(z) = g(x,y,w) (cf. [DoSn, p.47,52]).

Let us now describe how the present article is organized. In Section 1 we intro-
duce two additional two-point functions (Def. 1, 2) that have the same asymptotic
behavior as the Green’s function. Furthermore we state some basic properties of
these functions (Prop. 2) and investigate the influence of the underlying continu-
ous or discrete time structure on these quantities (Prop. 1). In Section 2 we first
use subadditivity to prove the existence of the Lyapounov exponents for each di-
rection (Prop. 4) and then derive the maximal lemma (Lemma 7) that enables us
to patch these limits and get the desired shape theorem (Th. A, Th. 8). Section 3
describes in detail the relations between first passage percolation and our model.
In Section 4 we use a rank-one perturbation formula (Lemma 12) and a martingal
method to prove the upper bound on the fluctuations of our two-point functions
(Th. C, Th. 11). This is our main tool for the proof of the uniform shape theorem
in Section 5 (Th. B, Th. 13). We also give a version of this result, which is phrased
in terms of asymptotic shapes and thus really deserves the name “shape theorem”
(Th. 15). Furthermore we show that this result also holds for point-to-set dis-
tances which are more general than point-to-point functions (Cor. 16). Section
6 contains the promised large deviation estimates (Th. D, Th. 19). This result
is exploited in Section 7 in which we compute the Lyapounov exponents for the
unperturbed case of constant potentials (Th. 21).

We finally introduce further notations and conventions. We shall assume through-
out the whole paper that the potentials w(z) are nonnegative i.i.d. random vari-
ables whose common distribution will be called v. L.e. v is a probability measure
supported on the nonnegative real half line. To avoid trivialities we furthermore
suppose that v is not concentrated in zero, i.e. v # §y. Hence the canonical proba-
bility space that governs the environment is Q = [0, oo[Zd endowed with the usual
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product sigma algebra and the product measure P = @), 4 v as probability mea-
sure. Consequently the random variables w(z) : 2 — [0, co[ may be chosen as the
projections. [E is the expectation with respect to P.

We close this section with some general notation. By |z| for x = (z1,... ,24) €
R¢ we always mean the £;-norm of z, i.e. |z1| + ... + |z4|. We shall not use the
euclidean norm on R%. The | - |-unit sphere will be called S~'. The L2-norm for
random variables is designated by || - ||]2. By [z] we denote the lattice site with
minimal | - |-distance from z with some deterministic rule for breaking ties. Note
that always |[z] —z| < d/2. If we apply a function f(z,y,...) which has originally
been defined solely for ,y, ... € Z4to z,y, ... € R% we always mean f([z], [v],...).
ei,...,eq are the canonical unit vectors of R%. The cardinality of a set M is
designated by §M. |u] is the largest integer < u and u V w is the maximum of u
and w. To simplify the notation of expectations we use the abbreviation E[Z, A] :=
E[Z -14]. We use C,c¢,c',c1,¢2,... to denote arbitrary positive constants, which
may change from line to line and depend only on dimension d and the underlying
measure v. If a constant is to depend on some other quantity, this will be made
explicit.

1. FURTHER TwO-POINT FUNCTIONS AND TIME STRUCTURES

In this section we first introduce in addition to the Green’s function three further
random two-point functions that will play an important role throughout the whole

paper.

Definition 1. For any w € Q and z,y € Z? define g(z,y,w) as done in (1). Let
0 < H(y) :=inf{n >0: S, =y} < oo be the first passage time through v, i.e.
the first time at which the random walk visits y. Then define

H(y)-1
(2) e(r,y,w):=E; |exp | — Z w(Sy) | ,H(y) < o €]0, 1],
n=0
a(z,y,w) := —Ilne(z,y,w) € [0, oo,
d(z,y,w) := max{a(z,y,w),a(y,z,w)} € [0, ool.

In the model of a random walk with random killing, introduced on page 4,
e(z,y,w) equals the probability that the particle with start in z will return to y
before it reaches . In the random electric network model described thereafter it
equals U(z) if we apply a unit voltage between y and the ground.

Before we list some basic properties of these functions, we give the correspond-
ing definitions for a wide class of continuous time models. To this end let (S});>0
be a symmetric, nearest-neighbor random walk on Z¢ with right-continuous paths
starting at z € Z% for which the times 7;, i € N, between successive steps are
independent, identically distributed random variables. The common distribution
of the 7; is denoted by 1, for which we assume (]0,00[) = 1. Probabilities and
expected values for this random walk are designated by Py and Ej .
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Definition 2. For any V € Q and z,y € Z% and any distribution ¢ on R with
1(]0, 00[) = 1 define
e8] t
/ E;y [exp (—/ V(Su)du> , S8 = y] dt,
0 0

H(y)
exp (—/0 V(Sy) dt) JH(y) < oo] .

Furthermore define a*(z,y, V, ) and d*(z,y, V, 1) analogously to Definition 1.

g*(”’E’ y7 V7 /(p)

e’ (‘T, Y, V, "p) = E.CC,’(/)

The relation between the discrete and the continuous time functions is as follows.

Proposition 1. Let 9 be a probability measure on R with ¥ (]0,00[) = 1. Fur-
thermore let w,V € Q with w(z) = —In [ exp(—V (2)t) di(t) for all z € Z%. Then
for all z,y, € Z¢

x _ { (expw®) =DV~ - glz,yw), ifV(y) #0,
4) ¢ (z,y,Viy) = {ftlzw(g : g(:v,y}{u), sy ifV(Z):O.

For constant V, see [Hu, Chapter 5.2.1, 5.2.2].

Proof. For the proof of (3) it suffices to consider the case f = e. For f € {a,d}
the statement then follows from the definition of these quantities. Assume z # y
and let # = (z = zg, z1,... ,zx = y) be a nearest-neighbor path from z to y with
Tn # 9y for n < k. Then

H{(y)
exp —/ V(St) dt |, S; follows m
0

k-1
H exp(—V(zn)T), St follows W]
n=0

Ezy

= Epy

k—1
Py (S follows 7] H E; y [exp(=V (2n)Tn)]
n=0
k—1
= Py[S, follows 7] H exp(—w(zy))
n=0

= E, H exp(—w(zy)), Sy follows w]

H(y)-1
= E; |exp | — Z w(Syp) | , Sy follows 7

n=0

Summing over all possible paths 7 yields the assertion. For the proof of (4) denote
by H,, the time of n-th visit of y and by L,, the first time after H, at which y is
left. Then
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v = [ “S [exp (— / Vs, du) Ha(y) St<Ln(y)] i
n=1
_ i::le,w exp (— /0 s du)

X /00 exp (— /t V(Sy) du> dt,Hp(y) <t < Ln(y)]
0 Hn(y)

exp (—/0 V(Sy) du)

Lu(y)
y / e~ t—Hn VW) gt H,(y) < oo
Hyn(y)

= Eiyp |:/T1 e V) dt:|
0
xS Eyy |exp | - / V(S,) du |, Ho(y) < 0o
0

n=1
An argument similar to that in the proof of (3) and a simple calculation show
that the second factor in the line above equals, when divided by exp(w(y)),

o0
= D Fuy
n=1

[e¢] Hy(y)
(5) E, |exp

n=1 m=0

W(Sm) ’Hn(y) <o = g(m,y,w),

whereas the first factor, when multiplied by exp(w(y)), is the prefactor in (4). O

The canonical example for v is the exponential distribution with mean, say m.
In this case (3) and (4) hold if w and V" are related by the one-to-one transformation
w =In(mV 4+ 1). Then (4) can be reduced to g*(z,y,V,9) = m g(z,y,w).

Thus the question of which time structure should govern the random walk is
irrelevant for the study of the functions f(z,y,V) with f € {a,d,e}. At least in
the important case of exponential distributed waiting times the same holds also
for f = g. We have a slight preference for the discrete time model since it seems
to make some details less technical and its relation to first passage percolation is
more obvious. Thus we will restrict ourselves to the discrete time model.

Some fundamental properties of the two-point functions introduced in Definition
1 are listed in Proposition 2.

