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ABSTRACT. — We express the asymptotic velocity of random walks in ran-
dom environment satisfying Kalikow’s condition in terms of the Lyapounov
exponents which have previously been used in the context of large deviations.

RESUME. — Nous exprimons la vitesse asymptotique des marches aléatoires
en environnement aléatoire qui vérifient la condition de Kalikow en function
des exposants de Lyapounov qui ont déja été utilisés dans le contexte des
grandes déviations.

0. INTRODUCTION AND RESULT

There was recently some progress in understanding the asymptotic behavior of
multidimensional random walks in random environment (RWRE), see [9], [10], [11]
and [13]. On the one hand, in [11] certain renewal times are constructed, which
enable one to prove a law of large numbers (see [11]) and a central limit theorem
for the walk (see [10]). This approach leads to an expression for the asymptotic
velocity of the random walk in terms of these renewal times. On the other hand,
one uses in [13] certain Lyapounov exponents to derive the rate function for some
large deviation principle for the walk. The purpose of the present note is to link
these two different concepts by giving an alternative expression for the asymptotic
velocity of the walk in terms of the Lyapounov exponents.

Let us present the precise model and recall some of the results mentioned
above. We assign to the lattice sites z € Z¢ (d > 1) i.i.d. 2d-dimensional vectors
(w(z, 2+ €))¢|=1,ecz¢ With a common distribution y and with positive components
which add up to one and are uniformly bounded away from 0. That is, we as-
sume that there is some fixed x > 0 such that u is supported on the set P, of
2d-vectors (p(e))|¢/=1,ecz¢ With p(e) > x and >, p(e) = 1. The random variables
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2 VELOCITY OF RWRE

w(z,z + €) can then be realized as the canonical projections on the product space
Q.= P%d endowed with the canonical product o-algebra and the product measure
P := ®yap. Given such an environment w, the values w(z, z+€) serve as transition
probabilities for the Markov chain (Xp)n>0, called random walk in random envi-
ronment. This walk moves on Z¢ and is for fixed starting point z € Z? defined on
the sample space (Z4)" endowed with the so-called quenched measure P, ,, which
satisfies

Pro[Xo=2z] = 1 and
Ppy[Xnt1=Xpn+e| Xo, X1,...,Xp] = wXy, Xn+e) Ppy,—as.

for all e € Z% with |e| = 1 and all n > 0. The so-called annealed measures P,
x € Z4, are then defined as the semi-direct products P, := P x P, on ) x (Z4HYN,
The corresponding expectations are denoted by E; , and E,, respectively.

While the one-dimensional case is very well understood (see e.g. [7], [4], [3] and
the references therein) there are still many open questions for higher dimensions.
For d > 2 this model has been introduced by Kalikow [5] and has subsequently
been studied in [6] and [1] and, as mentioned above, recently in [9], [10], [11] and
[13].

For the study of large deviations of X, /n under typical measures Py, in general
dimension, one introduces in [13] for A > 0, y € R? and w € ©Q, the transform

ex(0,y,w) := Eylexp(=AH(y)) 1{H(y) < oo}]
of the first passage time H(y) := inf{n > 0: X,, = [y]} of the walk through the
lattice point [y] € Z¢, which is closest to y. It turns out that ey (0, ny,w) decays
exponentially as n — oo with a deterministic rate a)(y), the so-called Lyapounov
exponent, which depends on the direction. The next theorem shows that even
more holds.

Theorem A. (Point-to-point Lyapounov exponents and shape theorem, [13, Th.
A and Prop. 3)). There ezists a continuous function a : [0,00) x R — [0, 00),
(A, z) = ax(z), which is concave increasing in A and homogeneous and convex in
z, and a set Oy C Q of full P-measure such that the following holds: For all A >0
and all sequences (Ym)m with Ym € RY and |ym| — oo,

1
(1) 1]_1)11 ne,\(O,ynz',w)| + Ol/\(ym) =0 fO’l" all w e Ql and in Ll(]P))
m o ym
Furthermore,
(2) ANz| < ax(z) < (A —Ink)|z| for all z € R? and all X > 0.
Here |z| :=|z1| + ... + |z4| is the £1-norm of x.

The law of large numbers derived in [11] does not make any use of these Lya-
pounov exponents but of a condition which has already been introduced by Ka-
likow in [5]. For the precise definition of this condition consider strict subsets U
of Z% and denote the exterior boundary of U by

(3) oU := {w € Z\U : There is some 2’ € U with |z — 2| = 1} .
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On U U QU one defines an auxiliary Markov chain with transition probability
X Ey [Zf:([ojc) WX, =z} w(z,z+ e)]
Py(z,z+e) = D)
Eo [ 207 1{ X0 = 2}
ifx € U and |e] =1,
Py(z,z) = 1 ifzedl,

where H(U¢) is the exit time from U. For £ € R*\{0}, Kalikow’s condition relative
to £ is the requirement that
gg:= inf Z t-ePy(z,z+e)> 0,

UyzeU
le[=1

where U runs over all connected strict subsets of Z¢ containing 0. For sufficient
conditions which imply Kalikow’s condition and are easier to check see [5, p. 759-
760] and [11, Prop. 2.4]. The limit theorems of [11] and [10] assume Kalikow’s
condition and rely on the following renewal structure. For fixed £ € R?\{0}, one
constructs successive times 75, k£ > 1, which have the property that Py-a.s.

(4) X A< X; A< X, -1 forall 0 <m < 1, <mn.

For details we again refer to [11]. Although these times are not stopping times
with respect to the canonical filtration of (X,),>0, they are very useful as is shown
by the following theorem. Here D := inf{n > 0: X, -£ < Xj - £} is the first time
the walk reaches a level strictly below its starting level.

Theorem B. (Renewal structure, [11, Prop. 1.2, Cor. 1.5, Th. 2.3], [10, Lemma
1.2)).

Assume Kalikow’s condition relative to some £ € R¥\{0}. Then Py-a.s., 0 =: 19 <
T <Tp<...<7 <...andunder Py, (Xr,71),(Xry =Xy, 2—71),. o, (Xppy, —
Xrp) T4l — Tk), - - - are independent variables. Furthermore, Py[D = oo] > 0 and
(Xry= X7y, 12—71), -+, (Xiyy =Xy, Tk 1—Ti) are distributed under Py as (X, 71)
under Py[ - | D = 0.

Moreover, under Py[ - | D = 00|, 71 has finite expectation and X, - £ has some
finite exponential moment.

It follows from this result that under Kalikow’s condition relative to £ the walk
has a non-vanishing velocity as stated in the next theorem.

Theorem C. (Law of large numbers, [11, Th. 2.3], [10, Prop. 1.6]).
Assume Kalikow’s condition relative to some £ € R\{0}. Then Py-a.s.,

lim Xn =v:= Eo[Xn | D = o]

i = Folr [ D= o] ’ where v - £ > 0.

Moreover, ag(z) = 0 if and only if x = tv for some t > 0.

In the following we shall only need the if-part of the last statement of Theorem
C, which is the easier part. It follows from the fact that in the transient case Py-a.s.
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ap(Xn/|Xn|) = 0 as n — oo which is a consequence of (1) and the Borel-Cantelli
lemma.

However, if one uses the full equivalence given in the last statement of Theorem
C then under Kalikow’s condition the 0-th Lyapounov exponent ¢ characterizes
at least the direction v/|v| of the velocity v. If one additionally assumes the so-
called nestling property, which is a centering condition for the environment, see
[13], then it follows from [13, Section 5, Remark 3] and [10, Proposition 5.10] that
v is characterized by

ap(v) =0 and ap,(v) =1,

where o, (v) is the right-hand side derivative of a (v) with respect to A at A = 0.

In the present note we combine the two approaches of [11] and [13] without
assuming the nestling property. We assume Kalikow’s condition only and derive
a different formula for the asymptotic velocity v in terms of the Lyapounov ex-
ponents. To this end, we first use the point-to-point exponents a) to define some
new exponents 7,, which could be called point-to-hyperplane exponents. This
name will be justified in Lemma 2.

Definition. For A > 0 and £ € R4\{0} set
Y (0) := inf{ap(z) : z € R, z-£>1}.
Our main result is the following.
Theorem 1. Assume that the set of £ € R?\{0} relative to which Kalikow’s con-

dition holds is not empty. Then on this set the right hand side derivative

d
, Pp—
0+ (6) = Z7m(0) N

exists, 1s smooth in £, and satisfies the identity

(5) Yor(8) = ﬁ € (0,00) and hence
(6) P V'YO—}—(@
(70+ E))

where v 1is the asymptotic velocity defined in Theorem C.

1. POINT-TO-HYPERPLANE EXPONENTS

In this section we list some basic properties of ) (£) and justify its name point-
to-hyperplane exponent by showing that v, () is essentially the Laplace transform
of the hyperplane-hitting time

Tn(0) :=inf{n>0: X,-£>m}  (m>0,£ecRN\{0}).
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Lemma 2. (Point-to-hyperplane exponents). For all £ € RY\{0} the function
7.(£) : [0,00) = [0,00), A= ya(£) is continuous and concave increasing. Further-
more,

A L
(1) () > el and yx(of) = ’Y’\T() for all X >0, £ € RY\{0} and o > 0,

where || - ||2 is the FEuclidean norm. Moreover, on a set Qo C Q of full P-measure
for all A > 0 and all £ € R4\{0},