Proposition 2. Fizy € Z¢ and w,V € Q with w = In(V +1). Then the functions
Gyw =9 y,w) and ey, := e(-,y,w) satisfy the relations

(6) (-A+ V)gy,w(w) = 5z,y
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and
(7) (A +V)eyu(z) =0  ifz#y
(8) ey,w(y) =1

Furthermore for any x,y,z € Z%

9) 9(z,y,w) = g(y,z,w)

(10) 9(z,y,w) = e(z,y,w) gy, y,w) = e(y,z,w) - g(z, 7, w)
(11) e(r,z,w) > e(z,y,w)- ey, 2z w)

(12) a(z,z,w) < a(z,y,w)+a(y, z,w)

If d >3 or w(z) > 0 for some z € Z¢ then d(-,-,w) is a metric on Z°.

Proof. Tt is well-known, that the function g*(-,y, V, ) solves (6), if 1 is the expo-
nential distribution with mean one. Hence (6) holds due to Proposition 1. However
(6) can also be derived directly by partition over the first step. (7) follows from
(6) and (10) while (8) is immediate from (2). (9) holds since each path from z to
y contributing to g(z,y,w) is also a possible path for the opposite direction from
y to z. For the proof of (10) recall (5) and apply the strong Markov property
to H(y). The same property also implies (11). The triangle inequality (12) is a
simple consequence of (11). By definition d(z,y,w) > 0 is symmetric in z and y
and fulfills the triangle inequality as well. Furthermore for x # y, d(z,y,w) > 0 if
d > 3 or w # 0 since transience or w(z) > 0 imply e(z,y,w), e(y, z,w) < 1. O

2. LYAPOUNOV EXPONENTS AND SHAPE THEOREM

We start with some simple but useful estimates on E[a(0,z)] and on the size
of certain lattice animals. So let us introduce for w € Q and z,y € Z% the path
measure

H(y)-1
Pagcl,w = 6(.’[), yaw)ill{H(y)<oo} €Xp | — Z w(Sm) Py
m=0

under which the process (Sy;)m>0 is roughly speaking a random walk starting
at z, conditioned to reach y and being partially killed by the potential w. The
expectation with respect to Px w 1s denoted by Eg w- We shall derive an estimate
on the total expected number of sites this process visits before it reaches y. To
this end we attach to each trajectory (Sm)m>0 with start in z the lattice animal

(cf. [Sz2])
A(z,y, (Sm)m>0) = {z € 2 : H(z) < H(y)}
consisting of all sites which are visited before y is reached.

Lemma 3. Suppose that v has finite expectation. Then for any x € Z4
eilz] < e [ B, 1840, 2)]| < Ela(0,2)] < eala
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where
c¢i = —InEexp(—w(0))] and ¢z =In(2d) + E[w(0)].

Proof. The first inequality is obvious since any lattice animal A(0, z) connecting
the origin to x contains at least |z| vertices. The second inequality is obtained by
Jensen’s inequality and independence as follows

o1 [ B, 80, 2)]]

< E [l B, fexp(eiA(0,2))]]

< E |a(0,z) + InEy |exp | c14A4(0,z) — Z w(s) |, H(z) <
s€A(0,x)
< E[a(0,z)]+nEy | [][ Elexp(cr —w(s))]| = E[a(0,2)].

s€A(0,x)

For the last inequality we choose some path of length |z| from the origin to z and
iterate the triangle inequality (12), thus getting thanks to translation invariance
and symmetry of P

Ela(0,2)] < |z| E[a(0, e1)] < [z] E[—1In Ey [exp(—w(0)), H(e1) = 1]] = co|x].
O

We are now ready to prove the existence and some basic properties of the
Lyapounov exponents «.

Proposition 4. Suppose that v has finite expectation. Then there exist a norm
a(-) = a(-,v,d) on R?* such that on a set Qqy of full P-measure and in L'(P) for
all z € Z°
(13) lim la(O,mc,u;) = lim lH‘E[a(O,nx)] = inf lIE[a((),mc)] = a(z).

n—oo 1N, n—oo N neN T,

a(z) is invariant under permutations of the coordinates and under reflections in
the coordinate hyperplanes and satisfies

(14) —InE[exp(—w(0))] < % <1In(2d) + E[w(0)]

for all z € RO\{0}. Moreover, for fized x and d, the functional a(z,-,d) is concave
in the sense that for arbitrary random wvariables T; > 0 and real numbers \; > 0
(t=1,...,n) with My +...+ Ay =1

(15) a(law M7+ ...+ A7) 2D Nie(law(7;)).
=1

Furthermore (1) < a(v2) if v1 is more variable than v, i.e. if [ h dvy < [h diy
for all increasing, concave h: R — R.
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Remark. 1. The partial order “v; is more variable than 1,” has been discussed
e.g. in [Ro, Section 8.5] and [St, Section 1.4]. It has been used in the context of
first passage percolation by van den Berg and Kesten [vdBKe].

2. It is easy to see from (14) that for d > 2, « is at least in general not
rotationally invariant. Indeed, if c is chosen such that ¢(v/2 — 1) > In2d then for
v =290,

aler) <c+In2d < V2 < a ((61 + 62)/\/5)

although e; and (e; +e2)/v/2 both have euclidean norm one. Thus the unit sphere
of « is in general not a ball. An explicit expression for « in the case v = §, is
given in the last section.

Proof of Prop. 4. We may assume x # 0 and consider the process a(nz, mz), 0 <
n < m, n,m € Ny. These random variables are integrable due to Lemma 3. There-
fore and by ergodicity properties and translation invariance of P the assumptions
of the subadditive ergodic theorem (see [Li, p. 277]) are fulfilled. Consequently
there is some constant «(z) such that (13) is satisfied P-a.s. and in L'(PP). This
together with Lemma 3 implies (14). Furthermore it is easy to conclude from (13)
that

a(gr) = qo(z)

(16) az+y) < afz)+aly)

a(n(z)) = afz)
are satisfied for any ¢ € N, z,y € Z¢ and any composition 7 of permutations and
reflections of the coordinates. Here we used (12) and the fact, that a(0,7(z),w)
and a(0, z,w) have the same law under P.
By setting a(z/q) := a(z)/q, we extend « well defined at first to a function on
Q? and then by continuity to a function on R%, which satisfies (14) and (16) for
any ¢ > 0 and z,y € R%. In particular, « is a finite norm, which is nondegenerate
since v # dp.
For the proof of (15) we use Holder’s inequality to get

n
a(@,y, Mwi + .-+ Anwn) > Y Na(@, y,w;)

i=1
for all z,y € Z% and w; € Q which implies (15).
The proof of the monotonicity of a(v) goes along the same lines as the proof of
[vdBKe, Th. 2.9.a]. Indeed, define for N € N
H(y)-1
an(z,y,w) :=—InE, |exp | — Z w(Sm) | +1Sm| < N for all m < H(y)

m=0

Then ay is a concave increasing function of w(z), |2| < N. Hence by [Ro, Prop.
8.5.4] or [St, eq. (1.10.5)]

Ey, [an (z,y,w)] < Eylan(z,y,w)]
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where E,, denotes the expectation with respect to the product measure P, that
belongs to v;. It follows by letting N — oo that

EVl [a(a:, Y, w)] S EVZ [a(x, Y, w)]
which together with (13) implies a(v1) < a(rs). O
For the main result Theorem 8 of this section we need essentially two lemmas.
The first one gives some upper bound estimates on g(x,z). This quantity differs

in general from 1 unlike a(z,z) and d(z,z). In dimension d > 3 there are easier
bounds due to transience of the walk.

Lemma 5. The random variable w(0) +1Ing(0,0,w) is P-a.s. nonnegative and all
its moments are finite. Furthermore for some C > 0 P-a.s.

(17) lim sup w(z) +Ing(z,7,w)
eloee (Infa])/

Proof. The nonnegativity is obvious from ¢(0,0,w) > exp(—w(0)). By the strong
Markov property exp(w(0))g(0,0,w) can be represented as a geometric series such
that

H(0)—1 -1

(18)  e“©g(0,0,w) = [1-Ep [exp | — Y w(Sm) | ,H2(0) < 00

m=0

where Hs(y) denotes the time of second visit of y. Now let £ > 0 be such that
v([e,00)) > € and let z(w) be some site with minimal norm such that w(z(w)) > e.
Then the right side of (18) is smaller than (2d)*)I(1 — e ¢)~!. Hence for t >
¢1 :== —In(1 —exp(—¢)) >0

t— C1
21ln2d
which decays geometrically fast as ¢ — oco. Thus all moments of finite order
exist. Furthermore this shows, that c3 may be chosen large enough, such that
> wz0 Plw(z) +Ing(z, z) > c3(ln |z|)'/4] is finite. Now (17) follows from the Borel-
Cantelli lemma. O

Plw(0) + Ing(0,0,w) > ¢] <P [|Z(w)| > ] <(1- g)@(t,cl)d

This lemma enables us to show that our two-point functions a,d and —In g are
of the same order in the following sense.