(®) () = lim —F0w [xP (ATw(D)]

m—o0 m

Proof. The map A — 7,(£) is concave increasing since it is the infimum of the
concave increasing functions A — ) (z), see Theorem A. Hence the only possible
location of discontinuity of x(¢) could be A = 0. However, since a)(z) is also
continuous in A, 7.(#) is upper semicontinuous and thus continuous also in A = 0.
The first part of (7) follows from (2) since for all A > 0 and = with z - £ > 1,

ax(z)
A
The second part is a consequence of the homogeneity of a). The proof of (8) is

similar to the proof of [8, Corollary 1.9] and of [12, Corollary 16]. Indeed, observe
that for any m and z € R¢ with z-£ > 1,

1<z -L<lzll2fl£ll2 < |2|[l£]l2 < [1€]l2-

mz]- £ = mz-L+ (mz] —mz)-£ > m— |[mz] —mz|2|/l|s > m —d|{

and therefore H(mzx) > Tp,_qj¢(£) for m > d|£|. Consequently, for fixed w € Q2 :=
Q; (see Theorem A), for any A > 0 and any £ € R\{0} due to (1),

—In Ey,[exp(—AH (maz))]

@ = i, Jim, m
] —In B, [exp(=AT g (€))] m — d|#|
> limsup : )

which proves one inequality of (8). For the reverse inequality set

Dy, :=3zeZ% z-£>m or /\‘x|2(/\—ln/<.:)|€| (m>1).
m -0

The complement Df, of Dy, contains the origin and is finite since A > 0. Denote
by H,, the first time the walk visits the interior boundary 9(Dg,) of Dy, [see (3)].
Since the walk with start at the origin must pass the boundary 0(D¢,) before it
can hit the halfspace {z : z-£ > m} we find that

Eyulexp(=AT(£))] < Epulexp(—AHp,)] < Z ex(0,z,w)
z€d(Dg,)
< $o(Dr)ex (0, zm(w), w)
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- boundary
of Dy,

X:l=m
contour of
&, (0, )

FIGURE 1. Sketch for the proof of Lemma 2. The box is cho-
sen large enough to include the random contour of ey (0, z,w) that
touches the hyperplane z - £ = m.

for some maximizing z,(w) € 9(DS,) (see Figure 1). Because §0(D¢,) grows only
polynomially in m we get

—1In Ey, [exp (—=AT(£))] —Ilnex(0, 2, (w),w)

lim inf > liminf
m—00 m m—00 m
) S lmint ~2eA0,2m(),w) — ar(@m()) |zm(w)]
o Mo |Zm (W) m
(10) +lim inf o (wm(“’)> _
m—0o0 m

The term in (9) vanishes due to (1) and the fact that |z,,(w)|/m is bounded. The
term in (10) is larger than v, (¢). Indeed, since z,, € D,, we are in one of the
following cases:

T (W)

0>

313

=1 and therefore a) (wm(w)> > inf ay(z) = v\(4)
m z-f>1
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or due to (2)

NN ¢ |
—_— > > > — > = .
*( m ) 2A= 2 T 2 l\gg) 2 el =m0
This proves (8). O

2. PROOF OF THEOREM 1

The following lemma holds regardless of Kalikow’s condition.

Lemma 3. For all £ € R4\{0} Py-a.s.,

X4 1
(11) limsup —— < —
n—00 n Yo+ (4)

€ [0, 0).

Proof. Since ~.(£) is concave in A by Lemma 2 it follows from the first part of (7)
that vy, (£) > 0. Now fix some w € Qs (see Lemma 2). We first show that

(12) lim inf T (6)

m—00

> 704 (0) Pow-as.
Pick some 0 < v < 7, (). Then there are some Ay > 0 and € > 0 with
£) —yo (£ 14
(13) v < 7)\0( ) ’YO( ) —e< ’Y)\O( ) —¢,
Ao Ao
where we used ~yy(¢) > 0. Observe that for any positive integer m

Pow [Tm(£) <my] = Eyg lexp(=XoTm(£)) exp(AoTm(£)), Tm(£) < my]
< exp(Aomy)Eo . [exp(—XoTm (£))] -

Due to (8) this is for large m less than

exp(m(Aoy — 7o (€) + Aog))-

Since this is summable in m due to (13) it follows from the Borel Cantelli lemma
that the left hand side of (12) is Py-a.s. at least . Letting v gy, (£) proves
(12). For the proof of (11) we distinguish two cases. If the sequence X, -¢,n € N,
is bounded from above, (11) is obvious. If the sequence is unbounded from above
then the sequence
Uy = mMax Xy, - £
m<n

tends to infinity as n — oo. Observe that T, (¢) < n for all n. Hence the left
hand side of (11) is less than