Corollary 6. Suppose that the m-th moment of v is finite for some m > 1. Then
on a set Q of full P-measure and in L'(P)

diam{a(z,y),d(z,y), —Ing(z,y)}
11m
o|Vy)<|z—y| o0 |z — y|d/m

where diamM denotes the diameter of the set M.

=0 forallc>0

Proof. Using (10) we get
(19)  la(z,y,w) +Ing(z,y,w)| = |Ing(y,y,w)| <w(y) + (w(y) + Ing(y,y,w)).
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The right hand side of (19) tends when divided by |z — y|¥™ to zero P-a.s..
This is true for w(y) due to the existence of the m-th moment and follows for
w(y) + Ing(y,y,w) from Lemma 5. Moreover the distribution of the right hand
side of (19) has finite mean due to m > 1 and Lemma 5 and does not depend on
y. Hence convergence takes also place in L!(P). An equivalent statement holds
for |a(y,z) + Ing(z,y)| and consequently for |d(z,y) + Ing(z,y)| as well. O

The second lemma plays the role of the Maximal lemmas used in the context of
first passage percolation (e.g. [Kel, Lemma (3.5), (3.6)], [Bo]) or Brownian motion
in a Poissonian potential ([Sz1, Lemma 1.3]).

Lemma 7.
e Suppose d > 2. If the second moment of v is finite then there are some
constants ci,cy such that for any z,y € Z¢ and any t > 0,

cly — z*

(t — coly — z])3?
o Suppose d > 1. If the d-th moment of v exists then there are a constant cs3
and a set Qo of full P-measure such that for all w € Qy

(20) Pla(z,y,w) —w(z) > t] <

(< 00).

(21) sup {d(z,y,w) : y € R, |y — 2| < elz|} < cselz]
for any e € QN (0,00) and for sufficiently large = € RY.

Proof. Let x,y € Z% and assume z # y. Observe that (due to arguments similar
to those in [Kel, p. 135]) in dimension d > 2 there exist 2d self-avoiding nearest-
neighbor paths r; = (rin);ne, (0 = 1,...,2d) from x to y, each containing m; <
ly — x| + 8 edges and being pairwise site disjoint except for the starting and the
end point. Now for any ¢ =1,... ,2d

H(y)-1
a(z,y,w) —w(r) < —InE; |exp | — Z w(Sp) |, (Sn)niy =1
n=1
m;—1
= m;In2d + Z w(rin)-
n=1

Since we get the corresponding assertion for a(y,z,w) — w(y) by reversing the
direction of the paths we have for all £ > 0 by pairwise disjointness of the paths
and independence

2
ly—x|+8 d

Pld(z,y) > ] <P | > (w(ner) —Ew(0)]) >t —c(ly — 2| +8)

n=1

where d(z, y,w) := max{a(z, y,w) ~w(z), a(y, z,w) ~w(y)} and ¢ = In 2d+E[w(0)].
Using Chebyshev’s inequality we get

2d
- (Iy — 2 + 8)Var [w(0)] cily — o2
(22)  Pld(z,y) > 1 < ( (t_c(|y_x|+8))2+> < oy
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and therefore (20).

Since (20) only holds for d > 2, we have to divide the proof of (21) into two parts.
In the first part we treat the case d > 2. Fix e € QN (0, 00). Let Z be a finite subset
of the | - |-unit sphere S%! such that the closed balls B(z,¢) with center z € Z
and radius ¢ cover S%71. For z € R¢set Y, := {[y] : y € R%, |y — 2| < 3¢|z|} C Z%
Then for n > d/e thanks to (22)

- —y[*
P | sup sup d(z,y,w) > begen| <
2ENZ YEY, zezn:z 3%; 5625'” —C2 |[Z] y|)4d
S Z Z C1 36|2’| +d)
2€nZ yey, 5626” - (38|Z| + d))
c1(4en)?? d
< Z 1Y, “egemyid = < o5(e)fZn

z€ENZ
Therefore due to the Borel-Cantelli lemma there exists for P-almost all w € Q
some N such that
(23) sup sup d(z,y,w) < 5cgen for allm > N.
ZENZ Yey,
Furthermore by the existence of the d-th moment of v we have again by the Borel-

Cantelli lemma
(24) im 2@ _

|z 00 ||

on a set Qg of full P-measure. Thus we can choose N > 1+ 3¢ big enough such
that

ele]
(25) wle) < L
We shall show that there is a constant c3 such that for any w which fulfills (23)
and (25), (21) is valid if |z| > 2N/e. To this end set n = ||z||, let 2’ € Z such
that z/|z| € B(Z',¢) and set z = nz'. Then

|z — 2| < |:I?—|.’I?|Z’|—|—“.’L‘|ZI—Z| < glz|+1 < <267

V N for all z.

and for any y € R? with |z — y| < ¢|z|,
ly — 2| <y — 2|+ |z — 2] < 2efz] + 1 < 3elz],

i.e. [z],[y] € Y,. Consequently thanks to (23) if |z — y| < ¢|z|,

dz,y,w) < d(z,2,w)+d(zyw)

< d(z,2,w) + max{w(z),w(2)} + d(z,y,w) + max{w(z),w(y)}

< 10cpen + 2max{w(z’) : |z’ — x| < e|z| + 1}
Since |z'| < (14¢€)|z|+1, we get by (25) w(z') < (e|z|+1)VN < 3e|z|/2. Therefore
d(z,y,w) < (10cz + 3)e|z| =: cze|z.

Now we come to the case d = 1. The main reason why the one-dimensional
case is different from the higher dimensional one is that in one dimension there is
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only one way to get from z to y: One has to pass all the sites between x and y.
For this reason the proof of (20) fails for d = 1. On the other hand this causes
that the process a(z,y), = <y, is not only subadditive but additive, i.e.
(26) a(z, z,w) = a(z,y,w) + a(y, z,w) ifr<y<zandd=1.
Thus the supremum in (21) can be simplified considerably. Indeed, let z € R,w €
Q2 and € € QN (0,00). Then

sup{d(z,y,w) : y€R, |y —z| < elz|} < d(z,z — ¢|z|,w) Vd(z,z + €|z|,w).
Thus we shall construct some constant c¢3 such that
(27) d(z,z + elz],w) < cselz]

for P-almost all w €  and large |z|. An analogous statement with —e instead of
+¢& can be derived similarly. Without loss of generality we assume z > 0. We define
recursively zo := 0 and 2,41 := [(1 + €)z,] + 1. Then the sets {z,,... ,Zp41 —
1}, n > 0, partition the nonnegative integers. We want to control d(z,,Zn1+1 —
1,w). By choosing the shortest path from z,, to ;1 — 1 for the random walk to
go, we get

(28) d(zn, Tnt1 — 1,w) < (Tpt1 — Zp) N2+ w(zp) + ... + w(zpt1 — 1)

Now since the sequence z,, grows geometrically fast, we have

(29) Y Plw(@n) + ...+ w(@ngr — 1) > 221 — 2a)Elw(0)]] < oo
n>0

(see e.g. [Pe, subsection 6.8.5]). Therefore by the Borel-Cantelli lemma the right
side of (28) is P-a.s. for large n less than ¢'(zp4+1 — 25,). Now let n be such that
Tp < T < Zp41. Then if z is large enough

d(z, (1 + €)z,w) < d(@n, Tpi2 — 1,w) < (Tnya — Tn) < 367
which proves (27). O
We are now ready to prove the analogue of the shape theorems of first passage

percolation (e.g. [Kel, Th. 3.1]) and Brownian motion in a Poissonian potential
[Sz1]. A strengthened version will be given in Theorem 13.

Theorem 8. Suppose that the d-th moment of v is finite. Then on a set Q4 of
full P-measure and in L*(P)
(30) lim a(0,z,w)

=1.
|z|—o0 Oé(.’II)

The same identity holds for a(z,0,w),d(0,z,w) and —Ing(0, z,w) instead of a(0, z,w)
as well.

Proof. For the proof of the P-a.s. convergence in (30) it suffices to show
1
(31) lim — |a(0,zk,w) — a(zg)| =0
k—o0 ‘.’Ek‘

for all w € Q4 1= Qy NN NN Q3 (see (13), Corollary 6, (21), (24)) and for all
sequences zj tending to infinity such that z;/|zx| — e € S%1. To this end let
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e € QN (0,00) and choose v € Q% and M € N such that Mv € Z% and |[v —e| < ¢
as well as |a(v) — a(e)| < e. We approximate zj by the lattice site

iL‘;C = [%J Mv €74

where |z] denotes the largest integer < z. Then for k large enough

— < — M Mz_k @ M&— !
= w’“'—‘w’“ {M ]| L ) M %
Tk ‘

ol
S L R P iy v g e A
{M Pl e Vel Rl P

(32) < elag|.

Using the triangle inequality (12) we get
a(0,z})  a(0, ;)

/
(33) a(0,z) ( T, )‘ < d(z}, ) _ a0,
£ £ £ £ ||
o et ()
—a)| + |lalv) —a | —
AR R NN

The first summand on the right-hand side of (33) is bounded above by c3e due
to (32) and (21) for k£ large enough. The second summand is finally less than
(a(v) + €)e < (afe) + 2¢)e due to (32) and the choice of e. The third summand
tends to zero for k going to infinity by the definition of z} and (13). Finally
the last term is smaller than . Hence letting € \ 0 finishes the proof of (31)
and of the almost sure convergence in (30). Since for d > 2 (20) implies that
the family (0, z)/|z| is uniformly integrable, which is also clear for d = 1 due to
a(0,z) < c|z| + w(0) + ... + w(z), the L'(P) convergence follows as well.

It remains to show that (30) holds also for a(z,0,w), d(0, z,w) and —In g(0, z, w)
in place of a(0, z,w). But this is immediate from Corollary 6. O

Remark. If the d-th moment of v is infinite then by the Borel-Cantelli lemma
sup, w(z)/|z| = co. Thus in this case (30) does not hold, at least not for a(z,0),
d(0,z) or —Ing(0,z) in place of a(0,z) due to d(0,z) > a(z,0) > w(z) and (17).

3. RELATIONS TO FIRST PASSAGE PERCOLATION

In the following we shall describe, how this model of a random walk in a random
potential is related to first passage percolation. In standard bond first passage
percolation one assigns to each edge e between adjacent vertices of Z% a random
non negative variable w(e) which is interpreted as the passage time of e. However
in our model the potentials w(x) are attached to the vertices z € Z¢ themselves.
Thus it is convenient in this context to consider site instead of bond first passage
percolation. That is, we interpret the potential w(z) as the time it takes a particle
to pass the vertex z, no matter where it comes from and where it goes to. The
passage time of a directed nearest neighbor path r = (z = zg,z1,... ,2, = ¥y) is
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then defined as

Thus the travel time from z to y, namely
T(z,y,w) := inf{T'(r,w) : r is a path from z to y}

is the minimal time in which a particle starting at = can reach y. Just as in
bond first passage percolation it follows from the subadditive ergodic theorem,
that there exists some constant p(-) such that P-a.s. and in L!(P)

(34)  p(z) = lim TO,nz,w) _ inf E[T(0, nz, w)]

for all z € Z¢,
n—00 n neN n

where we assume E[w(0)] to be finite. The difference between a(z,y,w) and
T(z,y,w) is that a is roughly speaking a weighted average over T'(r) for paths
r from z to y whereas T is just the infimum of all 7'(r). However this difference
is vanishing when w is multiplied with a large positive number, since in this case
the dominant part of a is provided by the paths with minimal passage time. This
is the content of the following proposition.

Proposition 9. For all z,y € Z% and w € Q

a(z,y, Mw)

(35) %

N Tz, y,w) (M — ).

Let oM) (M > 0) denote the Lyapounov exponent belonging to the distribution of
the potential Mw(0). Then for all x € R?

M) ()
7 MA@ (M= 0c0).

Proof. First observe, that for any M > 0

(36)

Mﬁla(‘ra Y, Mw) > _Mil In E, [exp (—T(.’E,y, Mw)) ) H(y) < OO] > T(:c,y,w).
If 0 < M; < M, then by Jensen’s inequality
Mgla(xayaMQW)

Mi-Mo /M
H(y)-1 1Ma/My

(37) = —M;'InE, ||exp|— Z w(Sm) ,H(y) < oo

m=0
< Mfla(x, Y, le)'
Consequently (35) follows from

(38) A}im M a(z,y, Mw) < T(z,y,w) + € for all € > 0.
— 00
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For the proof of (38) let r = (z = xg, z1,... ,2z, = y) be a path from z to y such
that T'(r,w) < T(z,y,w) + £. Then

M 'a(z,y, Mw)
H(y)-1
< —M 'InE, |exp | — Z Mw(Sy) |, Sm=zm (m=0,... ,n)
m=0

= M 'nln(2d) +T(r,w) < M~ 'nin(2d) + T(z,y,w) +¢

which implies (38). For the proof of (36) we may assume z € Z%. It follows then
from (37) that o(™)(z)/M decreases as M — 0o to

mn m
m a ,n.’L‘, w
”(:’nl" C )

1
= inf — inf E
in in [ i

neN N MeN

|
= 7116111; EE[T(O,n:B,w)] [by (35)]

= u(z) [by (34)]
0

Let us finally mention another relation, this time to bond first passage perco-
lation. Here we assign to each nearest neighbor edge with endpoints z and y the
passage time d(x,y,w). Then

n
L(r,w) = Z d(z;—1,z;,w)
i=1

stands for the length of the path r = (z = ¢, z1,... , 2, = y) with respect to the
random metric d. This induces a new random metric, the so-called interior metric
of d, namely

L(z,y,w) := inf{L(r,w) : ris a path from z to y}.
Of course the passage times for different edges are no longer independent, but
they are still stationary and ergodic. It follows from [Bo], that this together with

some mild moment conditions ensures that the set of vertices z with L(0,z) < ¢
has still an asymptotic shape for ¢ — oo.

4. FLUCTUATIONS AROUND THE MEAN VALUE

This section studies the fluctuations of a(0,y,w) around E[a(0,y)]. Again we
treat the cases d = 1 and d > 2 separately, since in one dimension the process
a(n,m), 0 < n < m, is not only subadditive but additive, i.e. (26) holds. This
enables us to derive the following result.

Proposition 10. Suppose d =1. Then
(39) a(n) = n E[a(0, 1)] = Ela(0, n)).
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If in addition the variance of v is positive and finite then
a(0,n) — a(n) law

40 S 1

(10) BN (oo

where
o
o? = Var[a(0,1)] + 2 Z Cov[a(0,1),a(j,j +1)] < oo.
j=1
(40) also holds with d or —Ing instead of a with the same o.

Equation (39) is the counterpart to [Szl, eq. (1.30)] and appears in a similar
context in [Fr, eq. (5.3) and (5.4), p. 502].

Proof. Thanks to (26), (39) follows from the ergodic theorem. (40) is a conse-
quence of the central limit theorem for functionals of mixing sequences [IbLi, Th.
18.6.1]. Indeed, we only have to check that

(41) > lla(0,1) =E[a(0,1) | w(=k), ... ;w(=1),w(0)][l,
k=1
converges. To show this we introduce
H(1)—1
er(0,1) = Eg|exp|— > w(Sm)|,H(1)<H(-k)| < e0,1)
m=0
H(1)-1
= e_k(0,1)+ Ey |exp | — Z w(Sm) | s H() > H(=k)
=0
< e_(0,1) + exp(—w(0) —w(-1) ... — w(—k))
< e—k(0,1) (1 +2exp(—w(—1) —... —w(—k)))
since e_x(0,1) > exp(—w(0))/2 and get
0>a(0,1)+Ine_g(0,1) > —2exp(—w(—1) — ... —w(—k))

which implies
1a(0,1) —E[a(0,1) | w(=k),... ,w(0)]ll,
< [la(0,1) +1Ine_x(0,1)] 5
+ ||E[—Ine_£(0,1) — a(0,1) | w(—k),... ,w(0)]||,

< 2)2exp(-w(=1) — ... —w(=K))ll; = 4B [exp(—2w(0))]"*
thus proving convergence in (41). The last statement of the Proposition follows
from Corollary 6. O

As in related models like first passage percolation or Brownian motion in a
Poissonian potential an analogous result for d > 2 seems to be out of reach. For
the purposes of the next section we shall derive a rough upper bound on the
variance of a(z,y,w).
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Theorem 11. Suppose that the second moment of v is finite. Furthermore as-
sume that the minimum v of the support of v is strictly positive if d = 2. Then
for some finite constant C

(42) Var (a(z,y,w)) < C-|z —y| for all z,y € Z4.
The same holds for d and —Ing instead of a.