1 1
lim sup Un < limsupM < limsup m

<
n—00 Tun(e) n—00 TLunJ (E) m—00 Tm(ﬁ) B 76+(e)

due to (12). Here |u] denotes the largest integer less than or equal to w. O
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Proof of Theorem 1. Fix some £ € R4\{0} relative to which Kalikow’s condition
holds. For the proof of (5), thanks to Lemma 3 we only need to derive the
inequality opposite to the one in (11). To this end we first estimate -y, which is
defined in terms of quenched exponents, from below by some annealed exponent
as follows. We proceed as in the first part of the proof of (8), but this time we use
L!(P) convergence in (1) and Jensen’s inequality to get for all A > 0,

Ya(£) > limsup E[— In E[exp(—ATm (£)]]

m—00 m
(14) > Timsup 2 EPEATW(D)]
- m—00 m

Now fix some £ > 0 and set
Ce 1= (EO[Xn L | D:OO]+€)_1.
Then for A > 0 and m > 0,

(15) Ey [exp(_)‘Tm (E))] < Ap+ Bm,)\’ where
A, = B [Tm(ﬁ) < TmesJ] and
Bm,)\ = Fy [exp(_ATLmCEJ)] :

Since X, - £ < X, - £ for n < 7; [see (4)] we deduce

A, < P, [XTL J-EZm] < B [MZEO[XH-ND:oo]H .
mce I_mcé_J
Recall from Theorem B that Eplexp(cX;, - £)] < oo for some ¢ > 0. Using the
part of Theorem B concerning the increments of X7, it follows from a Cramér type
argument (see e.g. [2, Chapter 2.2.1]) that A,, decays exponentially as m — oo
with a rate depending only on € but not on A. On the other hand, we can use the
part of Theorem B concerning the increments of 7; to obtain for |mc.| > 1,

Bm,)\ - EO[GXP(—ATl)] EO[GXP(-AT:L) | _D = Oo] meEJ_l.

Thus B,, ) decays exponentially as m — oo like A, but with a rate that tends to
0 if A N\, 0. Hence there are some \o(g) > 0 and some mg such that A,, < B, »
for all 0 < A < Ag(e) and m > mgy. Consequently, we get by (14) and (15) for all
0< A< XN (6),

—InB,,
(16) (0 > limsup ——mA

m—00

= —c:In Egylexp(—A71) | D = o0).

Since v, (£) is concave increasing and continuous in A by Lemma 2 we can use the
fact that ag(v) = 0, see Theorem C, which implies v(£) = 0, and (16) to get
Y () —In Ey[exp(—A71) | D = 0]

% L) = sup > ¢, sup 3 )
0<A<A0(e) 0<A<A0(e)

Note that by the Cauchy-Schwarz inequality the numerator in the last expression
is concave in A, too, and vanishes for A = 0. Therefore the last expression equals

d B B Ey[r1 | D = o]
e (5 In Eglexp(—Ar1) | D = oo]) ‘/\:0 = BX. £ Do Fe




VELOCITY OF RWRE 9

Now we let ¢ \, 0 and use Theorem C to arrive at the conclusion that gy, (£) >
1/(v - £) as desired, which proves (5).

For the proof of (6), that the set of directions relative to which Kalikow’s con-
dition holds is open, cf. [10, after equation (1.7)]. Indeed, if Kalikow’s condition
holds relative to ¢ with e, > 0, then it is also fulfilled for ¢ + h with h € R? if
|h| < & because of

inf (U +h)-ePy(z,z+¢€)

U,zcU
=1
> . . il . . al
> U’l;lEfU Z L-ePy(z,z+e)+ U,l:iler Z h-ePy(z,z +e)
le|=1 le]=1
> inf — ) |h-e|P > g —|h| > 0.
> 6e-|-U,1n€U |le e|Py(z,z+e) > e, — |h
el=

Thus (5) is also valid in a neighborhood of £. Therefore ), (£) = 1/(v-£) is smooth
in £ with
a —V; 2

for alli =1,... ,d which proves (6).

Remark. In one dimension Kalikow’s condition relative to £ > 0 is equivalent
to the existence of a non-vanishing velocity of the walk into positive direction, cf.
[11, Remark 2.5]. In order to evaluate formula (6) for the velocity in this situation
observe that it follows from the ergodic theorem that for £ > 0 and A > 0,

a)(£) = fE[—Iney(0,1,w)]
(cf. [12, (39)]). Recall that we denote by H(1) the first-passage time through 1.
Since A (£) = ax(1/£) we get
Y0+ (¢) = Eg[H(1)]/¢ and therefore
9 () = ~Eo[H(1)]/P  and thus by (6
v = 1B[H(),

which is not very explicit but still the correct expression for the velocity v since
Ey,[H(n)]/n converges P-a.s. due to ergodicity to Fo[H (1)].

Acknowledgement. I thank Prof. A.-S. Sznitman for drawing my attention
to the question answered in Theorem 1.
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