This is the analogue to [Ke2, (1.13)] in first passage percolation. We do not
think that the hypothesis v > 0 if d = 2 is necessary. For the proof of the theorem

we use the following rank-one perturbation formula that gives an upper bound on
how much a(0,y,w) may change when w is changed at a single site.

Lemma 12. Let z € Z¢ and wi,wy € Q such that wi(z) = wa(x) for x # z and
w1(z) < we(2). Furthermore suppose wi(z) > c1 > 0 if d < 2. Then there is some
constant ca > 0 which may depend on ¢ such that for any y € 7%

(43) 0 < a(0,y,w2) — a(0,y,w1) < min{—lnﬁgwl [H(y) < H(z)], walz) + CQ} .

Proof. The statement is obvious for y = z. Hence we assume y # z. The left
inequality in (43) is immediate from wy > wy. For the right inequality observe
that the strong Markov property implies

) STy (1) < HE)+ GEE R, () > )
(cf. [Sz3, (2.10)]) which yields the first part of the right inequality in (43). For the
second part note that (44) and wy > wq imply
6(0, Y, (*)2) > e(za Y, ‘*)2)
6(01 Y, wl) B e(z, Y, wl) .
Now again from the strong Markov property for s = 1,2

exp(—wi(2)E: [exp (= Sn ™ wi(Sm))  H(y) < Ha(2)]
1= B, [exp (= 22§ wi(Sim)) , Hal2) < H(y)]

By wi(z) > ¢1 > 0 for d < 2 and transience for d > 3 respectively the denominator
in (45) is greater than a positive constant such that
H(y)-1
e(z,y,w1) < c3E, |exp [ — Z w1(Sm) |, H(y) < Ha(z)

m=1

(45)  e(z,y,w;) =

for some finite c3. On the other hand by (45)

H(y)-1
e(z,y,w2) > exp(—wa(2)) B |exp [ — Y wi(Sm) |, H(y) < Ha(2)

m=1

where we used that w1 and we coincide outside z. The assertion now easily follows.
O
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Proof of Theorem 11. Due to Proposition 10 we only have to consider the case
d > 2. Furthermore we may assume that the variance of v is positive.

The proof is based on the martingale method as in [Ke2]. Let zx,k > 1, be
an enumeration of Z? and Fj be the o-field generated by w(z1),...,w(zx). Fo
denotes the trivial o-field {(), 2}. Then for fixed z,y € Z%

My, = E[a(‘m,yﬂfk]a k> 0,

defines a martingale with respect to the filtration Fi,k > 0, that converges P-
a.s. and in L'(P), L2(P) to a(z,y). We denote the increments My — M}, | of the
martingale by Ay. Since they are pairwise uncorrelated we get

2

(46) Var (a(z,y)) =E [ [ DA | | =D E[A]].

k>1 k>1

To simplify the notation we denote by E, the expectation over the variable ¢ with
respect to the measure P. Furthermore for w,0 € Q and k > 0 let [w, o], € Q be
the configuration, that agrees with w on the first k coordinates and with ¢ on the
coordinates after k. Then we can represent the increments as

Ag(w) =Eqy a(z,y, [w,0lk) —a(z,y, [w,o)k—1)]

and get that the right most side of (46) is less than

(47) > B [Es [(a (23, [0, 0)) = o (2,3, [v,0)e1)?] ]

E>1

By symmetry we can restrict the domain of integration in (47) to those configu-
rations with o(z;) < w(xg) such that a (z,y, [w,o)x) > a(z,y, [w,0]k—1). Conse-
quently by Lemma 12, (47) is smaller than

k>1
Ay 2
L E, [E [ (0P [H ) < Hzp))

~

By ooy H(Y) < H(zg)] 2 %”)
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Using (Int)? <1 —¢ for 1/2 <t <1 one sees, that this is less than

23" ( )+ o)) B [ PLHG) > Fae)] 2 3

k>1

+ B [PL, [H(y) > Hz)] >

< 2(2E, [(w(0) +2)?] +1) ) E, [ e [H ( )>H(wk)]]
k>1

= c3E, [EAg,w[u'A]]

< clr -y

by Lemma 3. This proves (42). For the last statement of the theorem observe
that due to Lemma 5 ln g(0,0) has finite variance. Let (z = zg, z1,... ,Zn = Y)
be a nearest-neighbor path from z to y of length n = | — y|. Then by (10), (12),
Lemma 3 and the Cauchy Schwarz inequality

Var (—Ing(z,y)) = Var(a(z,y)) + Var (Ing(y,y))
+2 (E[-a(z,y) Ing(y,y)] + Ela(z,y)]E[In g(y, y)])
< Cn+Ci+2 ZE[a(wi_l, zi,w)w(y)] + Con

i=1
< COsn+2n a0, e1)l2 [lw(0)]l2 = Can.

The variance of d(z,y,w) can be estimated similarly. O

5. A UNIFORM SHAPE THEOREM
The results of the previous section enable us to improve Theorem 8 as follows.

Theorem 13. Suppose that the d-th moment of v is finite. If d = 2 then assume
furthermore v > 0. Then on a set Q5 of full P-measure and in L' (P)

(48) lim a(@,y,w) =1 for all ¢ > 0.
e(|z|VIyl)<|z—y| =00 (T —y)

The same identity holds with d or —Ing instead of a as well.

For the proof we have to replace (13) by the stronger statement of the following
lemma.

Lemma 14. Assume that the dth moment of v is finite. If d = 2 suppose further-
more v > 0. Then on a set Qg of full P-measure for all z,y € Z¢
(49) T AL

n—oo n

=a(r —y).
The same holds for d and —1Ing instead of a.

The proof is based on an idea of Newman [Ne] in first passage percolation.
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Proof of Lemma 14. Thanks to Corollary 6 it suffices to prove the statement for
the function a. For d = 1 the claim follows directly from (13) and (26). In the
case d > 2 note, that (49) would follow from

(50) |a(nz, ny,w) — E[a(nz, ny)]|

—0 (n — o0) P-a.s.
n

due to (13). Intending to use the Borel-Catelli lemma, let § € QN (0,1). Then for
any n € N by Chebyshev’s inequality and Theorem 11

(51) n n262 - né?

Since the right-most side of (51) is not summable over n € N, we cannot apply the
Borel-Cantelli lemma directly to obtain (50). However we see that the convergence
in (50) takes place for any sequence of integers with summable reciprocals. For
example we get, that (50) holds with n replaced by n?. Now for any n € N the
left-hand side of (50) is less than

1

o (LAl e Lvalty) ~fa (0 1val* @ - w)] |+ d (ne: LvAl*2)
trd(|val yny) + [B[a (0. [va)* @ 1)) ~ Bla,n( — )]

The first summand tends to zero P-a.s. according to the preceding explanation.
The last term vanishes too due to (13). For the second term observe that |nz —
[v/n]%x| < 2y/n|z|. Consequently thanks to (21) the second summand goes to
zero P-a.s.. The same holds for the third term. O

P [|a(nm,ny) — Ela(nz, ny)]| S 5:| < Var (a(nz, ny)) < Clz —y|.

Proof of Theorem 13. Thanks to Corollary 6 it suffices to prove (48) with a re-
placed by d. The convergence in L'(P) follows from the P-a.s. convergence again
by uniform integrability. For the proof of the P-a.s. convergence it suffices to show

|d(zk, Yk, w) — a(zr — Yp)|
|[Zk — Yxl

for w € Q5 := Q9 N Qg (see (21) and (49)), ¢ > 0, and sequences z,yr with
|z — yk| > c(|zk| V |yg|) = oo which have the following properties: By symmetry
of d we may assume |yy| < |zx|. Due to the compactness of S4~! and of the unit
interval we can furthermore assume z/|zx| — e; € S¥1 and |yx|/|zx| — 7 €
[0,1]. If there are infinitely many y;, # O let us assume y;/|yx| — e, € S ! for
those k with y;, # 0, otherwise let e, € S9=1 be arbitrary.

Now let ¢ € QN (0,1) and choose vz, v, € S¢ 1NQ?Y M € Nand g = ¢q1 /g2 € (0,1]
with g1, g2 € N such that Mv,, Mv, € Z%, |v, —ez],|vy — ey <&, and | — 7| < e.
We approximate x; and y; by the lattice vertices

(52) —0 (k — o0)

/ |z | / |z |
= | — d = | — Muv,, .
(53) zy \;%MJ g Muy, an Yge \‘szJ g1 Mu,

For k large enough we have

(54) |2k — 2| < |2k — |zklve| + ||zklve — k| < elz| + @M < 26|y
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and
lyr — ?/;c| < "‘Jk - |yk|"’y‘ + ||yk‘”y - |$k|qu‘ + ‘|xk|qu - y;c|
(55) < elyk| + elzk| + a1 M < 3e|zy| < %E|y§€| < 4e|zg)-

The left-hand side of (52) is at most
d(zg,zy) | dlyesyi) | |4 yk) — ozl — yi))|
ok —ykl ok — vkl Tk — Yl
‘04(372 —yy) —a(zg — yk)|
Tk — yil
The third term in (56) vanishes for k tending to infinity thanks to Lemma 14.
Thus by (21),(54), (55), (14) and |z — yk| > c|zk|, (56) is less than

2celay| | deselyp| | alwy — zh) + oyl — ur)

(56)

_|_

< cy€
clz| gelzy| clzy|
for large k . Letting ¢ N\, 0 proves (52). O
To phrase this result in terms of asymptotic shapes, we introduce
A(z,r) = {y eRY: a(z—y) < T} and
D(z,r,w) = {y eR?: d(z,y,w) < 7‘}

for z € R4 r >0, and w € Q.

Theorem 15. Suppose that the d-th moment of v is finite. If d = 2 then assume
furthermore v > 0. Then there is P-a.s. for all e > 0 and all K € N some R, such
that for all > R and all z € R? with |z| < rK the following holds:

(57) A(z,(1 —¢)r) C D(z,r,w) C A(z, (1 +¢€)r)

Proof. Let w € Q9N Q5 (see (21), (48)) and assume, that the statement is false for
this w. Then there are some € > 0, K € N, a sequence r, tending to infinity and
a sequence z, with |z,| < r, K such that the left or the right relation in (57) fails
to hold for all z = z,, and r = r,,,n € N.

We first consider the case that the left relation is false. In this case there are
Yn € A(zy, (1—¢)ry) with y, ¢ D(zp, s, w). Therefore |z,|V |y,| tends to infinity
since d(zy,,ypn) > 1, does so. In addition

d(Zn, Yn) > Tn _ 1 > 1
fzn—yn) ~ (I—€)rn  (1—¢)
This yields the desired contradiction to Theorem 13. Indeed, the only thing that
remains to be shown is that

(58) |Zn — ynl > c(|zn| V |ynl)

holds for some ¢ > 0 and infinitely many n. If the set {z,, : n € N} is bounded,
then (58) is immediate from |z, |V |y,| — oco. If the set is unbounded then thanks
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to d(zn,yn) > 1m0 > |zn|/K, (21) implies |z, —yn| > |zn|/ (K c3) for infinitely many
n. Hence for these n we have |y, | < |zn —yn| + |2n| < ¢|2n —yn| and consequently
(58).

Now we treat the case when the relation on the right side of (57) fails to hold.
Then there exist y, € D(zy,n,w) with y, ¢ A(zy, (1 + €)ry). Again |z,| V |y
tends to infinity, since a(z, — y,) > (1 + €)ry, does so. Furthermore

d(Tn, Yn) < n _ 1

Ty —yn) ~ (L+e)rn 14e¢
Thus again we just have to show that (58) holds for some ¢ > 0 and infinitely
many n to produce a contradiction to Theorem 13. This time (58) follows from

<1

C
|Tn — yn| > cla(wn—yn)zcmz;\xn\ and

Cc
vl < [2n = yul +[2al < (1+ 2) ln — pal-
O

Remark. The assumption |z — y| > ¢(|z| V |y|) in Theorem 13 is optimal in the
sense, that it cannot be replaced by the weaker condition |z —y| > ¢(|z| V |y|)” for
any v < 1. Indeed, let v < 7' < 1 and v such that the d-th moment but not the
d/~'-th moment of v is finite. Then there exists due to the Borel Cantelli lemma for
P-almost all w some sequence z, tending to infinity such that w(z,) > 2C |:vn|7'
where C' := sup{a(z) : = € S4'}. Furthermore one can choose y, with the
property |a,|" < |&n — yn| < |2n]" and |yn| < |2n|. Consequently

Jim inf X Y0@) S e 9@
n—oo  aZTn — Yn) n—o0 C|Tp — Yn|
Similarly one can show that the condition |z| < rK in Theorem 15 cannot be

replaced by |z|” < rK either.

Finally we consider a generalization of Theorem 13 for point-to-set distances
instead of point-to-point distances. This includes the equivalent of the point-to-
hyperplane constant in first-passage percolation as a special case. To this end we
allow the second argument K of e(z, K,w) to be a nonempty subset of R? and
define e(z, K,w) as done in (2), but replace H(y) by H(K) := inf{H(y) : y €
K}. Furthermore we write a(z, K,w) for —Ine(z, K,w) and denote the distance
between = and K by 6(z, K) := inf{|z —y|: y € K}.

Corollary 16. Under the assumptions of Theorem 13 on a set Q5 of full P-
measure

for all ¢ > 0 and all sequences
=1 T, € R and 0 # K,, C R¢ with

clzn| < 6(xn, Kp) = 00 as n — o0.
Proof. Let w € Q5 (see (48)). Pick y, € K, such that a(z, — y,) < infa(z, —
K,) + 1. Then

a(xp, Kn,w)

59 lim -
(59) n—oo infyek,, a(zn —y)

. . a(wnaynaw) CK(CCn B yn)
limsup ————————— < limsu . =1
n_,oop infa(z, — Kp) — n—>oop Ty —Yn) (T —yn) —1

a(zn, Kn,w)
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thanks to (48). For the opposite inequality let ¢1,ce be as in Lemma 3 and set
D, := [K,] U [B (zn,ca/c1 6(zn, [Ky]) + d)°]
whose interior boundary is

Ln:={z€Dy: |z—2| =1 for some 2’ € Z!\D,} .
Hence
e(rn, Kn,w) < e(zn,Lp,w) < Z e(Tn,y,w)
yELn
< {Ln - maxe(zn,y,w) = HLn - e(Tn, Yn,w)
yeln
for some y, € L,. Since §L, grows at most polynomially with §(z,, K,), this
implies
hmlnf ("En’K’n’w) > liminf _ln.ﬂLn + a(znaynaw)
n—oo inf a(z, — Ky,) n—+00 inf a(z,, — K,)
a(Tn, Yn,w) . a(Tn — Yn) ) inf a(z, — [Ky))

- llrzlglo%f o(zy —yn) infa(z, —[K,]) infa(z, —K,)
_ a( — Yn)
> 1

The last inequality holds because of a(zy, —y,) > inf a(z, —[K,]). This is obvious
in the case y, € [K,]. Otherwise we have y,, € [B(zn,c2/c1 6(zp, K,) + d)€] and
therefore due to (14)

a(wn - yn) > Cl|$n - "Jn| > 025(:1:n, [Kn]) > infa(a:n - [Kn])

6. LARGE DEVIATION ESTIMATES

In this section we investigate for fixed z € R% and typical w € Q large deviations
of S, /n under the path measures

(60) Qn,z,w = Z— €Xp ( Z )

m=0

when n tends to infinity. Here

n—1
(61) Zngw = Eng lexp < Z w )]
m=0

is the normalizing constant.

We want to stress that the results of this section, which are developed in the
setting of discrete time, do not automatically hold in continuous time by means
of a lemma like Prop. 1. Instead in order to derive the corresponding assertions
for continuous time one has to go through the proofs and modify some details.
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The asymptotic exponential behavior of the normalizing constant depends only
on the minimum v of the support of v as stated in the next proposition.

Proposition 17. If the d-th moment of v is finite, then on a set Q7 of full P-
measure for any z € RY

(62) lim “InZnow =.

n—o0 n

For Bernoulli measures v, this has been observed before in [KMSS, Theorem 3].

Proof. 1t follows directly from the definitions of Z,, ; ., and v that the left side of
(62), if it exists, is greater than the right side. For the converse inequality define
y =y(z,6,R,w) for z € R%, e > 0,R €N, R even and w € Q to be some vertex
with minimal distance from z such that the potentials w(u) for all sites u inside
the ball with radius R and center y are less than v 4+ ¢. Note that y exists P-a.s.
for all z, e, R. Moreover it is not hard to show by the Borel-Cantelli lemma, that
on a set (g of full P-measure there is a constant c(e, R, w) such that for |z| large
the distance between z and y is less than ¢(In|z|)'/¢. Now by the strong Markov
property for any w € Q7 := Q9 N Qg (see (21))
H(y(nz))+n—1
En:c €xp | — Z w(Sm) aH(y(nx)) <
m=0

> e(nz,y(nz)) - exp(—(v + €)n) Py(na) [|Sm — y(nz)| < R, (m <n)].

v

Zn,w,w

Since for a random walk S, starting at the origin |S,,| < R is guaranteed for
m < n if Sygr =0 for all £ < n/R this implies

—InZ
(63) lim sup “Rnow < lim sup
n—00 n n—00
The first term on the right side of (63) is zero P-a.s. due to (21). Since Py[Sg = 0]
decays just polynomially in R when R is even, we can choose R such that the last
summand in (63) is less than e. Letting € \, 0 finishes the proof. O

1
W y) |yt e o LR[Sk =0
" R

The rate function of the large deviation principle will be given by

(64) I(z) := il;}g (ar—p(z) = A).

Here a)(z) := a(z,v * d,) is the Lyapounov exponent that belongs to the dis-
tribution v * 65 of w(0) + A. For fixed z € R? the map A — ay(z) for A > —v
is continuous. Furthermore it is also concave increasing. Indeed, concavity and
monotonicity follow from (15) and the last assertion of Prop. 4, respectively. As a
consequence the map is lower semicontinuous. On the other hand by dominated
convergence E[a(0, z, A +w)] depends continuously on \. Therefore for z € Z% due
to (13), ax(z) = inf, E[a(0, nz, A + w)]/n is upper semicontinuous. This implies
continuity in A > —v for arbitrary z € R%. Moreover it now follows from a Dini
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iq (A+c,)IM
a,(x)
(Atc)Ix
¢, x|
¢, I
A

FIGURE 1. ay(z) in dependence of A

type argument that ay(z) is jointly continuous in A and z.
Observe that (14) provides the bounds

(65) A+ c1)lz] < ax(z) < (A +¢2)|z]

where ¢; = —InE[exp(—w(0))] and ¢z = In(2d) + E[w(0)]. Note that for A > —v
the right-hand and left-hand derivatives of a)(z) with respect to A exist with
oy, (z) < o\_(z) and coincide exept may be at a countable number of locations.
Figure 1 sketches a(z) and the bounds of (65) as functions of A for some z with
0<|z|<landv=0.

From (64) and (65) we get the bounds

(66) (1 —p)lz| < I(z) < (2 —p)lz| i fz| <1

and I(z) = oo otherwise. Since I(z) is convex owing to the analogous property
of a)(z) and lower semicontinuous as a supremum of continuous functions we get
from (66) that I(x) is continuous on the closed | - |-unit ball.

Let us mention at this point that (65), (66) and Figure 1 are typical for discrete
time. In continuous time we would have got logarithmic bounds for the Lyapounov
exponents due to Lemma 3 and (13). In particular I(z) would be finite on the
whole space.

Before coming to the main result Theorem 19 we first extend the uniform shape
theorem to all distributions v * §y with A > 0.

Corollary 18. Suppose that the d-th moment of v is finite and replace in (59)
w by w+ X and a by ay. Then on a set Qg of full P-measure (59) holds for any
A>0.

Proof. According to Corollary 16 there is a set g of full P-measure such that (59)
is valid for all 0 < A € Q and w € Qg. In order to prove (59) for arbitrary A > 0,
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fix € > 0 and pick A, A2 € Q such that
(67) 0< A <A< and sup  ay,(z) —ay, (z) < €/2,

|z|<ea/c1
where c1,co are as in Lemma 3. This is possible due to the joint continuity of
a)(z). Note that for any p > 0 and any z,y with |z| > c2/c1, |y| = 1 due to (14)
() 2 [ol(er + 1) = e+ 1> a,(y)
and consequently for any K C R% with K NS4 £ ()
(68) infay, (K) — infay, (K) < €/2.

Now let z,, € R? and ) # K, C R? with c|z,| < §(zy, Kn) — oo for some ¢ > 0
and abbreviate a, := a(z,, Kp,w + p) and o, := inf o (2, — K;) for w € Qg and
n fixed. Then due to monotonicity of a, and o, in p
lax —aa] < (ax —ax,) +ax, —ax |+ (ax —ay)
< (a)\z - a)\z) + (a)q - a/\1) + |a)\1 - a)\1| + 2(05/\2 - a/\l)
which is after divion by §(z,, K,,) less than ¢ for large n due to (59) and (68).
The claim now follows. O

Theorem 19. Suppose that the d-th moment of v is finite. Then on a set Q19 of
full P-measure for any = € R, S, /n obeys a large deviation principle at rate n
with rate function I(- — z) under Qn zw as n tends to infinity. Namely, for any
A, B CR? A closed, B open and w €

1
(69) limsup — InQp 4,w[Sn € nA] < —inf I(y — )
n—oo N yeA
1
iminf —1 Bl > —infI(y—
(70) hnn_l)%gfn nQnzwlSn € nB] > ;23 (y — )

We follow with some modifications the line of proof of Sznitman [Sz1, Th. 2.1].

Proof. First observe, that @ ;. and I do not change, when w and v are shifted
by a constant A > —v, i.e. replaced by A 4+ w and v x J), respectively. Hence we
may assume v = 0. Moreover since I(y —z) = oo if |y — z| > 1 and Qp 5 4-2a.8.,
|Sn — [nz]| < n we can restrict to the case where A and B are closed and open,
respectively, subsets of the closed | - |-unit ball B(z,1) with center . Now let
w € Qg := Q7 N Qg (see (62), Corollary 18).

We start with the proof of (69). We may assume z ¢ A, otherwise (69) is
immediate from I(0) = 0. Then for n € N and A > 0

n—1
exp (— Z w(Sm)> ,Sn €EnA
m=0

Since Corollary 18 applies because A and §(z, A) are positive, we get, by letting
A > 0 vary and using Proposition 17

exp(—An)Ep; <e(nz,nA,\ + w).

1
(71) limsup —InQy, 4., [Sn € nA] < —sup inf (ax(z —2z) — A).
n—oo T A>02€A
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For the proof of (69) we therefore need to exchange infimum and supremum in
(71). To this end let € > 0. Thanks to compactness of A there are A\1,... , A\, >0
such that the compact sets

A; = {ZEA: ay,(z—2z) =X > igﬁI(w—y) —6} (t=1,...,m)
y
cover A. Hence the left side of (69) is less than

1
limsup —InQp z.0[Sn € n(A1U...UA,)]

n—oo T

1
= sup limsup - In Qp zw[Sn € NA;

i=1,...,m n—00

< — inf sup inf (ap(z —2) — A) by (71)]
1217"'7mA>OZEAi

< -, ot (z—2)—N) < e—i _

- i:ir_lf,mzlenji (axn(x—2)—N) < ¢ gjgflI(m y)

Since € > 0 was arbitrary, this proves (69).
We now establish estimate (70). Since the restriction of I to B(0,1) is contin-
uous, it suffices to show

1
(72) liminf —In Qp, 4.,[Sn € nB(z,7)] > —1(z — x)

n—oo n

for all > 0 and z with |u| < 1 where u := z — 2z # 0. To prove this, set
yn = y(nz,e, R,w) for fixed e > 0 and R € N, R even, as defined in the proof
of Proposition 17. Since the distance between nz and y, grows not more than
logarithmicly in n, the ball B(yy, R) is finally contained in B(nz,nr). Thus as
in the proof of Proposition 17 by the strong Markov property the left member of
(72) is bigger than

(73)
1 H(yn)*l 1
liminf ~InEp, (exp [ — Y w(Sm) |, H(yn) <n| —e+ = InPy[Sg = 0]
n—oo N nx A m ? n) = R
m=

where the normalizing constant vanished due to Proposition 17 and ¥ = 0. Con-
sequently it suffices to show, that the first term in (73) is greater than —I(u)
because letting ¢ \, 0 and R — oo then proves (72). To do this, we first de-
termine some point A¢ at which the continuous function A — a)(u) — A\ attains
its maximum. Indeed, the function has a maximum due to |u| < 1 and (65). If
o _(u) <1 for all A > 0 the maximum is located at A\g = 0. Otherwise we can
choose A\g = sup{\ > 0: o) _(u) > 1}. In any case I(u) = ay,(u) — Ao. Now the
first term in (73) is bigger than

Tn (’Y) 1

) _
sup liminf —InE,, |exp | — (W + X0)(Sm) | exp(MoTn(7)), Tn(y) <n|,

n—o0o 1
0<y<1 m=0

where Ty, (y) = min{m > yn : S, = y,}. This is greater than
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(74)
1 Tn('Y)_l
sup [ Aoy + sup liminf —InE,,; [exp | — Z (W4 A)(Sm) | ,Ta(y) <n
0<y<1 A>xg MO0 T o

It is now time to explain the relation between o/, , (u) and the velocity at which
the walk moves in direction u.

Lemma 20. Suppose that the d-th moment of v is finite. Then there is a set g
of full P-measure such that for all w € Qg the following holds. Let x,y,xpn,yn €
R? (n € N) with z,/n — z,yp/n =y and u = x —y # 0. Furthermore let A > 0
and 0 <7y < § < oo such that

(75) (7, 0) N [edyy (), @y (w)] # 0.
Then
1 Tn(7)-1
(76) liminf—InE,, |exp | — Y (w+ M) (Sm) | ,Tn(y) <dn| > —ax(u).
n—oo n m—0

Let us postpone the proof of this lemma until the end of the section. In the case
Ao =0, wehave 0 < oy (u) < 1forall X > 0 and consequently (75) withy = 0 and
d = 1. Thus by Lemma 20, (74) is greater than sup,,, —ax(u) = —ag(u) = —I(u)
which had to be shown. In the case Ay > 0 there exists for any v < 1 and any
neighborhood U of g some A9 < A € U fulfilling (75), again with § = 1. This
time Lemma 20 yields, that (74) is bigger than Ao — a,(u), thus completing the

proof. O
Proof of Lemma 20. Let w € Qg (see Corollary 18). First we show that
(1) Tim P [H )/ € (7)) = 1

if 1 < o)y, (u) < )_(u) < y2. To this end, let 0 < y < X. Then due to Corollary
18

) 1. =
limsup — In Pg:’w+)\[H(yn) > yon]

n—oo T
1 H(yn)_l
= a)(u)+limsup—InE, |exp | — Z (W+ X —p)(Sn)
n—oo TN m—0

x exp(—pH (yn)), von < H(yn) < o0

< ap(u) —ax_p(u) — py2
which is negative for p small enough. A similar statement holds for the event
{H(yn) < 711}, which implies (77).
Now we are ready for the proof of (76). Let p € (0,1) and 7 > 0 such that

paiyy (u) + (1= p)ad_(u) +[-n,n] C (v,6) andset &, = (1 — p)zn + PYn-
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Then by the strong Markov property the left-hand side of (76) is bigger than

H(fn)_l

| H
hnrgggfﬁ InE,, |exp|— mz::() (w4 N (Sm) |, p(an) € ayy (u) + [-n, 7]
1 Hgn) H (yn)
. . _ n I —_
+hnn—l>£fﬁ In E¢, |exp mzz:o (w4 A)(Sm) |, 7(1 ~ o € ay_(u) + [-n,7]

which is thanks to Corollary 18 greater than

[H(i") € oy, (u) + [—77,77]] —ay, (PU)>

L. 5
su liminf — In P>"
Al >I)A ( n—oo 1 $n5w+Al

H (yn)

1. -
(78) + sup (liminf—lnPé’n’iw+)\2 [(1_7 EO/A(U)JF[_,,,,,]]

0<ha<A \ 7@ T p)n

—a, (1= p)u) + (A2 = A) (e (u) + n)) :

Now in any neighborhood of X there is some A; > X such that o\ (u) exists and
belongs to oy  (u)+[—n,0]. A similar assertion holds for Ay < A and o\ _ (u)+[0, 7).
Thus applying (77) twice, we see that (78) is greater than —ay (pu) —an((1—p)u) =
—a)(u). O

7. THE CONSTANT NONRANDOM CASE

If the potentials w(x) are equal to a nonrandom positive constant A, our basic
two-point functions e and g can be written as
o
G(O,I, >‘) = Ey [exp(—)\H(w))] and g(Oa z, )‘) = Z eiA(n+1)P0[STL = .’I)]
n=0
For a detailed study of the Green’s function, which is up to the factor e~ the
generating function of the site occupancy probabilities, see [Hu, Ch. 3.2, 3.3, A.3]
(see also [La, Ch. 1.5]). The exponential decay rate a(ei,dy,d) of the Green’s
function ¢(0, ke1, A) in the direction of the coordinate axes has previously been
computed by Madras and Slade in [MaS], Theorem A.2], giving

a(e1,dy) = arcosh (de)‘ —d+ 1) .

Unfortunately this computation can not be directly extended to other directions.
However the large deviation estimates of the preceding section enable us to give
a quick derivation of the decay rates for arbitrary directions. They are as follows.

Theorem 21. Suppose v = 6y for some A > 0. Then for any x = (z1,... ,xq) €
R\ {0}

d
(79) a(r) = ij arsinh (z;s)

J=1
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o
[}
T

FIGURE 2. The unit sphere of « in two dimensions for the constant

potentials A = %, 1, %, 2,...,8 (from outside inwards)

where s > 0 solves

d
(80) erd =" \/1+ (z;9)2.
j=1

In particular for anyn € {1,... ,d}
d (e)‘ — 1) +n

n

ale; + ...+ ey) = n arcosh

Figure 2 shows some unit spheres of o for various A. Observe that for large A
the shape approximates the diamond which is the asymptotic shape arising in first
passage percolation for constant passage times. This is the only explicit example
for (36) we know.
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Proof of Th. 21. Note that (0, 0, is just Py and thus does not depend on A. Con-
sequently Theorem 19 tells us that the distribution of S, /n under P, satisfies a
large deviation principle with convex rate function
(81) I(z) = supa(z,dy) — A.

A>0
Observe that this equation characterizes a(z,d)) completely, provided we know
that a(z, dy) is homogeneous in z and concave increasing in A. On the other hand,
thanks to the well-known theorem of Cramér (see e.g. [DeZe, Theorem 2.2.30]) the
same process satisfies a large deviation principle with convex rate function

(82) I(z) = sup z - y — In Eg[exp (S} - y)].
yEeRd

Since I and I are continuous on the set where they are finite, they coincide. Thus
we get from (81) and (82)

(83) sup a(z,dy) — A = sup z - y — In Ey[exp(S1 - y)]-
AZO yeRd
This implies
(84) afz,dy) =sup{z-y: InEylexp(S1-y)] = A}
since the right side of (84) satisfies (83), is homogeneous in z and concave in-
creasing in A. Now fix x = (z1,...,24) # 0 and let y = (y1,... ,yq) maximize

z -y under the constraint Ep[exp(S; - y)] = e* such that a(z) = z-y. Then an
elementary calculation yields that there is some ¢ € R with

t
(85) 0 = z; + tE()[Sl - e; exp(51 . y)] =x; + a sinh y; (Z =1,... ,d)

d
Z 1+ sinh? y;
=1

Since a(z) = z -y, (85) and (86) prove (79) and (80), respectively, with s = —d/1.
Observe that s must be positive because otherwise the right hand side of (79)
would be negative. O

IS

d
1
) & = Blesp(sin)] = 3 ooshus =

This result shows that «(z) is analytic in z # 0 if v = J) and of course raises
the question whether this is also true in the random case.
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